Finite element analysis of spherically voided biaxial slabs subject to static and seismic loading by Farrugia, James
  
  
 
  
 
 
FINITE ELEMENT ANALYSIS OF 
SPHERICALLY VOIDED BIAXIAL SLABS 
SUBJECT TO  
STATIC AND SEISMIC LOADING 
 
 
by 
 
 
JAMES FARRUGIA 
 
 
 
 
Submitted for the Degree of Doctor of Philosophy 
 
 
Department of Civil and Environmental Engineering 
Faculty of Engineering and Physical Sciences 
University of Surrey 
Guildford, United Kingdom 
 
June 2019 
  
  
 
Page i 
ABSTRACT 
 
Spherically voided biaxial slabs (SVBS) present structural advantages for static 
loading which can lead to economic solutions. There exist however lacunae, in the 
knowledge on the behaviour of SVBS diaphragm systems when subject to seismic 
induced ground motion which, if overlooked, would restrict their future advancement 
and proliferation into seismic regions. The assertion, of lower floor seismic 
accelerations due to the 25-30% SVBS mass reduction, should factor the response 
uncertainty due to the diaphragm stiffness, higher natural frequency and floor 
acceleration magnification (ΩM). The present research presents an innovative 
structural modellisation approach to facilitate the nonlinear transient dynamic 
analysis (NLTDA) of SVBS diaphragms by the transmutation of their in-plane 
diaphragm bending behaviour into 3D Kirchhoff beam finite elements. The SVBS 
diaphragm in-plane flexural response is captured using a novel adaptation of the 2D 
static-nonlinear moment-curvature analysis (2D-SNLMCA) procedure on partially-
perforated RC diaphragms. A method is proposed for the 2D-plane stress (2D-PS) 
models to directly emulate the 3D-SVBS diaphragm behaviour by converting their 
3D morphology into a 2D-PS diaphragm configuration without the need of using 3D-
solid-continuum nonlinear finite element analysis. The numerical tools adopted were 
validated using available experimental data and verified using the closed-form 
differential equation of motion for a dynamic system and RUAUMOKO dynamic 
finite element suite. The 3D-NLTDA model accurately captured the global diaphragm 
demands in terms of force, deformation, (ΩM) and ductility levels which are compared 
to the diaphragm 2D-SNLMCA capacity levels. Diaphragm energy dissipation 
optimisation is possible through an iterative matching approach of the seismic 
demands using the 3D-NLTDA with the diaphragm designed moment-curvature 
response from the 2D-SNLMCA. This shows that the proposed methodology could 
be adopted in the design towards increasing energy absorption and therefore reducing 
structural damage. The 3D-NLTDA shows that the better performance of SVBS 
diaphragms during a seismic event, compared to a solid diaphragm, is not by default 
due to their lighter mass, as sometimes claimed in the literature, but is conditional on 
the diaphragm stiffness, floor acceleration magnification (ΩM) and reinforcement 
levels which can be assessed using the proposed methods. 
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CHAPTER 1  INTRODUCTION 
 
 
1.1 BACKGROUND 
 
Reinforced concrete spherically voided biaxial flat slab (SVBS) technology was 
conceived and tested at the dawn of the new millennium, less than twenty years ago. 
SVBS technology offers structural advantages by allowing larger spans and reduced 
self-weight compared to equivalent-depth solid slabs, for the same superimposed load 
carrying capacity. The system, which uses hollow plastic spheres as void formers, 
enables two-way bending similar to flat slab design, fast construction and a high-
quality flat soffit with feasible spans up to 17m (Goodchild et al., 2009). Overall 
SVBS result into significant weight reductions for the building structure and 
substructure.  
 
The technology is claimed to be environmentally friendly with a reduction of 25-30% 
of the concrete used being replaced by spherical void formers made from 100% 
recycled plastics (Heinze Cobiax Deutschland, 2019b). This translates into a 
reduction in cement, aggregate and steel reinforcement together with an average of 
CO2-reduction of 13kg per square metre of SVBS cast (Heinze Cobiax Deutschland, 
2019b). The inclusion of spherical void formers results in a small reduction in the 
flexural strength and stiffness (Whittle et al., 2009). 
 
Roof and floor systems, whose primary function is to support the gravity loads of the 
structure and its contents, also serve as the horizontal elements, connecting the 
individual vertical elements, of the lateral force resisting system (LFRS), in which the 
primary (vertical plane) elements are typically shear walls or moment frames. The 
action of resisting lateral forces horizontally, through the floor slab, is termed 
‘diaphragm action’ and in the context of seismic design, floor diaphragms capture the 
inertial forces that develop in a seismic event and transfer these forces to the vertical 
LFRS. The behaviour of floor diaphragms is one of the most complex and least 
understood aspects in the seismic response of buildings (Fleishman et al., 2005a).  
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SVBS research by Mota, (2010) and by Wheeler, (2018), amongst others, as well as 
industry suppliers’ engineering manuals (Cobiax, 2010), advocate that earthquake 
resistance is a ‘major benefit’ of SVBS systems based on the reduced self-weight of 
SVBS systems resulting in lower seismic force demands to the structure. There are 
however contradicting evidence to this point as shown in the 1994 Northridge 
earthquake which tragically demonstrated that the use of hollow core precast 
diaphragms, despite their being 40% lighter than the corresponding solid slab 
diaphragms, resulted in catastrophic, and fatal damage (Fleischman et al., 1998). The 
response of structures during the Northridge earthquake was controlled by the 
diaphragms, these being the weakest link in the entire structural system, due to their 
not being properly designed and detailed (Wood et al., 2000).  
 
SVBS technology is used for building systems with long floor spans (Goodchild et 
al., 2009), having typical long distances between the primary LFRS elements. Long 
floor spans create a demanding condition for the diaphragms, by generating 
significant in-plane bending moments and shear forces during seismic events, and by 
producing a diaphragm that is quite flexible (Fleishman et al., 2005a). 
 
 
1.2 CURRENT GAP IN THE KNOWLEDGE  
 
This new SVBS technology has proliferated worldwide, over the last years, and is 
branching out to reach seismically active countries, such as Greece, the Islamic 
Republic of Iran and the Republic of India (Heinze Cobiax Deutschland, 2019a). 
Despite the widely accepted advantages of SVBS for static loading, there are lacunae 
in the knowledge on the behaviour of voided biaxial slab diaphragm systems when 
subject to seismic induced ground motion. As recognised by Priestley (1991), the 
paucity of relevant experimental and analytical research work on the earthquake 
response of structural systems, leads to uncertainty about their seismic performance 
which, if overlooked, would restrict their future advancement into seismic regions. 
The further development of SVBS and their application into seismic regions is 
currently hindered by the lack of evidence, and scientific knowledge, on the 
diaphragm seismic action of this form of construction.  
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The situation is aggravated by the fact that design codes do not include explicit 
prescriptive, static and seismic, design requirements for SVBS when used as 
diaphragms (Schnell et al., 2012). Codified design procedures that are based on the 
concept that only diaphragm attenuation, and not amplification, occurs from nonlinear 
response can be unsafe (Schoettler, 2010). Diaphragm seismic response is the result 
of a complex interaction of behaviours from the system level, to the diaphragm level 
and to the detail level (Wan, 2007). Diaphragm behaviour depends on an intricate 
inter-relation of diaphragm strength and flexibility (Fleishman et al., 2005b). In 
addition, there is a coupling effect of in-plane and out-of-plane actions which needs 
further consideration.  
 
This above justifies the research carried out for this thesis and the need of a novel 
structural modellisation approach for the seismic design of spherically voided 
diaphragms that takes into account this complex interaction of behaviours by applying 
capacity-design philosophy and embracing the concept of ductility. 
 
 
1.3 RESEARCH CONTRIBUTION  
 
The main contribution of this work is the development of a novel structural 
modellisation approach for SVBS diaphragms capturing seismic in-plane and out-of-
plane effects and nonlinear behaviour. The proposed structural analysis approach for 
evaluating the lateral force demands on SVBS diaphragms during seismic events 
contemplates the amplification brought by diaphragm flexibility which may result in 
amplified floor demands (Restrepo et al., 2002). This is especially crucial in 
consideration of the lighter nature of SVBS diaphragms and their consequential 
higher frequency compared to solid diaphragms. The proposed approach ensures that 
the elastic flexural strength of the reinforced concrete diaphragms is accurately 
predicted in design and is not exceeded during the Design Basis Earthquake (DBE), 
as recommended by Nakaki, (2000).   
 
The proposed structural modellisation approach facilitates the evaluation of the 
diaphragm seismic design by correlating the expected seismic demands to the 
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diaphragm expected capacity. The approach captures the diaphragm global response 
estimations, of bending moments and curvatures, which facilitate the monitoring of 
the diaphragm deformation capacity through curvature ductility and bending rigidity 
calculations. The key role of the diaphragm is to provide ‘structural integrity’ by 
maintaining the floor system’s gravity load-carrying capacity while undergoing 
diaphragm seismic action, for which the principal diaphragm characteristic is the 
deformation capacity of the reinforcing elements (Fleischman, 2005b). A 
fundumental aim of the current work is to embrace capacity design philosophy, and 
the concept of ductility, in the proposed structural modellisation approach for the 
flexural design of SVBS diaphragms when subject to seismic induced in-plane ground 
motions. 
 
 
1.4 OBJECTIVES 
 
The main objectives of this research project are highlighted below: 
 
1. The verification and validation of numerical techniques in time-history analysis 
for SDOF and MDOF systems in LUSAS engineering analysis software. 
Confirm that the displacement predictions obtained numerically during the 
transient portion of the vibratory response analysis are equal to the analytical 
results. 
 
2. Verification and validation, using simplified models and experimental test data 
respectively, of finite element 3D solid-continuum modelling to capture the 
nonlinear out-of-plane flexural response. 
 
3. The development of 2D plane-stress (2D-PS) finite element static nonlinear 
moment-curvature analysis (2D-SNLMCPA) diaphragm models to acquire the 
moment-curvature, bending stress-strain and load-deflection response of solid 
and SVBS diaphragms. Verification of the developed 2D-PS diaphragms using 
3D-SVBS models assembled using the validated 3D solid-continuum NLFEA 
modelling. 
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4. Devise a method for the 2D-PS models to directly emulate the 3D-SVBS 
diaphragm behaviour by converting, using geometric-volumetric considerations, 
their 3D anatomy into a 2D-PS diaphragm configuration without using 3D-Solid 
-Continuum NLFEA. 2D plane stress FE models are ideal for the flexure analysis 
of large diaphragms which are subject to in-plane loading because they 
considerably economise on computer-resources and analysis-time compared to 
3D-Solid-Continuum models. 
 
5. The development of an innovative idealisation (transmutation) technique using 
finite element analysis to capture the diaphragm nonlinear structural response 
engaging a 3D Kirchhoff thin beam finite element. Incorporate the 3D Kirchhoff 
thin beam simpler finite element diaphragm idealisation, into a MDOF nonlinear 
transient dynamic analysis model (NLTDA). The modelling technique 
implemented has the distinct advantage of computational efficiency. The 
numerical results obtained from the examination of diaphragm capacity using 
2D-SNLMCA are compared to the predicted demands from the 3D NLTDA.  
 
6. Assemble a three-dimensional, nonlinear MDOF, finite element model of a three-
storey, diaphragm sensitive structure. The MDOF structure will be subjected to 
seismic simulations in NLTDA using scaled ground motions and also using 
engaging a set of seven Eurocode 8 spectrum-compatible ground motion records. 
The purpose of this analysis is to investigate, using a generic structure, the 
variation of several design parameters. The MDOF analysis should accurately 
capture the global diaphragm demands which will be used to establish: 
 
i) The expected diaphragm force levels, deformations and ductility 
demands for which the diaphragm should be designed 
 
ii) The diaphragm reinforcement and configuration details that can 
provide this performance 
 
iii) The required stiffness of the diaphragm relative to the LFRS in 
accordance with the Capacity Design Philosophy.  
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The purpose of Objectives 1 and 2 is the verification and validation of the finite 
element analysis (FEA) software. Objective 1 verifies that the FEA software correctly 
captures the displacement predictions of a dynamic system during the transient 
portion of the vibratory response. The transient portion of the vibratory response has 
a direct relevance to the NLTDA work in Chapter 6. Each seismic ground acceleration 
data point at the beginning of each time-step excites the NLTDA model to a single 
energy excursion which stimulates the NLTDA model into a transient response. The 
validation of the 3D solid continuum modelling in the FEA software is necessary 
because the 3D solid continuum modelling is then used for the verification of the 2D 
plane stress diaphragm models. 
 
Objective 3 is indispensable for obtaining the voided / solid diaphragm capacities in 
the form of moment-curvature (capacity) relationships. The conversion of the 3D 
voided diaphragm morphology into a 2D plane stress model without using of 3D-
Solid-Continuum NLFEA in Objective 4 facilitates, and simplifies, the moment-
curvature analysis of the voided / solid diaphragms whilst economising on computer 
resources. 
 
The transmutation (structural idealisation) of the voided / solid diaphragm response 
into a 3D Kirchhoff thin beam finite element is carried out in Objective 5. The 
transmutation in Objective 5 facilitates the incorporation of the 3D Kirchhoff thin 
beam simpler finite element diaphragm idealisation, into a MDOF nonlinear transient 
dynamic analysis model (NLTDA). The modelling technique implemented has the 
distinct advantage of computational efficiency. 
 
The NLTDA of the 3D-MDOF model subject to Eurocode 8 spectrum-compatible 
ground motion records is carried out in Objective 6. The NLTDA captures the global 
diaphragm moment and curvature demands for which the voided / solid diaphragm 
should be designed. The diaphragm demands from the NLTDA in Objective 6 are 
compared to the diaphragm capacities obtained in Objective 3. An iterative structural 
analysis and design process can be carried out between Objective 3 and Objective 6 
which facilitates the structural optimisation of the diaphragm design.       
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1.5 METHODOLOGY AND OUTLINE OF THESIS 
 
The thesis consists of seven chapters. The introductory chapter is followed by 
Chapter 2 which gives an overview of the most relevant literature in the structural 
analysis and research in SVBS technology to date. Seismic-related and dynamic-
related research into SVBS is very limited. The literature review highlighted the 
absence of relevant research into the dynamic analysis of SVBS diaphragms, which 
are subject to in-plane seismic loadings. The relevance of the research carried out in 
the United States into the seismic design of precast concrete diaphragm was extracted 
and its direct contribution to this research project presented. 
 
Chapter 3 verifies numerical tools in subsequent time-history analysis, this includes 
the various forms of the Hilber-Hughes-Taylor (HHT) time-integration algorithm 
using the closed-form differential equation of motion for a dynamic system. The 
accuracy implications of each of the variables used in the HHT algorithm is 
investigated at varying time-steps using a single degree of freedom system. The 
results are discussed and the optimised HHT scheme for this research project is 
recommended. The seismic response of a three-storey MDOF frame in LUSAS 
engineering analysis software is verified using the RUAUMOKO dynamic finite 
element suite. 
 
The verification and validation of the 3D solid-continuum models, having discrete 
3D-structural bar assemblies, are carried out in Chapter 4. Experimental bending test 
data (Albrecht, 2014) for a reinforced concrete slab having an array of plastic oblate 
spheroid void formers is used in this analysis.  
 
Chapter 5 proposes innovative techniques for the 2D modelling of 3D-SVBS 
diaphragms using fully perforated and partially perforated 2D-PS models. The 2D-PS 
SVBS models are used in 2D-SNLMCA to acquire the moment-curvature, bending 
stress-strain and load-deflection relationships. The 2D-PS SVBS model is verified 
using a 3D solid-continuum finite element model, with discrete bar reinforcement, 
which was previously validated in Chapter 4. A method is devised for the 2D-PS 
models to directly emulate the 3D-SVBS diaphragm behaviour by converting, using 
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geometric-volumetric considerations, their 3D morphology into a 2D-PS diaphragm 
configuration without using 3D-Solid-Continuum NLFEA. The Chapter concludes by 
the transmutation, preserving properties, of the 2D-PS SVBS diaphragm model, using 
a novel approach, into a simpler finite element diaphragm representation for the 
incorporation into the MDOF NLTDA model.   
 
The assembly of a nonlinear MDOF, NLTDA model is carried out in Chapter 6 using 
the simpler finite element diaphragm representation proposed in Chapter 5. The 
nonlinear model accurately captures the global diaphragm demands in terms of force, 
deformation and ductility levels which are compared to the diaphragm push-over 
capacity levels from Chapter 5. This facilitates an iterative structural and dynamic 
analysis optimisation process. Results from SVBS and SVBS-variant diaphragms are 
discussed and compared to their corresponding solid diaphragms.  
 
Finally, in Chapter 7 the main conclusions drawn from this work are outlined as well 
as recommendations for future work.  
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CHAPTER 2 LITERATURE REVIEW 
 
 
2.1 BACKGROUND OF SVBS CONSTRUCTION 
 
The reinforced concrete spherically voided biaxial slab (SVBS) construction (Figure 
2.1) uses recycled plastic spheres as void formers and enables biaxial flat slab design 
(Goodchild et al., 2009). The system is fast to construct, and the flat soffits facilitate 
building services installation. The plastic void formers reduce the self-weight of the 
slab by 20% to 25%, compared with an equivalent solid flat slab floor, providing 
economic solutions with the possibility of spans of up to seventeen metres (Goodchild 
et al., 2009). 
 
 
 
SVBS construction is a relatively new technology, with the Millennium Tower in 
Rotterdam (Figure 2.2) being the first, 34-storey, high-rise building. The Millennium 
Tower was erected by BubbleDeck International, one of the major industry suppliers, 
in the year 2000 (BubbleDeck, 2003). Heinze Cobiax Deutschland GmbH (Cobiax), 
another major industry supplier, erected their first multi-storey building, the St. Jakob 
Tower in Basel, shown in Figure 2.3, having 16 floors, in the year 2008 (Heinze 
Cobiax Deutschland GmbH, 2019a). Another example of spherically voided biaxial 
 
Figure 2.1 – Spherically voided biaxial flat slab (SVBS) (Goodchild et al., 2009) 
(Note: The SVBS in the Figure uses precast plates as permanent formwork. The SVBS analysed in 
this thesis use timber formwork for a complete cast-in-situ solution. 
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flat slab construction is the University of Surrey, Learning Centre extension to the 
George Edwards Library built in the year 2010 as shown in Figure 2.4. The Learning 
Centre extension used the BubbleDeck System with precast concrete lattice girder 
units with spherical void formers.  
 
 
 
To date Cobiax (2019b) have cast more than 14 million square metres of reinforced 
concrete SVBS worldwide. This translates into a saving of two million tonnes of 
concrete and 180,000 tonnes of CO2 (Heinze Cobiax Deutschland GmbH, 2019b). In 
the United States SVBS technology was introduced in 2011 with the Perez Art 
Museum in Miami completed in the year 2013 (Heinze Cobiax Deutschland GmbH, 
2019a).  
 
 
 
Figure 2.2 – Millennium Tower in Rotterdam erected by Bubbledeck International in the 
year 2000 (BubbleDeck, 2003) 
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2.2 STRUCTURAL BEHAVIOUR OF SVBS 
 
A major research work on SVBS was carried out by Albrecht (2014), in his PhD 
research project. Albrecht (2014), carried out an experimental and theoretical 
investigation on the bending and shear capacities of reinforced concrete slabs having 
voids formed by the inclusion of an array of plastic oblate spheroids. Albrecht (2014) 
concluded that voided flat plate slabs cannot be directly designed in accordance with 
the solid slab design guidelines in Eurocode 2 (BS EN 1992-1-1, 2015) without 
additional considerations. These considerations are in the form of bending / shear 
capacity reduction factors and modified equations applied to the solid slab 
calculations. The design of slabs with rotationally symmetrical void formers is not 
included in the current building codes and standards (Schnell et al, 2012). 
 
 
 
Figure 2.3 – St. Jakob Tower in Basel erected by Heinze Cobiax Deutschland GmbH in the 
year 2008 (Heinze Cobiax Deutschland GmbH, 2019a) 
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The investigation carried out by Albrecht (2014) endorsed that the flexural, normal 
shear, transverse shear and local punching shear capacities of the biaxial flat slabs are 
always adversely affected by the inclusion of the void formers. This finding 
corroborated the earlier works of Pfeffer 2002, Aldejohann 2009 and Abramski et al. 
2010 (cited in Albrecht 2014). The research by Albrecht (2014) proposed 
modification factors to convert the solid flat slab design procedure in Eurocode 2 (BS 
EN 1992-1-1, 2015) to an equivalent voided-slab procedure by reducing the normal 
shear capacity and the transverse-normal shear capacity at the pouring interface. 
Albrecht (2014), also recommended limits on the slab local punching shear by 
restricting the point loads placed concentrically, and directly, on top of the relatively 
thin concrete cover above the void formers. Albrecht’s (2014) experimental work also 
underlined the importance of achieving complete concrete compaction in the slab 
areas, underneath the void formers, by selecting an appropriate concrete consistency.  
 
 
 
Figure 2.4 – University of Surrey, Learning Centre extension to the George Edwards 
Library erected by Bubbledeck International in the year 2010 (Image courtesy of Dr. Juan 
Sagaseta, University of Surrey) 
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The investigations by Albrecht (2014) confirmed the previous findings by Abramski 
et al. (2010) that the bending strength of the SVBS, albeit having a reduced stiffness 
in the region of 10% to 20%, is quasi-equivalent to that of a corresponding solid slab. 
This is subject to the condition that the compression block, used to apply the bending 
force to the slab sections, does not descend into the slab voids zone as shown in Figure 
2.5 (Chung et al, 2018). An uneconomical voided-slab design would result if the 
concrete pressure zone enters into the voids area (Albrecht, 2014). The normal shear 
force capacity of the particular voided slabs tested by Albert et al, (2010) was between 
49% to 66% of the corresponding capacity of the solid slabs. Further investigation by 
Abramski et al. (2010) disclosed that the steel cage modules, used to keep the plastic 
void formers in position, compensate for the loss of shear capacity in the slab. In the 
design concept developed by Abramski et al. (2010) however, the shear contribution 
of the steel cage modules is not considered, resulting in a more conservative design. 
 
 
 
 
2.3 NUMERICAL MODELLING OF SVBS 
 
The experimental work by Albrecht (2014) provided a valuable, and well 
documented, finite element validation tool for the numerical analysis of reinforced 
concrete voided slabs. The experimental investigations by Albrecht (2014) were 
carried out in synergy with further parametric studies, to examine alternative voided 
slab installation configurations. The numerical investigation confirmed that the design 
of voided slabs using a ribbed-slab analogy provided conservative results. The shape 
of the rotationally symmetrical void-formers gives rise to interstitial spaces between 
 
Figure 2.5 – Reduction of the flexural compression zone may be required in the voided slab 
structural analysis (Chung et al, 2018). 
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the void-formers which lead to a spatial load transfer which must be accounted for in 
the numerical modelling. Effectively the entire remaining solid cross-section between 
the voids contributes, in a three-dimensional manner to the load transfer (Schnell et 
al., 2012). Large scale bending tests confirmed that the bending behaviour of SVBS 
is equivalent to that of the corresponding solid slabs since the slab maintains its biaxial 
strength when the void formers are spherical, or spheroidally, shaped (Abramski et 
al, 2010). Figure 2.6a shows the 3D solid continuum finite element models of a 
spheroidally-voided slab, developed in this research, for the finite element analysis 
validation work in Chapter 4. Figure 2.6b shows the 3D solid continuum finite 
element model of a spherically voided slab, developed in this research for the in-plane 
slab and out-of-plane diaphragm finite element analysis carried out in Chapters 5. 
 
Figure 2.6:  3D- Solid continuum finite element models of a spheroidally-voided slab (left) and a 
spherically-voided slab (right) – (note: some reinforcement layers are omitted for clarity) 
 
 
Figure 2.6a – 3D-solid continuum FE model 
of a spheroidally-voided slab 
 
 
Figure 2.6b – 3D-solid continuum FE model of 
a spherically-voided slab 
 
Bindea et al (2015) carried out finite element analysis work, validated with 
experimental tests, on spherically voided slabs, and corresponding solid slabs, by 
varying the shear-span to depth ratios (av/d) and the reinforcement percentage. The 
objective of the tests was to establish at what loading levels the shear force capacity 
in the, higher-stressed, SVBS starts becoming compromised. The results were 
compared to the lower-stressed, but having the same superimposed loading, 
corresponding solid slabs. The comparison excluded the highly stressed solid-slab 
support zone areas. The investigation concluded that spherically voided flat slabs 
tested at (av/d) ratios of (1.8, 2.2, 2.6, 3.0) failed in bending when reinforced at 0.32% 
and failed in shear when reinforced at 0.52% at all (av/d) ratios. The investigation 
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established that the shear capacity of SVBS was in general 60% of the corresponding 
solid slabs for slabs having reinforced percentages between 0.52% and 0.81% and 
tested at (av/d) ratios of (1.8, 2.2, 2.6, 3.0). This result is within the range concluded 
in the investigations by Albert et al, (2010). The numerical analysis work by Bindea 
et al. (2015) proceeded to further observe that the SVBS reinforced with up to 0.52% 
steel reinforcement displayed a shear capacity comparable to the corresponding solid 
slabs. The results of the finite element parametric investigations by Bindea et al. 
(2015) also showed that SVBS, having reinforced percentages between 0.52% to 
0.81%, were more likely to fail in shear, for all shear-span to depth (Av/d) ratios of 
(1.8, 2.2, 2.6, 3.0).  Bindea et al (2015) also reported that their numerical analysis 
work to the corresponding solid slabs indicated that the solid slabs fail in bending 
moment at all the shear-span to depth (Av/d) ratios of (1.8, 2.2, 2.6, 3.0) and at all the 
reinforcement percentages tested (0.32%, 0.52%, 0.66%, 0.81%). 
 
Chung et al (2018) carried out an experimental twelve-point bending test on 3.3m 
square voided slabs, to investigate the directional load distribution of two-way voided 
slabs having toroidal-shaped void formers. The voided slab displayed fewer failure 
cracks in the slab soffit, at a wider spacing, compared to the corresponding solid slab. 
The voided slab also registered a comparable load bearing capacity, and a lower 
flexural stiffness, due to a reduced effective moment of inertia, than the corresponding 
solid slab. The toroidally-voided slab showed a displacement-ductility ratio, which is 
the ratio of the ultimate displacement to the displacement at yield, comparable to the 
same ratio for the corresponding solid slab. The deflection-distribution, and load-
distribution, in the voided slab was equivalent in the two orthogonal directions. The 
findings by Chung et al. (2018) corroborate the earlier findings in the numerical work 
by Ugressa et al. (2014) who concluded that the deflection-stiffness, flexural-
capacity, and failure mechanism of the longer-span voided slabs are analogous to their 
corresponding solid slabs. 
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2.4 SEISMIC AND DYNAMIC BEHAVIOUR OF SVBS 
 
The references to the seismic-related, and dynamic-related, behaviour of spherically-
voided slabs in the research literature are few and far between.  
 
Wolski (2006), carried out a study into floor vibrations in reinforced concrete SVBS 
by investigating the natural frequency of vibration of the slabs. The linear-elastic 
parametric investigation by Wolski (2006) concluded that the SVBS shows an 
improved vibration performance over conventional solid slabs. Voided-slabs, due to 
their lower dead load, achieved higher fundamental natural frequencies for common 
practical use. With increasing superimposed load to self-weight ratio, this advantage 
decreases and after a critical point the voided slabs show lower, and therefore less 
advantageous, natural frequencies. The general use of voided slabs, namely car parks 
and offices however, tend to have superimposed-load values which are below this 
critical value, thereby retaining their higher natural frequency advantage. The findings 
by Wolski (2006) clearly show the importance to assess the influence of higher mode 
response on diaphragm dynamic amplifications considering the combined effects of 
the reduced diaphragm mass together with the higher fundamental natural frequency 
of the SVBS diaphragm. 
     
Varghese et al (2018) carried out parametric studies, using the smeared concrete finite 
element modelling approach, on square and rectangular, solid slabs (SS) and SVBS. 
Moment-curvature analysis was conducted using uniform out-of-plane loading, 
including seismic loading, to compare the deflection responses and the structural 
capacities of SVBS, and the corresponding SS. The dynamic investigation was carried 
out using a response spectrum analysis. The investigation concluded that the 
directional, and the equivalent Von-Mises, stress results were found to be slightly 
higher for SVBS compared to SS. The differences observed in the static structural 
analysis results between the SS and SVBS, were moreover very similar to the 
differences observed in the response spectrum analysis results between the two slab 
types. This similarity in the variance between the results of the SS and SVBS was 
registered for both the model deformation results as well as for the model equivalent 
stress (Von-Mises) results. 
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Mota (2010) stated that earthquake resistance was a ‘major benefit’ of the SVBS 
system. The statement by Mota (2010) was based on the physical fact that during an 
earthquake event the accelerated mass of the building generates seismic forces that 
are transferred to the vertical elements of the structure. Mota (2010) did not present 
any experimental test, or parametric analysis, results as evidence to support his 
statement. The claim of a ‘major benefit’ of the earthquake resistance of voided slab 
systems was simply based on the premise that the reduced dead weight of voided slabs 
results in lower force demands to the structure. This blanket statement was again 
replicated by one of the industry suppliers (Heinze Cobiax Deutschland GmbH, 2010) 
by simply asserting that the reduced dead load of the Cobiax voided slab ‘influences 
beneficially the horizontal seismic forces, mainly driven by the horizontal member’s 
dead load, acting on the bracing elements of the building structure, typically shear-
walls and lift cores’. Wheeler (2018) took a similar approach, by stating that the 
reduction in dead load in the voided slabs will decrease the seismic loads and reduce 
the size of the members in the lateral force resisting system. The promotion of 
spherically voided slab technology in seismically active countries based on this 
simplistic premise should be actively discouraged because further research is needed. 
 
Alinejad et al (2015) confirmed that the spherically voided biaxial slab system is 
viewed with great interest in the Islamic Republic of Iran due to the material 
economies and the lighter self-weight presented by this particular construction 
system. This is especially relevant in view of the considerable building activity which 
is carried out in the poorer regions within the zones of active earthquake faults in the 
country. Vaishampayan (2017) discussed the future adoption of the lighter voided 
biaxial flat slab in synergy with seismic base isolation systems for the earthquake 
zones in the Republic of India. Vaishampayan (2017) attests that the seismic 
advantage of the lighter voided slab, coupled with the advantages of material 
economies in steel and concrete, of the SVBS system, can be favourably exploited in 
the future by the construction industry in India. 
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2.5 DIAPHRAGM MODES OF FAILURE 
 
The 1994 Northridge earthquake tragically demonstrated that the use of hollow core 
precast slabs, despite their being 40% lighter than the corresponding solid slabs, 
resulted in catastrophic, and fatal, damage when used in the absence of exhaustive 
earthquake engineering analysis and design (Fleischman et al., 1998) as shown in 
Figures 2.7, 2.8, 2.9 and 2.10. Most of the damaged parking structures employed a 
precast concrete gravity load system with cast-in-place shear walls for lateral load 
resistance. Reinforced topping slabs, acting compositely with the precast floor 
system, were designed to serve as stiff diaphragms between shear walls. The principal 
reason for diaphragm failures in Figures 2.7, 2.8, 2.9 and 2.10 was that the 1994 
Uniform Building Code (ICBO, 1994) design procedures, and consequently the 
building seismic detailing, did not account for diaphragm floor acceleration 
magnification which was up to four times the PGA in the 1994 Northridge earthquake 
(Restrepo et al, 2002).  
 
  
 
 
Figure 2.7 – Diaphragm collapse in the parking structure at the Northridge Fashion Centre 
during the January 1994 Northridge earthquake California 
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Fleischman et al (1998) investigated the parking structures, shown in Figures 2.7, 2.8, 
2.9 and 2.10, which were damaged during the 1994 Northridge Earthquake. The 
parking structures employed a precast concrete gravity load system (with a reinforced 
concrete topping to compositely act as a rigid diaphragm) and cast-in-place shear 
walls for lateral load resistance. The shear walls in these parking structures remained 
relatively undamaged with only the diaphragm sections adjacent to the shear walls 
remaining in place.  
 
The observations to these structures indicated that the damage was caused by failure 
of the gravity load system due to large lateral displacements (drifts) of the floors in 
regions away from the shear walls where precast members became unseated 
(Fleischman et al., 1998). The mode of failure for the diaphragms in the car parking 
structures in Figures 2.7, 2.8 and 2.9 is attributable to the unseating of the precast 
concrete elements which was due to the large lateral displacements as a result of the 
design not accounting for diaphragm floor acceleration magnification. The 
diaphragms failed consequential to the in-plane forces that developed during the 
earthquake which exceeded the forces estimated by design procedures (Fleischman et 
al., 1998). 
 
 
 
 
Figure 2.8– Diaphragm failure and collapse due to the unseating of the precast elements in 
this car parking structure during the 1994 Northridge Earthquake 
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Another diaphragm mode of failure, shown in Figure 2.10, was that design 
procedures, in use at the time, produced diaphragms with inadequate strength and the 
diaphragms failed under the in-plane forces that developed during the earthquake. The 
most common type of damage was in the form of a buckled diaphragm chord 
reinforcement (flexure failure), shown in Figure 2.10a. The buckled diaphragm chord 
reinforcement, observed in the 1994 Northridge earthquake, flags a potential flexural 
response issue that SVBS diaphragms can face when subjected to seismic actions.  
 
 
Figure 2.10:  Diaphragm damage in the form of buckled chord reinforcement and concentrated 
cracks along column lines (Wood et al., 2000) 
 
 
Figure 2.10a – Diaphragm damage in the 
form of buckled chord reinforcement 
 
 
Figure 2.10b – Diaphragm damage in the form 
of concentrated cracks along column lines 
 
 
Figure 2.9 – Diaphragm collapse in the mall shopping centre parking structure during the 
January 1994 Northridge earthquake California (Image courtesy of Photovalet.com) 
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A second mode of damage, also attributable to inadequate diaphragm strength, was 
the development of cracks across the entire width of the diaphragm (Shear diaphragm 
failure) as shown in Figure 2.10b (Wood et al., 2000). Subsequent analysis to the 
earthquake demonstrated that the distributed reinforcement commonly used in the 
topping slabs at the time did not have the strain capacity to bridge the diaphragm shear 
cracks. Fracture of the diaphragm web reinforcement led to significant decreases in 
the calculated shear strength of the diaphragms (Wood et al., 2000). 
 
2.6 IN-PLANE DIAPHRAGM ACTION 
 
As shown in Section 2.4, research on seismic performance of SVBS is at its infancy. 
This literature review did not come across any research on the dynamic behaviour of 
SVBS diaphragms which are subject to in-plane seismic loading. Research into 
seismic diaphragm design has been however, very active in the last two decades, in 
the United States of America (USA), particularly in the precast floor systems. The 
1994 Northridge Earthquake, being the costliest in United States history at a damage 
of $44 billion, galvanised the motivation for this considerable interest in seismic 
diaphragm design in the USA (PRESSS, 2000). The research into the seismic design 
of precast floor diaphragms has, nevertheless relevance, and direct contribution, to 
the seismic design of spherically voided floor diaphragms in this research project. 
 
Damage to diaphragms, and their connections, as shown in Section 2.5, was a major 
cause of poor building behaviour and collapse during the 1994 Northridge Earthquake 
(Restrepo et al, 2002).  From the investigation by Wood et al. (2000) it was clear that 
the response of structures during the Northridge earthquake was controlled by the 
diaphragms, these being the weakest link in the entire structural system, and not by 
the inelastic response of the shear walls as mitigated in the building codes. The 
parametric analysis by Wood et al. (2000) demonstrated that shears and moments 
induced into the diaphragms during an earthquake increase with the length of the 
diaphragm. Improved frequency and distribution of the shear walls in the floor plan 
layouts reduces the diaphragm seismic demands and creates alternative load-paths to 
the seismic forces. Wood et al. (2000) recommended that modifications to design 
procedures are needed to ensure that the horizontal elements of the lateral-force-
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resisting system do not yield before the vertical elements, and thereby control the 
response of the structure. This is particularly important in low-rise buildings where it 
is unlikely that squat structural walls will achieve the same level of ductility as taller 
slender walls. Wood et al. (2000) also suggested that experimental tests are required 
to determine whether the minimum reinforcement requirements for out-of-plane 
bending of slabs are adequate for the in-plane diaphragm bending demands. Such 
large scale tests are however expensive and numerical studies are generally preferred 
to obtain a first insight of the problem and of the parameters to be investigated in the 
future. 
 
Fleischman et al., (1998) also noted that the diaphragm cracking strength exceeded 
the ultimate flexural strength, thereby inducing a brittle failure, due to the failure of 
the welded wire fabric reinforcing the concrete topping. The wire then used to 
fabricate welded wire fabric is cold drawn. The steel cold drawing process is known 
to render the material to be more brittle compared to the hot rolled steel process used 
in the larger diameter reinforcing bars. A decrease in the failure strains of cold drawn 
steel has been observed with decreasing wire size (Wood et al, 2000). Moderate 
elastic deformation to fabric reinforced diaphragms will therefore fracture the fabric. 
The diaphragm would thus fracture at a very low curvature, seriously limiting 
diaphragm displacements that could be achieved without collapse. Steel 
reinforcement ductility issues could potentially occur in SVBS diaphragms. The 
selection of the steel reinforcement ductility for SVBS diaphragms is considered in 
Section 2.7. 
 
The underlying design concept at the time, of the Northridge earthquake, was that 
inelastic behaviour will occur at the shear walls. The floor diaphragms were assumed 
to remain elastic and have sufficient strength corresponding to the ultimate strength 
of the shear walls (Fleischman et al, 1998). This rigid-diaphragm assumption 
presumed that the entire diaphragm, even at locations far from the shear walls, 
undergoes the same drift as the shear walls. Fleischman et al, (1998) concluded that 
diaphragm deformation cause storey drifts which are several times higher than the 
shear wall storey drifts and inelastic diaphragm behaviour occurs. A dramatic increase 
in diaphragm deformation was observed when the diaphragms yield. Diaphragm 
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yielding compounds the severity of the elastic diaphragm flexibility. A low diaphragm 
strength relative to the shear walls encourages diaphragm inelastic behaviour.  
 
 
2.7 DIAPHRAGM SEISMIC DESIGN 
 
Fleischman et al, (1998) proposed a capacity-design based approach were the 
diaphragms would be protected from inelastic diaphragm behaviour and large flexural 
deformations during a Design Basis Earthquake (DBE). Dhakal et al., (2006) stated 
that in seismic design codes, the standard earthquake ground motions to be used in 
performance based seismic design of structures in a given location are prescribed in 
terms of their probability of occurrence. This probability is established based on a 
uniform hazard (statistical) analysis of past earthquakes in that region (Dhakal et al., 
2006). In the United States diaphragm performance is evaluated using seismic input 
based on two seismic hazard levels, namely the (DBE) and the Maximum Considered 
Earthquake (MCE). The DBE is defined as having a 10% probability of occurrence 
in a 50-year-exposure period which is equivalent to a recurrence interval of 475 years 
(USBR, 2014). The MCE is defined as having a 2% probability of occurrence in a 50-
year-exposure period which is equivalent to a recurrence interval of 2500 years 
(USBR, 2014). 
 
Restrepo et al (2000) investigating the 1999 central Colombia earthquake observed 
that buildings employing beamless waffle-slab diaphragms were extremely flexible 
and suffered extensive, but non-structural damage. They also observed that 4-storey 
buildings, built using precast concrete walls with solid slabs survived without 
damage. In contrast, frame buildings incorporating precast concrete diaphragms with 
a cast-in-place topping suffered extensive damage. 
 
Following the 1994 Northridge earthquake, changes were incorporated into the 
building code to address the concern on the parking-structure performance of precast 
concrete diaphragms. The objective of the changes was to improve the toughness of 
the chords, shear and collectors in the diaphragm and to ensure that these elements do 
not yield in tension (Nakaki, 2000). The reinforcement in floor diaphragms is 
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analogous to the reinforcement in deep beams. The chord reinforcement is the flexural 
reinforcement placed at the diaphragm boundaries which resists in-plane bending. 
The shear reinforcement is analogous to the beam shear reinforcement which resists 
the in-plane diaphragm web shear. The collector (anchorage) reinforcement collects 
and transfers the diaphragm inertial forces back to the vertical elements of the lateral 
force resisting system and is analogous to the beam reactions (Zhang, 2010).  
 
Nakaki (2000) also attested that the diaphragms should be designed to remain elastic 
during a DBE level seismic event. Despite this fact, diaphragm cracking is inevitable 
and should be accounted for in the design. In a capacity design procedure, the 
diaphragm would be designed to be strong enough to remain elastic during the DBE 
seismic event while the vertical seismic system yields, and strain hardens. In order to 
achieve elastic diaphragm performance, diaphragm elastic strength must be accurately 
predicted in design; the elastic stiffness of cast-in-place diaphragms is in no way 
related to its ultimate strength (Nakaki, 2000). Reinforced concrete diaphragms have 
non-linear force-displacement characteristics even before the reinforcement yields 
due to cracking. Yielding in the diaphragm chord, or web reinforcement, prevents the 
diaphragm cracks from closing, encouraging bar buckling on the return cycle and 
allows the diaphragm deformation to concentrate in a single crack (Nakaki, 2000). 
The analysis procedure used to establish the SVBS diaphragm flexural capacity 
should endorse the recommendations by Nakaki (2000). The procedure should 
establish the entire nonlinear moment-curvature SVBS-diaphragm response and the 
approach should enable the iterative optimisation of the diaphragm moment-curvature 
response capacity to the seismic demands.  
 
The 2D static nonlinear moment-curvature analysis (2D-SNLMCA) in Chapter 5 
captures the complete nonlinear moment-curvature response capacity of the SVBS 
diaphragm. The diaphragm nonlinear moment curvature response is transmuted, in 
Chapter 5,  into a 3D Kirchhoff beam element and assembled into a MDOF model in 
Chapter 6. The nonlinear transient dynamic analysis (NLTDA) of the MDOF structure 
is carried out in Chapter 6 using selected seismic ground motion records to determine 
the bending moment demands on the SVBS diaphragm. The diaphragm configuration 
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is iteratively modified until its capacity from the 2D-SNLMCA satisfies the demands 
from the NLTDA.  
 
 
In her extensive research into cast-in-place diaphragms, Nakaki (2000), observed that 
the local curvature increases immediately when the diaphragm first cracks as shown 
by the horizontal path in Figure 2.11a. At the moment of the first crack the deflection 
however does not correspondingly increase, since the initial cracking occurs over a 
very short length as shown in Figure 2.11b.  
 
 
2.11a – Moment to curvature graph 
(Dahlgren et al., 2013) 
 
 
2.11b – Load to mid-span deflection graph 
(Nakaki, 2000) 
Figure 2.11:  Reinforced concrete diaphragm moment-curvature and load to midspan-
deflection schematic graphs 
 
Nakaki (2000), noted that as the distributed load is increased, the cracking spreads 
over a greater length and the deflection increases non-linearly as shown in Figure 
2.11b. At a low diaphragm reinforcing ratio, the reinforcement at the initial crack will 
yield before adjacent cracks form, concentrating all the displacement in one crack. 
Minimum steel ratios in building codes protect against this type of yielding behaviour. 
In diaphragms reinforced above the minimum steel reinforcement level, crack 
development will stress both the chord steel and the distributed web steel (Nakaki, 
2000). 
 
Nakaki (2000) also recommended that diaphragm deformations should be controlled 
so that excessive drift is not imposed on non-seismic components of the building. The 
seismic demand on the building is affected by the properties of the diaphragm. A 
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building with flexible diaphragm will have a longer fundamental period than an 
equivalent building with rigid diaphragms. A building with more flexible diaphragms 
will moreover, attract smaller forces than one with rigid diaphragms. Incorporating 
this flexibility into the design process can reduce the design forces for the building. 
The disadvantage however, is that a building with flexible diaphragms will also 
impose larger lateral displacements on the other non-seismic components of the 
building; the largest increase being in the columns located at the diaphragm mid-span. 
 
 
2.8 PRESSS AND DSDM EXPERIMENTAL PROGRAMMES 
 
A major earthquake engineering research milestone was achieved in the Precast 
Seismic Structural Systems (PRESSS, 2000) research program, carried out at the 
University of California and San Diego which tested a large-scale five-storey precast 
concrete prototype structure.  
 
The research adopted a Capacity Design Philosophy of structures for earthquake 
resistance. The philosophy prescribes that distinct elements of the lateral force 
resisting system are chosen, and suitably designed and detailed, for energy dissipation 
under severe imposed deformations. The primary use of capacity design is to prevent 
non-ductile behaviour by designing ordinary portions of the structure to have a greater 
relative strength than the pre-selected elements of the structure that serve as structural 
‘fuses’ by virtue of their special detailing for ductility (Paulay et al., 1992). Nakaki 
and Englekirk (1991), recommended that some ductility should be provided in every 
structural system to provide life safety in the event of a catastrophic seismic event 
which may have a very long recurrence interval. Control of inelastic mechanisms in 
SVBS diaphragms can be attained using Capacity Design concepts to create a 
hierarchy of strengths among the different types of reinforcement in the SVBS 
diaphragm during an MCE level (see Section 2.7) earthquake. The diaphragm 
anchorage reinforcement to the shear walls should be designed as completely elastic. 
The diaphragm shear reinforcement should be designed as elastic with a short, 
controlled excursion to the inelastic region. The diaphragm chord reinforcement can 
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be designed for a full inelastic ductile behaviour, below the steel plastic strain limit, 
during the MCE earthquake demand. 
 
The design of the prototype PRESSS structure utilised an emerging new seismic 
design philosophy. It was a new procedure called Direct Displacement Based Design 
developed by Professor Nigel Priestly at UCSD (Priestley et al., 2007). The procedure 
concentrates on making the building respond to a prescribed level of displacement in 
an earthquake rather than to have a design strength. The chosen design criterion, in 
the PRESSS project, was for the building to achieve a maximum lateral drift of 2% 
under a pre-determined intensity of seismic excitation.  The focus lies in the ability of 
the building to bend, and not on its strength. Building flexibility and the effort to limit 
the damage to the buildings was a relatively new concept of looking at seismic 
engineering and was an important step for the future (PRESSS, 2000). 
 
One of the PRESSS research objectives was to assess the influence of higher mode 
response on diaphragm dynamic amplifications (Priestley, 1991). It was found that 
higher-mode storey force levels were significantly stronger than anticipated (Priestly 
et al., 1999). Unacceptably high floor force levels were registered during the 
experiments due to the severity of third to fifth mode effects. The difference in 
sensitivity to higher modes between the displacement and force response is 
attributable to the fact that only the first mode is significantly modified by ductility. 
Higher modes remain elastic and the displacement response for these modes is very 
small due to the high stiffness (Priestly et al., 1999). The largest difference between 
experiment and design levels in the PRESSS project were in the floor force levels 
which represent the diaphragm forces which must be transmitted from floors to the 
lateral force resisting elements (Priestly et al., 1999). This finding in the PRESSS 
project was corroborated by records obtained during the Northridge earthquake in 
multi-storey buildings which showed that floor peak horizontal accelerations were 
generally greater than those recorded at ground level. Floor acceleration 
magnifications during the Northridge earthquake ranged between 1.1 to 4.6 times the 
PGA (Restrepo et al., 2002). The reduction in mass of SVBS diaphragms results in 
higher fundamental natural SVBS diaphragm frequency compared to SS diaphragm 
(Wolski, 2006). The SVBS diaphragm needs to be investigated to establish whether 
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the reduction in the mass of SVBS diaphragms, and the consequentially higher 
diaphragm fundamental frequency, potentially has a negative effect on the SVBS 
diaphragm acceleration magnification which is excited by the higher vibratory modes. 
 
Another extensive earthquake engineering research milestone was achieved in the 
Diaphragm Seismic Design Methodology (DSDM, 2008) research program. The 
DSDM project was carried out at the University of California and San Diego (UCSD) 
in collaboration with Lehigh University and the University of Arizona. The objective 
of the project was developing an integrated analytical and experimental research. The 
research was structured to develop the required information on both the capacity of 
precast diaphragms and the seismic demands to which they are subjected. The 
program was conceived to provide a comprehensive examination and a design 
methodology for precast / prestressed floor diaphragms (Fleischman et al., 2005). The 
DSDM project was partially motivated by the unexpectedly high diaphragm force-
level results in the PRESSS research project. The DSDM research project tested a 
real-life three-storey, half-scale experimental test structure, built at the UCSD seismic 
table facility. The structure was designed to be diaphragm sensitive in flexure with a 
floor aspect ratio of 3.5 and was subject to sixteen significant-input ground motions.   
 
The DSDM seismic design methodology targets elastic diaphragm behaviour in a 
DBE (see Section 2.6) and satisfactory diaphragm performance in an MCE event 
(Wan, 2007). Satisfactory diaphragm performance is defined in terms of the structural 
integrity of the diaphragm related to deformation capacity and diaphragm-induced 
gravity-column drifts. The simplified experimental test structure used in the DSDM 
project facilitates this objective because of the easily identifiable regions of high 
flexure and shear. The lateral force resisting system was composed of post-tensioned, 
self-centering, concrete rocking walls. Energy dissipating mild steel bars were 
installed in purposely formed ducts in the rocking walls and activated, as required, by 
grouting the respective ducts during the experimental program.   
 
A novelty introduced in the DSDM research project was a ductile welded wire mesh 
reinforcement fabric assembled from 6.4mm diameter wires, this being the smallest-
diameter wire available without cold working. Hot rolling was an essential 
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characteristic of the wire that provided the required ductility with a strain capacity of 
8.6% at peak stress (Fleischman et al., 2009). In reinforced concrete SVBS 
diaphragms, it is the reinforcing steel which provides the diaphragm with ductility. 
This compared to precast diaphragms where ductility can be provided by the steel in 
the concrete topping and also by the use of ductile connections between precast 
elements. The analysis and design of SVBS diaphragms should include the additional 
ductility provided by the high ductile hot rolled steel Grade 500C in BS EN 1992-1-
1, (2015) bars having a total elongation at maximum force (εuk) of 7.5%. 
 
The experimental testing successfully responded to the capacity design approach 
philosophy and the diaphragm failures occurred in regions of high flexure without 
damaging the diaphragm shear and collector areas. Diaphragm amplification was 
captured by the experimental test structure as a result of the large floor aspect ratio. 
The testing programme successfully demonstrated that the computer simulation 
models have a high level of accuracy and correctly predicted the experimental tests 
(Fleischman et al., 2009). 
 
 
2.9  CONCLUSIONS 
 
The literature review has shown that there is a paucity of research work on the 
behaviour of spherically voided diaphragms when subject to seismic-induced ground 
motion. The literature review has also demonstrated that, in the absence of 
comprehensive diaphragm seismic analysis and design procedures, the response of 
structures during the 1994 Northridge earthquake was controlled by the diaphragms, 
these being the weakest link in the structural system, leading to catastrophic damage. 
This led to the research programs PRESSS and DSDM demonstrating the high 
diaphragm forces developed during earthquakes. Similar research work on the 
behaviour of SVBS diaphragms, when subject to seismic-induced ground motion is 
therefore required. 
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This review justifies the research carried out for this thesis and the need of a novel 
structural modellisation approach for the seismic design of spherically voided 
diaphragms applying the capacity-design philosophy and embracing the concept of 
ductility. 
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CHAPTER 3 VERIFICATION OF THE TIME-
INTEGRATION ALGORITHMS 
 
 
3.1 INTRODUCTION 
 
Different time-integration algorithms can result in different estimations of the 
member displacements, velocities and accelerations.  The objective of this chapter is 
the verification of the time-integration algorithms operated in LUSAS engineering 
analysis software. The verification is carried out systematically by engaging a single 
degree of freedom (SDOF) system. The verification of the seismic response of a multi 
degree of freedom (MDOF) system in LUSAS using a second engineering analysis 
software namely, RUAUMOKO dynamic finite element suite is carried out in the 
final part of the chapter. RUAUMOKO is used to verify the transient dynamic 
analysis capabilities in LUSAS which will be used nonlinearly in the nonlinear 
transient dynamic analysis (NLTDA) of SVBS diaphragms in Chapter 6. The purpose 
of this chapter is the affirmation that the time-integration algorithms used in the 
dynamic analysis in Chapter 6 have a high level of accuracy and the results can be 
substantially reproduced. This confirmation will endorse the confidence in moving 
forward with the parametric studies in the NLTDA work in Chapter 6. 
 
The main part of the chapter presents the theoretical verification of the time-
integration algorithm by operating the closed-form differential equation of motion for 
a SDOF dynamic system. The choice of a SDOF model is appropriate because almost 
all structures arrive at their displacement limit state when responding in a manner that 
can be analytically described in terms of the behaviour of an equivalent SDOF system 
(Englekirk, 2003). Understanding the behaviour of a SDOF system will not only 
provide indispensable intuitive understanding of dynamic systems, but also provides 
a platform that can be extended to more complex systems (Englekirk, 2003).  
 
LUSAS operates the Hilber-Hughes-Taylor (HHT) time-integration algorithm, which 
can be regarded as a generalisation of the Newmark-Beta-Integration-Method, for 
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structural dynamics. The behaviour of SDOF dynamic elastic systems undergoing 
time-dependent changes (transients) can also be described by ordinary differential 
equations. The validation of the HHT and the Newmark-Beta-Method time-
integration algorithms are implemented in this chapter using the classical, closed-
form differential equation of motion of a SDOF dynamic system. The validation spans 
from free-undamped to forced-damped vibratory systems. The chapter extends into 
the investigation of the structural dynamics significance of the HHT time-integration 
algorithm parameters (α), (β) and (γ) and investigates the stability of dissipative and 
non-dissipative algorithms at diverse time-steps. An additional verification of the 
dynamic analysis results in LUSAS is carried out by the independent activation of the 
time-integration algorithms using a spreadsheet application.  
 
The final part of the chapter introduces an innovative finite element verification 
technique using RUAUMOKO dynamic finite element suite to verify the transient 
dynamic analysis response in LUSAS. The RUAUMOKO suite was designed by 
Professor Athol Carr at the University of Canterbury, specifically to carry out the 
dynamic analysis of structures subject to earthquake and other dynamic excitations. 
This part of the chapter explores an approach based on the Newmark time-integration 
structural dynamics scheme on a MDOF, three-floor, frame structure. The Newmark 
coupled displacement-algorithm-matrix for a three dynamic-degree-of-freedom 
system is derived from first principles and builds on the SDOF numerical work from 
the first part of the chapter. The derived Newmark coupled displacement-algorithm-
matrices were applied using the 1989 Loma Prieta strong motion earthquake record.  
 
 
3.2  DIRECT INTEGRATION METHODS 
 
Finite element analysis programs use direct time-integration algorithms to calculate 
the response history in a step-by-step finite difference formulation in the time domain. 
The term “direct” implies that prior to the numerical integration, no transformation of 
the equations to a different form is carried out (Bathe, 1996). Direct time-integration 
is the approximate computation of an integral using numerical techniques and is a 
substitute of exact analytical integration techniques. Analytical integration techniques 
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require the finding of an anti-derivative of the integral function, which requirement is 
difficult, and at times impossible, to implement in a finite element program.  
 
The algorithms used in the numerical integration methods can be broadly divided into 
two groups namely explicit algorithms and implicit algorithms. In practical 
application, important differences between explicit and implicit methods are related 
to stability (size of critical time steps) and computational economy (number of time 
steps required) (Cook et al., 2002). 
 
3.2.1 Forward, Backwards and Central Difference Methods 
 
Methods of direct integration calculate conditions at time step (n+1) from the 
equation of motion, a difference expression and known conditions at one, or more, 
preceding time steps (Cook et al., 2002). Discretisation in time is accomplished by 
using finite difference approximations of time derivatives. Three popular methods of 
approximating the derivative are the forward difference method, the backward 
difference method and the central difference method. All the three methods involve 
taking two points on a function, plotted on a graph, and taking the differences in the 
y-axis (Δy) of the function divided by difference in the time x-axis (Δt). This results 
in [(Δy)/(Δt)] which is equivalent to the slope of the function, also known as the first 
derivative, at the point of interest.  
 
i) The Forward Difference Method  
 
The forward difference method approximates the derivative [f `(xi)] by taking a point 
ahead of the point of interest [f (xi+1)] as shown by the blue disc in Figure 3.1 and 
subtracting the point of interest [f (xi)], shown by the pink disc, and dividing the resuly 
by the time step (Δt). The single-step forward difference equation is shown 
algebraically in equation (3.1). 
  
 ( )
( ) ( )1 ii
i
f x f x
f x
t
+ − =

  (3.1) 
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An implicit algorithm uses a forward difference expression of the general form 
 
            ( )1 1 1, , , , ,...n nn n n nD f D D D D D+ + +=   (3.2) 
 
which is combined with the equation of motion at time step (n+1) (Cook et al., 2002) 
shown in equation (3.3). The implicit algorithm is discussed further in Section 3.2.3. 
 
           1 11 1
ext
n nn n
M D C D K D R
+ ++ +
+ + =   (3.3) 
 
 
 
 
 
ii) The Backward Difference Method  
 
The backward difference method approximates the derivative [f `(xi)] by taking the 
point of interest [f (xi)], shown by the pink disc and subtracting a point behind the 
point of interest [f (xi-1)] as shown by the blue disc in Figure 3.2, and dividing the 
result by the time step (Δt). The single-step backward difference equation is shown 
algebraically in equation (3.4). 
 
Figure 3.1 – Forward difference method 
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An explicit algorithm uses a difference expression of the general form 
 
 
          ( )1 1, , , ,...nn n nnD f D D D D+ −=   (3.5) 
 
 
which contains only historical information on the right-hand side. In the explicit 
algorithm the difference expression is combined with the equation of motion at time 
step (n) shown in equation (3.6).  
 
 
           extn nn nM D C D K D R+ + =   (3.6) 
 
 
 
 
 
It is assumed that at time (t) we know the values of the displacement and the velocity 
as well as the acceleration, but we know nothing about the situation at time (t+Δt). 
The explicit algorithm permits the user to make estimates, at least for small time 
 
Figure 3.2 – Backward difference method 
2Δt , f(xi-1)
3Δt , f(xi)
0
5
10
15
20
25
30
1 2 3 4 5
F
u
n
ct
io
n
 =
 f
(x
)
Time Step (Δt)
BACKWARD DIFFERENCE METHOD
BACKWARD DIFFERENCE
POINT OF INTEREST
Chapter 3 Verification of the Time-Integration Algorithms 
  
 
Page 36 
intervals (Δt), of the displacements and velocities at the later time (t+Δt) knowing 
only the situation at the earlier time (t) (Newmark, 1962). The explicit algorithm is 
discussed further in Section 3.2.2. 
 
iii) The Central Difference Method  
 
The central difference method is an average of the forward difference and the 
backward difference methods. The central difference method, shown in Figure 3.3, 
approximates the derivative [f `(xi)] by taking the point ahead of the point of interest 
[f (xi+1)], shown by the green disc and subtracting a point behind the point of interest 
[f (xi-1)] as shown by the blue disc, and dividing by two time steps (2Δt).  
 
 
 
The two-step central difference equation is shown algebraically in equation (3.7). The 
central difference is a two-step explicit method (Cook et al., 2002). 
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Figure 3.3 – Central difference method 
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3.2.2 The Explicit Algorithm 
 
The explicit algorithm has a low computational cost per time-step; many steps are 
however required to arrive at an accurate solution. The explicit algorithm, unlike the 
implicit algorithm, does not consider the change in resisting force during the time 
interval (Δt) and is therefore not as accurate as the implicit algorithm (Newmark, 
1962). Nonlinearity can also be accommodated into the explicit algorithm (Cook et 
al., 2002). The explicit algorithm basically uses the differential equation at time (t) to 
predict a solution at time (t+Δt) (Wilson, 2002). Explicit methods do not involve the 
solution of a set of linear equations at each step and, for most real structures which 
contain stiff elements, a very small time-step (Δtcr) is required to obtain a stable 
solution (Wilson, 2002). Therefore, all explicit methods are conditionally stable 
depending on a critical time step (Δtcr) that must not be exceeded for the numerical 
scheme to remain stable. Numerous small steps are therefore needed and so the 
method is not well suited to structural dynamics problems (Cook et al., 2002). The 
explicit algorithm is best suited to wave propagation problems which are created by 
blast or impact loading such as in vehicle crash-worthiness analysis. The response 
analysis in wave propagation problems needs to represent many significant high-
frequency modes and usually needs to span small time-intervals (Cook et al., 2002). 
In view of the above considerations the explicit algorithm was deemed to be 
unsuitable for structural dynamics problems in this thesis.   
 
3.2.3 The Implicit Algorithm 
 
The implicit algorithm has a higher computational cost per time-step but with fewer 
steps required. The implicit method is more suitable for the solution of problems that 
fall into the category of a structural dynamics, inertial, type (Cook et al., 2002). 
Nonlinearity can also be accommodated in the implicit algorithm (Cook et al., 2002). 
The implicit algorithm is well suited for structural dynamics inertial problems where 
the problem is created by loads that vary more slowly such as loads created by an 
earthquake (Cook et al., 2002). In structural dynamics problems, response is 
dominated by lower modes and response analysis may have to span several periods 
of the lower frequency. The implicit algorithm requires the solution of a set of linear 
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equations at each time step. Larger time steps may however be used in the implicit 
algorithm than are used in the explicit algorithm (Wilson, 2002). Implicit integration 
schemes are unconditionally stable, which means that the algorithm remains stable 
irrespective of the size of (Δt). The accuracy of the results in implicit schemes is 
nevertheless inversely proportional to the size of (Δt) (Cook et al., 2002). Wilson 
(2002) concludes, based on his experience, that only single-step, implicit, 
unconditionally stable methods should be used for the step-by-step seismic analysis 
of practical structures. In view of the above all the structural dynamic analysis in this 
thesis is carried out using the implicit algorithm. 
 
 
3.3  SDOF FREE UNDAMPED VIBRATIONS 
 
3.3.1 Analytical (Classical) Solution 
 
Satsangi (2003) rigorously derives, from first principles, the analytical solution for 
the displacement (xt), velocity (ẋt) and acceleration (ẍt) for a free undamped SDOF 
system and the results are shown respectively in equations (3.8), (3.9) and (3.10). The 
analytical displacement (xt) equation (3.8) was implemented in a spreadsheet and 
plotted in Figure A1.1 using the model SDOF system in Table A1-1in Appendix A1.1. 
 
 00( ) n n
n
x
x t x Cos t Sin t 

= +   (3.8) 
 
 ( ) ( )0 0( ) n n nx t x Sin t x Cos t  = − +   (3.9) 
 
 ( ) ( )20 0( ) n n n nx t x Cos t x Sin t   = − −   (3.10) 
 
3.3.2 Total Energy in a Free Undamped SDOF System 
 
The equation for the total energy in a free undamped vibratory system is
2 2 21 1( )
2 2
t nE t m k  = =  (Chopra, 2001). The equation shows that the total energy in 
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the system is constant and independent of time, confirming conservation of energy 
during free vibrations in a closed system without damping. The total internal energy 
in a free vibrating system, 2 21 1
2 2si k
E E E mx kx= + = +  is made up of the elastic 
potential energy, or strain energy (Es), which is proportional to the square of the 
displacement term, and the kinetic energy (Ek),  which is proportional to the square of 
the velocity term (Chopra, 2001). In Figure A1.1 in Appendix A1 it can be noted that 
the point of maximum amplitude in the velocity curve is exactly coincident with the 
point of zero displacement on the displacement curve. This proves that when the 
system is at a point of maximum kinetic energy, and therefore maximum velocity, the 
displacement of the system is zero implying the system is at the equilibrium condition 
with zero elastic potential energy. This shows that the free undamped SDOF vibratory 
system follows the principle of conservation of energy where the loss of kinetic 
energy is equivalent to the gain of the elastic potential energy. The principle of 
conservation of energy applies only to a closed system, where no energy is pumped 
into the system, through forced oscillations, or dissipated out of the system, through 
damping (Duncan, 1987). 
 
3.3.3 Newmark’s Time-Integration Algorithm 
 
Newmark presented a method of numerical integration for the solution of problems 
in structural dynamics in 1959. The method can be applied to structures of any degree 
of complication for linear-elastic, non-linear and plastic behaviour up to failure and 
can handle any type of dynamic loading (Newmark, 1959).  
 
The time-integration equations in the Newmark scheme can be derived, using a 
rigorous approach, by means of Taylor’s series (Wilson, 2002). The derivation starts 
by using Taylor’s series for the expansion f(x) (Gerald et al., 1989) as follows: 
 
( ) ( ) ( )
2 3
0 0 0 0 0 0
0
( ) ( ) ( )
( ) ( ) ...
1! 2! 3!
f t t t f t t t f t t t
f t f t
  − − −
= + + + +   (3.11) 
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Where (t0) is the previous time (t0=t-Δt), (t) is the present time and (Δt) is equal to the 
time step (t-t0). Using the dot notation for differentiation and discarding terms that 
contain (Δt) to powers higher than third, equation (3.11) takes the following form for 
(xt) and (ẋt) respectively: 
 
 
2 3
...
2 6
t t t t
t t t t t
x t x t
x x x t − −− −
 
= +  + + +   (3.12) 
 
 
2
...
2
t t
t t t t t
x t
x x x t −− −

= +  + +   (3.13) 
 
Newmark truncated equations (3.12) and (3.13) to the following form (Wilson, 2002): 
 
 
2
3
2
t t
t t t t t
x t
x x x t x t−− −

= +  + +    (3.14) 
 
 2
t t t t tx x x t x t− −= +  +    (3.15) 
 
The Newmark integration method is based on the assumption that acceleration varies 
linearly between two instants of time, (Dukkipati, 2009). If one assumes linear 
acceleration, the term x  (rate of change of acceleration with time) can be written as: 
 
 
( )t t tx x
x
t
−−=

  (3.16) 
 
Replacing the term x  from equation (3.16) into equations (3.14) and (3.15) and 
adding a time step of (Δt) we obtain Newmark’s, relationship for an unconditionally 
stable, numerical integration scheme (Newmark, 1959): 
 
 ( )
2
1 2 2
2
t t t t t t t
t
x x x t x x + +

= +  + − +     (3.17) 
 
 ( )1t t t t t tx x t x x + += + + −     (3.18) 
 
 ( )
( )
2
1 21
2
t t t t t t tx x x t x x
t

 
+ +
−
= − − −

  (3.19) 
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3.3.4 Hilber Hughes Taylor (HHT) Time Integration Algorithm 
 
For implicit dynamic analysis, LUSAS finite element analysis software uses the HHT, 
single step, numerical integration scheme. This method, which is also known as the 
(α)-method was proposed by Hilber, Hughes and Taylor (Hilber et al., 1977) and can 
be regarded as a generalisation of the Newmark methods (Cook et al., 2002).  
 
Numerical damping cannot be introduced in the Newmark method without degrading 
the order of accuracy (Hughes, 2000). To improve upon this situation, Hilber, Hughes 
and Taylor introduced the (α)-method which is based on the two Newmark difference 
relations in expressions (3.17) and (3.18). The derivation of the α-method starts from 
first principles with the time-discrete equation of motion in (3.20). 
 
 ext
n n n nmx cx kx r+ + =   (3.20) 
 
Equation (3.20) states that external loads rext are resisted, or dynamically equilibrated, 
by a combination of inertia forces mẍ, damping forces cẍ, and internal stresses kx. In 
the α-method, the time-discrete equation of motion, is modified as follows (Cook et 
al., 2002): 
 
( ) ( )  1 1 11 1 extn n n n nmx c x c x k x k x R   + + ++ + − + + − =   (3.21) 
 
Where {Rα
ext} is the externally applied force {Rext} evaluated at the time shown in 
expression (3.22): 
 
 ( ) ( )1 1 1 11 n n n n n nt t t t t t t   + + + ++ − = + − = +    (3.22) 
 
and for loads varying linearly over the time step this is the same as (Cook et al., 2002): 
 
   ( )   
1
1ext ext ext
n n
R R R  +
= + −   (3.23) 
 
The parameters (β) and (γ) in equations (3.17) and (3.18) were introduced by 
Newmark (Newmark, 1962), to indicate how much the acceleration at the end of the 
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interval enters into the relations for displacement (parameter β) and velocity 
(parameters γ) at the end of the interval. The parameters (β) and (γ) are numerical 
factors that control characteristics of the algorithm such as accuracy, numerical 
stability and the amount of algorithmic damping (Cook et al., 2002). The parameter 
(γ) allows the amount of dissipation to be continuously controlled by a parameter 
other than the time step (Hilber et al., 1977). The addition of α-dissipation in the 
Hilber-Hughes-Taylor algorithm is similar to linear viscous damping (Hilber et al., 
1977). 
 
In order to start off the Hilber-Hughes-Taylor algorithm in equation (3.21) we require 
an expression for the future displacement (xn+1) in terms of the following known 
parameters of the system: 
 
i) The parameters α, β and γ for the Hilber-Hughes-Taylor Algorithm 
ii) The mass (m), viscous damping coefficient c and stiffness (k) of 
the system  
iii) The initial displacement (x0), initial velocity (ẋ0) and initial 
acceleration (ẍ0) of the system. 
 
The unknown terms for the future velocity (ẋn+1) and future acceleration (ẍn+1) in 
equation (3.21) are written in terms of the known parameters. The term (ẍn+1), for the 
future acceleration of the system, is solved by rearranging Newmark’s relation (3.17) 
into an equivalent form but without any brackets and isolating the (ẍn+1) term and its 
coefficients to the left hand side to obtain expression (3.24): 
 
 
2
2 2
1 1
2
n
n n n n n
t x
t x x x tx t x + +

 = − − − +    (3.24) 
 
Dividing throughout by (Δt2β) we obtain the final Newmark’s acceleration expression 
(3.25) for (ẍn+1) in terms of known quantities: 
 
 ( )
( )
1 12
1 21
2
n n n n nx x x t x x
t

 
+ +
−
= − − −

  (3.25) 
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The acceleration term (ẍn+1) from equation (3.25) is inserted into Newmark’s equation 
(3.18). Newmark’s relation for the velocity at the next time step (ẋn+1) is obtained in 
terms of known quantities in expression (3.26). 
 
( ) ( )1 12
1 1 2
1
2
n n n n n n nx x t x t x x tx x
t

 
 
+ +
  +
= +  − + − − −  
   
  (3.26) 
 
Grouping similar terms together expression (3.27) is obtained for the velocity at-a-
later-time, (ẋn+1) which does not include the term (ẍn+1) for the acceleration, at-a-later-
time.   
 
( )
( )
1 1
1 2
1 1
2
n n n n n
t
x x x t x x
t t
   

   
+ +
 −  
= − +  − − + −  
    
  (3.27) 
 
 
The expression for the acceleration at a later time (ẍn+1) from equation (3.25) and the 
expression for the velocity at a later time (ẋn+1) from equation (3.27) are inserted into 
the Hilber-Hughes-Taylor modified equation of motion (3.21) to form equation (3.28) 
 
( )
( )
( )
( )
( ) ( )
2
12
1
1 1
1 2
2
1
1 1 2
1 2
1
n n n n
n n
n
n n
n n n
m t
x x t x x
t
t
x x t
c x
x x
t t
kx kx R t t




 

 
 
 
  
+
+
+ +
 
− − − − + 
  
   − 
    
− + + −     −   + −    
  −     
+ + − = + 
  (3.28) 
 
Equation (3.28) is then solved for the displacement at a later time (xn+1) resulting in 
expression (3.29). 
 
Chapter 3 Verification of the Time-Integration Algorithms 
  
 
Page 44 
( )
( )
( )
( )
( )
( ) ( )
( )
( )
2
1 2 2
1
11
1
1 2
2
1
1 1
1
1 2 1 2
1
2
n n
n
n
n n
ext ext
n n n
n
x tx
m
x m c k t
t t t x
x x
t
c kx R R
x t
 

   
  
 
 
  
   


+
+
+  
+   + + + = +      + −    
  +  
+ + + −   
    + + + − 
− + − 
+  + 
 
  (3.29) 
 
The coefficient of the velocity term (ẋn) in the viscous damping coefficient c term on 
the right-hand side of the equation can be simplified as shown in expression (3.30). 
 
 ( )
( )1
1 1
  
 
 
  + −  
+ + − =    
    
  (3.30) 
 
And the coefficient of the acceleration term (ẍn) in the viscous damping coefficient c 
term can be simplified as shown in expression (3.31) 
 
 
( ) ( )1 2 1 2 2
2 2
     
 
− + −   −
=   
  
  (3.31) 
 
Following the simplifications in (3.30) and (3.31) the Hilber-Hughes-Taylor final 
expression for the displacement at the next time step (xn+1) takes the form of equation 
(3.32). 
 
( )
( )
( )
( ) ( )
( )
( )
2
2
1
2
1
1 2
2
1 1
1
1 2
1
2
1 1
1
n n
n
n n
n
n
ext ext
n n n
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m
t
t x
x x
t
x c
m x t
t
kx R Rc
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k
 
    
 
 

 
    


+
+
 +  
   +   + −
   
 
 + + −  
+      = + 
   − + +  +    
    
+   + + −+   
   
   +
  
 
  (3.32) 
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For the free undamped case, the viscous damping coefficient c=0 and the externally 
applied force (Rn)=0. The contribution of the (γ) parameter is present in the expression 
through the velocity term which vanishes with the zero viscous damping coefficient 
terms in the undamped case. The Hilber-Hughes-Taylor displacement equation for 
the free undamped case reduces to expression (3.33). 
 
( ) ( )
2
1
2
1 1
1
11
1 21
2
n n
n n
n
x x
t t
x m kx
xm k
t
 



+
  
+ +     = + 
    −+ +         
  (3.33) 
 
To activate the numerical calculation of the algorithm in equation (3.33) the values of 
(x0), (ẋ0) and (ẍ0) are required. The value for (x0) and (ẋ0) are known at the outset as 
the properties of the system. The value of (ẍ0) can be calculated from the equation of 
motion (3.34) for a linear system at the nth time step (Cook et al., 2002), which for the 
free, undamped case reduces to expression (3.35) 
 
 ext
n n n nmx cx kx R+ + =   (3.34) 
 ( ) 2
1
n n n nx k x x
m
= − = −   (3.35) 
 
The initial acceleration of the system (ẍn) can therefore be arrived at by the negative 
product of the initial displacement and the square of the natural circular frequency of 
vibration of the system. 
 
3.3.5 HHT Algorithm: Case of (α=0) 
 
Assigning the parameter (α=0) in the HHT algorithm in equation (3.32), leads to the 
relationship in (3.36), which is the Newmark difference relation (Cook et al., 2002). 
In view of the dissipative value of the parameter (α), the HHT algorithm used in 
LUSAS for the NLTDA in Chapter 6 has been assigned a value of (α=0) as shown in 
expression (3.36). 
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( )
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1 1 1 1
1 2
1 2 2 2
2
12
x m c k m x x xn n nn t tt t
t extc x x x Rn n n nt


   
   
  
   
+ + = + + −   +         
 − −
+ + + +  + 
  (3.36) 
 
3.3.6 Newmark Algorithm: Case of (β=0, γ=½) 
 
Parameter (β) is a weighting of the influence of the acceleration at times (tn) and (tn+1) 
on the displacement increment (Paultre, 2013). According to Stejskal et al. (2001), 
when (γ=½) and (β=0), then the Newmark’s method becomes equivalent to the 
classical central difference method, which is conditionally stable and explicit. The 
validity of this statement is verified for the free undamped SDOF case in Appendix 
A1.2. Appendix A1.2 demonstrates that Newmark’s time-integration algorithm for 
the case of (β=0) and (γ=½) transforms into the displacement relationship shown in 
expression (3.37) which is identical to the classical central difference method. 
 
 
2
1 2
t
x x t x xn n nn

= + +
+
  (3.37) 
 
This proves the veracity of the statement of Stejskal et al. (2001). This finding implies 
that when (γ=½) and (β=0) the Newmark’s method becomes equivalent to an explicit 
algorithm which, in Section 3.2.2, was deemed to be unsuitable for the structural 
dynamics problems in this thesis. Newmark’s algorithm with parameters (γ=½) and 
(β=0) will therefore not be considered for the NLTDA in Chapter 6. 
 
3.3.7 Newmark Algorithm: Significance of (γ) 
 
The parameter (γ) is a weighting factor varying linearly between the influence of the 
acceleration at times (tn) and (tn+1) on the velocity increment (Paultre, 2013). The 
significance of the (γ) term in the Newmark difference algorithm, especially the 
implication of the distinct value of (γ=½), can be demonstrated by deriving a 
difference equation relating the values of three successive displacements of the 
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system from the Newmark difference relations in (3.17), (3.18) and (3.19) (Newmark, 
1962). The derivation is shown in Appendix A1.3 resulting in equation (3.38). 
 
 
( )
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1 2 2 2
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1
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n n
n
t
x x x
t
x xt
x t
tt

 


 
+
−
−
 
 − + +
 +  
  −
 +  − =
  +  
  (3.38) 
 
The expression [(xn-xn-1)/Δt] in the last term in equation (3.38) satisfies the definition 
of velocity as the rate of change of displacement with time. This last term of equation 
(3.38) therefore corresponds to a (factor) multiplied by a (velocity term) and 
consequently can be interpreted as a viscous damping term (Newmark, 1962). This 
last damping term is eliminated from the equation by the choice of (γ=½). If the value 
of (γ) is different from (½) then the difference equation (3.38) corresponds to the 
motion of a dynamic system with damping (Newmark, 1952). 
 
According to Newmark (1952), the best value of (γ) in the Newmark time-integration 
velocity (ẋt+Δt) equation (3.18) is (γ=½). Newmark does not however exclude 
cautiously using values of (γ>½) to introduce a real and positive damping in the 
results to possibly damp out any undesirable higher-mode response (Newmark, 1952). 
High-frequency modes may be of little interest or constitute only undesirable 
nonphysical oscillations associated with discretisation (Cook et al., 2002). The higher 
frequency modes have not been damped in this thesis, by setting the value (γ=½), in 
order not to preclude the NLTDA model in Chapter 6 from capturing diaphragm floor 
acceleration magnification which is sensitive to higher mode response. 
   
The SDOF system in Table A1-1 in Appendix A1 has been used to carry out numerical 
analysis to compare the analytical displacement (xt) solution in equation (3.8) to the 
HHT time-integration displacement algorithm in equation (3.32). The HHT algorithm 
has been applied using two different values of the factor (γ), namely (γ=0) and (γ=1). 
The values for the factors (α) and (β), in the algorithm, have been kept constant at 
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(α=0) and (β=¼). Using (α=0) effectively reduces the HHT algorithm to Newmark’s 
Difference relation as proved in Section 3.3.5. 
 
The results from the algorithm are plotted, for the first vibration cycle in Figure 3.4. 
Table 3-1 shows the period elongation / contraction and the amplitude increase / decay 
with the two different values of the factor (γ) in the algorithm. In Table 3-1, the peak 
response (uo) is calculated from the equation  
2
2 0
0 0
n
x
u x

=
 
+  
 
  (Chopra, 2001). 
From Table 3-1 a value of (γ<½), results in negative damping and a value of (γ<½) 
results in the amplification of the vibratory response, or self-excited vibrations. This 
is corroborated in Table 3-1, in the column (γ <½), with a near doubling of the 
amplitude in the first cycle of vibrations and a +4.6% period elongation. From Table 
3-1 a value of (γ >½) shown in purple in Figure 3.4, results in positive damping with 
almost halving of the amplitude and negligible period elongation for a value of (γ=1). 
 
 
 
 
 
  
Figure 3.4 – First cycle of the displacement-time plot of the HHT algorithm (∆t=0.1s) for 
(γ=0) and (γ=1) compared to the analytical result  
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Table 3-1: Amplitude and period errors in the free undamped SDOF System shown plotted in 
Figure 3.4 subject to different values of the factor (γ) in the HHT Algorithm 
Algorithm parameter (γ) 0 (γ <½) 1 (γ >½) 
Algorithm parameter (α) 0 0 
Algorithm parameter (β) ¼ ¼ 
period in first cycle (T1) 1.47s 1.40s 
period Elongation (+) or Contraction (-) from 
analytical solution (Tn=1.405s) 
+0.066s -0.004s 
T1 as % of Tn 104.6% 99.7% 
amplitude u1 after first cycle (uo =0.158m) 0.30m 0.08m 
u1 as a % of uo =0.1581m 191.4% 46.3% 
amplitude Increase (+) or Decay (-) +0.14m -0.08m 
 
These results confirm that a value of the factor (γ) which is different from (γ=½) in 
Newmark’s algorithm shown in relationship (3.38) activates the dissipation term 
( )
( )
( )2 2 11
2 2 21
n nx xt
t
tt


 
−
   −
   −
  +    
 in the relationship introducing either an 
amplification (γ <½) or a dissipation (γ >½) of the vibratory response. The nonlinear 
transient dynamic analysis in Chapter 6 shall seek to capture the complete, undamped, 
in-plane vibratory response of the SVBS diaphragms. The dissipative/amplification 
qualities of the parameter (γ) in Newmark’s algorithm are therefore not beneficial to 
the SVBS diaphragm NLTDA objective in this thesis and shall therefore be 
deactivated by setting (γ=½). 
 
3.3.8 Algorithm Accuracy: Distinct Time-Steps 
 
The accuracy evaluation is carried out using the HHT implicit dynamics default 
integration parameter values of (α=0), (β=¼) and (γ =½) in LUSAS. These time-
integration parameters correspond to Newmark’s unconditionally stable, average 
acceleration method (Cook et al., 2002).  
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Figure 3.5 shows the response from five different time steps, namely, (∆t=0.3s), 
(∆t=0.2s), (∆t=0.1s), (∆t=0.05s) and (∆t=0.01s). The different time-steps are 
compared to the benchmark analytical displacement (xt) solution from equation (3.8)
. The finite element analysis output results are plotted for the first two seconds of the 
response of the free undamped SDOF system. The results confirm the discussion in 
Section 3.2.3 that the algorithm remains stable irrespective of the size of (Δt) but the 
accuracy of the results in implicit schemes is inversely proportional to the size of (Δt). 
Figure 3.5 shows that the largest time step of (∆t=0.3s) shows an inaccurate prediction 
of both the period and the amplitude of vibration.  A time step of (∆t=0.2s) accurately 
predicts the vibration amplitude but is inaccurate in predicting the period of vibration. 
The intermediate time step of (∆t=0.1s) is accurate in predicting the amplitude but 
shows a measurable period elongation. The lower time steps of (∆t=0.05s) and 
(∆t=0.01s) show the best predictions in both amplitude and in the period of vibration. 
 
From Table 3-2 it can be noted that amplitude decay is easily and consistently 
recognisable in relatively large time steps of (∆t=0.2s) and (∆t=0.3s). In the smaller 
time-steps of (∆t=0.1s), (∆t=0.05s) and (∆t=0.01s) the amplitude decay is not 
consistent with increasing time step; the amplitude decay for a time-step of (∆t=0.1s) 
is less than the amplitude decay for a time-step of  (∆t=0.05s). The only plausible 
explanation for such an occurrence is that a time-step may fail to capture the peak 
amplitude. The peak amplitude may be situated at a time interval away from the 
integration points and the peak is therefore missed by the curve; this occurrence is 
exacerbated in the larger time-steps. Appendix A1.5 explains the derivation of the 
values in Table 3-2, Table 3-3 and Table 3-4. 
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Table 3-2: Amplitude and period errors in the free undamped SDOF system in Figure 3.5 (α=0, 
β=¼, γ=½) when subject to distinct time steps 
Time 
Step  n
t
T

 
(Tn= 
1.405s) 
Time 
steps in 
two 
seconds 
Period 
Elongation 
in first 
cycle 
 % of Tn Amplitude 
Increase (+) or  
Decay (-) 
% of uo 
0.158m 
∆t=0.01s 0.0071 200 0.0002s 0.02% -0.000013m 0.008% 
∆t=0.05s 0.0356 40 0.0057s 0.41% -0.000451m 0.285% 
∆t=0.10s 0.0712 20 0.0227s 1.62% -0.000002m 0.001% 
∆t=0.20s 0.1424 10 0.0847s 6.03% -0.001206m 0.763% 
∆t=0.30s 0.2135 7 0.1886s 13.43% -0.018274m 11.56% 
 
The average acceleration method [(α=0), (β=¼), (γ =½)], being an implicit method,  
is unconditionally stable, however the ratio of time-step to the natural period of 
vibration of the system, (Δt/Tn), must be less than or equal to (0.1), to ensure adequate 
accuracy in the numerical results (Chopra, 2001). The validity of this statement by 
Chopra (2001) is confirmed by the results in Table 3-2 where the algorithms with time 
 
Figure 3.5 – HHT algorithm (α=0, β=¼, γ =½) with various time steps compared to the 
analytical solution (note: the curves for time steps (∆t=0.05s-cyan) and (∆t=0.01s-orange) are 
coincident with, and hidden below, the analytical solution) 
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steps which exceed the limit of [(Δt/Tn)<(0.1)], namely time-steps (∆t=0.2s) and 
(∆t=0.3s), albeit computationally economical are inaccurate.  
 
Another observation from Table 3-2 relates to the results from time-steps (∆t=0.1s) 
and (∆t=0.01s). A time-step of (∆t=0.01s) employs 200 steps over a period of 2 
seconds whereas a time-step of (∆t=0.1s) employs 20 steps over the same period. This 
90% decrease in the number of steps from a time-step of (∆t=0.01s) to (∆t=0.1s) 
produces a period elongation of only 1.62%. At a time-step of (∆t=0.1s) the time-
integration algorithm practically does not output any decay in the displacement 
amplitude. The results in Table 3-2 and the graphs in Figure 3.5 reveal that the time-
integration algorithm presents accurate and computationally economical results at a 
time-step of [(Δt/Tn)≈0.1]. In the analysis this coincides with a time step of (∆t=0.1s) 
which amounts to a ratio of [(Δt/Tn)=0.07]. The smaller time-steps of (∆t=0.01s) and 
(∆t=0.05s) demand a higher computational expense for only a marginal improvement 
of the results.  
 
3.3.9 FE Accuracy: Non-Dissipative Algorithms 
 
The optimum values of HHT algorithm parameters (α) and (γ) for the NLTDA in 
Chapter 6 have been identified respectively at (α=0) and (γ=½) in Sections 3.3.5 and 
3.3.7. The next objective is the systematic HHT algorithm investigation to arrive at 
the optimum value of the parameter (β) for the NLTDA in Chapter 6. The non-
dissipative analysis in the HHT numerical-integration scheme is carried out by 
deactivating the value of the dissipation factors in the algorithm, namely (α) and (γ), 
by setting the values of (α=0) and (γ=½). Parameter (β) is a weighting of the influence 
of the acceleration at times (tn) and (tn+1) on the displacement increment (Paultre, 
2013). Appendix A1.6 describes the possibility of defining consistent variations of 
acceleration in the time interval for at least three values of the parameter (β); namely 
for (β=¼), (β=⅙) and (β=⅛) (Newmark, 1962). According to Newmark (1962) using 
a value higher than (β=⅛), up to (β=¼) gives stable, but divergent, solutions. Values 
lower than (β=⅛), down to (β=0) gives convergent but unstable solutions. 
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Figure 3.6, and Table 3-3, are consistent with Newmark’s statement for a free 
undamped SDOF system. Values of (β) higher than, and equal to, (β=⅛), namely 
(β=¼) and (β=⅙), shown respectively in Figure 3.6 in purple, green and red, result in 
the elongation of the period. Values of (β) lower than (β=⅛), namely (β=⅟12) and 
(β=0), result in the contraction of the period of the time-displacement function. Figure 
3.6 and Table 3-3 also confirm the statement by Hughes (2000) that the central 
difference method (β=0), tends to shorten periods whereas the trapezoidal rule (β=¼) 
elongates periods. These considerations shall form the basis for the choice of the 
parameter (β) in the HHT algorithm used in LUSAS for the NLTDA in Chapter 6. 
 
 
 
It is interesting to note, in Table 3-3, that a value of (β=⅟12), as suggested by Fox and 
Goodwin (1949), with a time step of (∆t=0.1s) results in a period contraction of 
0.01%. A period elongation of 0.02% was achieved, in Table 3-2, for a value of (β=¼) 
with a time step of (∆t=0.01s). This implies that the same order of accuracy was 
achieved when using (β=¼) with a time step of (∆t=0.01s) as when using (β=⅟12) with 
a time-step at (∆t=0.1s) which is ten times larger. The same order of accuracy has 
 
Figure 3.6 – Second Cycle of HHT non-dissipative algorithms with varying values of the 
parameter (β) compared to the analytical solution (∆t=0.1s), (α=0) and (γ =½) (note: the 
curves for the HHT algorithms [(α=0), (β=⅛), (γ =½)] and [(α=0), (β=⅟12), (γ =½)]  are partially 
coincident with, and hidden below, the analytical solution) 
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therefore been achieved even though the latter, Fox Goodwin (1949), algorithm 
[(α=0), (β=⅟12), (γ =½)] uses only one-tenth of the time-steps, and hence one-tenth of 
the computer resources, as the former Newmark’s average acceleration algorithm 
[(α=0), (β=¼), (γ=½)]. This observation confirms that the parameter (β) allows 
control of the numerical algorithm, other than the time-step, thereby increasing the 
accuracy without increasing the time-steps and hence the computation effort. If [(β) 
≥ ¼(γ+½)2] the HHT algorithm is unconditionally stable (Hilber et al., 1977). 
 
Table 3-3: Amplitude and period errors in the free undamped SDOF system in Figure 3.6 using 
non-dissipative Hilber-Hughes-Taylor algorithms (∆t=0.1s) 
 
α 
 
β 
 
γ 
Period Elongation (+) or 
Contraction (-) 
% of Tn Amplitude 
Increase (+) or 
Decay (-) 
% of uo 
0 0 ½ -0.0119s -0.85% -0.001429m -0.904% 
0 112  ½ -0.0001s -0.01% -0.000499m -0.315% 
0 18  ½ +0.0056s +0.40% -0.000210m -0.133% 
0 16  ½ +0.0113s +0.81% -0.000034m -0.021% 
0 ¼ ½ +0.0227s +1.62% -0.000002m -0.001% 
 
 
3.3.10 FE Accuracy: Dissipative Algorithms 
 
The HHT scheme permits (α)-dissipation which is analogous to linear viscous 
damping (Hilber et al., 1977). The algorithm also allows the simultaneous use of 
positive Newmark (γ)-dissipation, by assigning (γ>½), which reduces the amplitude 
of vibration, together with negative (α)-dissipation, by assigning (α<0), which 
amplifies the vibratory response. The parameters (α), (β) and (γ) are free parameters 
which govern the stability and numerical dissipation of the algorithm.  
 
Figure 3.7 shows the vibratory motion for the first two seconds of six different 
dissipative algorithms used for the free undamped SDOF system. Table 3-4 shows the 
period elongation/contraction and the amplitude increase/decrease for each algorithm. 
Figures 3.8, 3.9, 3.10, 3.11, 3.12 and 3.13 show the graphs of the vibratory motion for 
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the first thirty seconds of six dissipative HHT algorithms used for the free undamped 
SDOF system.  
 
 
 
The HHT algorithm with the parameters [(α=0), (β=0), (γ=0)] shown in orange colour 
in Figure 3.7 and in Figure 3.8 represents the Constant-Acceleration method (Humar, 
2012). The graph verifies that the use of (γ <½) results in the amplification of the 
vibratory response, or self-excited vibrations. This corroborates the findings in 
Section 3.3.7. The HHT algorithm with the parameters [(α=0), (β=0.3025), (γ=0.6)] 
shown in cyan colour in Figure 3.7 and in Figure 3.9 represents Newmark method 
with low algorithmic (γ)-damping. The graph verifies that the use of positive 
Newmark (γ)-dissipation (γ>½), gradationally reduces the amplitude of vibration. 
 
 
 
 
 
 
99
 
Figure 3.7 – HHT dissipative algorithms compared to the analytical solution 
(TN=1.405s, U0=0.15811m, ∆t=0.1s) 
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Table 3-4: Amplitude and period errors in the free undamped SDOF system in Figure 3.7 using 
dissipative HHT algorithms 
 
α 
 
β 
 
γ 
Period 
Elongation (+) 
or Contraction 
(-) 
% of 
Tn 
Amplitude 
Increase 
(+) or  
Decay (-) 
% of uo Reference 
0 0 0 +0.0301s +2.14 +0.1554m +98.29 Fig. 3.8 
0 0.3025 0.6 +0.0233s +1.66 -0.0201m -12.74 Fig. 3.9 
-0.1 ¼ ½ +0.0294s +2.09 +0.0217m +13.74 Fig. 3.10 
-⅓ ¼ ½ +0.0467s +3.33 +0.0831m +52.59 Fig. 3.11 
0 ¼ 1 -0.0038s -0.27 -0.0802m -50.71 Fig. 3.12 
-0.1 0.3025 0.6 +0.0282s +2.01 -0.0009m -0.56 Fig. 3.13 
 
The HHT trapezoidal rule algorithm with the parameters [(α=-0.1), (β=¼), (γ=½)] and 
[(α=-⅓), (β=¼), (γ=½)] are shown respectively in purple and red colours in Figure 
3.7 and respectively in Figures 3.10 and 3.11. The graph in Figure 3.10 for [(α=-0.1), 
(β=¼), (γ=½)] represents the Trapezoidal Rule with low (α)-negative damping. The 
graph in Figure 3.11 for [(α=-⅓), (β=¼), (γ=½)] represents the Trapezoidal Rule with 
maximum (α)-negative damping. The graphs confirm that negative (α)-dissipation 
amplifies the vibratory response. The graph in Figure 3.11 especially illustrates why 
(α)-dissipation, by itself, is not an effective dissipative mechanism. The HHT 
algorithm with the parameters [(α=0), (β=¼), (γ=1)] shown in pink colour in Figure 
3.7 and in Figure 3.12 represents Newmark method with high algorithmic (γ)-positive 
damping. The graph verifies that the use of high positive Newmark (γ)-dissipation 
(γ=1), acutely reduces the amplitude of vibration. 
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Figure 3.8 – Inaccuracy of HHT dissipative algorithm 
- Constant Acceleration Method (Humar, 2012) - 
[(α=0), (β=0), (γ=0)] 
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Figure 3.9 – Inaccuracy of HHT dissipative algorithm 
- Newmark method with low algorithmic (γ)-positive damping - 
[(α=0), (β=0.3025), (γ=0.6)] 
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Figure 3.10 – Inaccuracy of HHT Dissipative Algorithm 
- Trapezoidal Rule with low (α)-negative damping - 
[(α=-0.1), (β=¼), (γ =½)] 
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Figure 3.11 – Inaccuracy of HHT Dissipative Algorithm 
- Trapezoidal Rule with maximum (α)-negative damping - 
[(α=-⅓), (β=¼), (γ =½)] 
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It is clear, from Figures 3.8, 3.9, 3.10, 3.11 and 3.12, that the introduction of 
dissipative parameters to an undamped SDOF system has the tendency to destabilise 
the algorithm. The exception to this observation is the relative stability shown by the 
HHT algorithm with the parameters [(α=-0.1), (β=0.3025), (γ=0.6)], shown in Figure 
3.13, which shows relative stability with marginal, but detectable, damping. The 
reason for this relative stability is that the algorithm contains a combination of a 
positive (γ)-dissipation, which reduces the vibration amplitude, and negative (α)-
dissipation, which has the effect of amplifying the vibratory response of the system. 
This algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] is a member of the family of 
algorithms proposed by Hilber et al., (1977). This algorithm [(α=-0.1), (β=0.3025), 
(γ=0.6)] was the result of the combination of two algorithms namely, Newmark 
method with (γ)-damping  [(α=0), (β=0.3025), (γ=0.6)] and Trapezoidal Rule with 
(α)-damping [(α=-0.1), (β=0.25), (γ=0.5)] (Hilber et al., 1977). 
  
Figure 3.12 – Inaccuracy of HHT Dissipative Algorithm 
- Newmark method with high algorithmic (γ)-positive damping - 
[(α=0), (β=¼), (γ =1)] 
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The algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] proposed by Hilber et al., (1977) is 
stable showing only marginal dissipation after 30 seconds of the vibratory response 
in Figure 3.13. The algorithm has the distinct characteristic of facilitating the 
optimisation of the response by the iterative calibration of the parameters (α) and (γ), 
keeping (β=0.3025) constant with the analytical response. The dissipative HHT [(α=-
0.1), (β=0.3025), (γ=0.6)] algorithm enables the iterative calibration and stability and 
shows promise for further consideration for the NLTDA in Chapter 6. 
 
 
3.4  SDOF FREE DAMPED VIBRATIONS 
 
3.4.1 Analytical (Classical) Solution 
 
Satsangi (2003) derives, from first principles, the analytical solution for the 
displacement (xt), velocity (ẋt) and acceleration (ẍt) for a free damped SDOF system. 
The analytical solutions for displacement (xt), velocity (ẋt) and acceleration (ẍt) are 
displayed respectively in equations (3.39), (3.40) and (3.41) where 
  
Figure 3.13– Quasi-stable response of Hilber-Hughes-Taylor dissipative algorithm 
New algorithm proposed by Hilber, Hughes and Taylor (1977) 
[(α=-0.1), (β=0.3025), (γ=0.6)] 
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2 0 0
0
n
d
x x
x



 +
= +  
 
 and 
0
0 0
tan d
n
x
x x



=
+
. The three equations for 
displacement (xt), velocity (ẋt) and acceleration (ẍt) in (3.39), (3.40) and (3.41) are 
plot graphically in Figure A2.1 in Appendix A2. 
 
 ( ) ( )sin ntdx t t e
   −  = +   (3.39) 
 
 ( ) ( ) ( )cos sinnt d d n dx t e t t
      −= + − +     (3.40) 
 
 ( ) ( ) ( ) ( )2 2 2 sin 2 cosnt n d d n d dx t e t t          −  = − + − +    (3.41) 
 
3.4.2 FE Accuracy: Distinct Time-Steps 
 
Figure 3.14 shows the graph for the first four seconds of the free damped SDOF 
vibratory response for the system specified in Table A2-1 in Appendix A2.2. The graph 
compares the displacement [x(t)] from the analytical solution in equation (3.39) to the 
time-integration algorithm results using five different time-steps, namely (Δt=0.002s), 
(Δt=0.01s), (Δt=0.1s), (Δt=0.2s) and (Δt=0.5s). The HHT non-dissipative implicit time-
integration algorithm was used with the variables set at [(α=0), (β=1/4), (γ=1/2)]. The 
algorithm is unconditionally stable however it is evident from the graph in Figure 3.14 
that the accuracy is inversely proportional to the time step.  In free undamped vibrations 
in Section 3.3.8, it was observed that the numerical solution remained stable with a time 
step as large as 10% of the period (Tn). Table 3-5, for free damped vibrations, shows 
that the numerical solution remains stable only with a time-step smaller than 1% of the 
period (Tn) which is one-tenth of the stable time-step in the free undamped case and 
also one-tenth of time step limit of [(Δt/Tn)<(0.1)] recommended by (Chopra, 2001) for 
an accurate response. This suggests that a smaller time-step is required in damped 
SDOF vibratory systems in order to achieve the same order of accuracy that is achieved 
in undamped SDOF systems.  
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Table 3-5: Finite element analysis displacement results for the SDOF system subject to free 
damped vibrations compared to the analytical solution (Tn=1.405s) 
Time Step 
n
t
T

 
Displacement at time 
(t=1 second) 
% of Analytical 
Solution 
Theory  -0.1189429m 100.00% 
∆t=0.002s 0.0014 -0.1193135m 100.30% 
∆t=0.010s 0.0071 -0.1208338m 101.58% 
∆t=0.100s 0.0712 -0.1407655m 118.35% 
∆t=0.200s 0.1424 -0.1584157m 133.19% 
∆t=0.500s 0.3559 -0.0462450m 38.88% 
 
 
 
 
 
Figure 3.14 – FE damped SDOF displacement response using the HHT algorithm [(α=0), 
(β=¼), (γ=½)] with various time-steps compared to the analytical solution 
(note: the curves for time steps (∆t=0.002s-red) and (∆t=0.01s-green) are exactly coincident 
with, and inconspicuous below the analytical solution) 
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3.4.3 Total Energy in a Free Damped SDOF System 
 
Equation (3.42) displays the expression for the total energy in the system (Chopra, 
2001) as a decreasing function of time, because of energy dissipated in viscous 
damping. 
 
( ) ( ) ( ) ( )
2 22 21 1 cos 2 sin 2
2
n t d
t n d d
n
E t m e t t
         

−  = − + − + 
 
  (3.42) 
 
Figure 3.15 displays the plot for the scaled total energy in the system together with 
the displacement and velocity for the free damped vibratory system.  
 
 
 
Figure 3.15 shows that the change in energy in the system varies according to the 
velocity of the mass. The energy decreases steadily, shown by steep gradient descents 
in the total energy graph, when the mass is at, or near, the maximum velocity region. 
On the other hand, the energy remains unchanged, shown by flat plateaus in the total 
 
Figure 3.15 – Analytical displacement, velocity and total energy (x 1E5 joules) in the free 
damped vibratory system for the first three seconds of the vibratory response for (ζ=0.2) 
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energy graph in Figure 3.15, when the mass is quasi-stationary at the maximum 
displacement region. 
 
The damped free vibratory system shown in Figure 3.21 has a damping ratio (ζ=0.20). 
In each vibration cycle, part of the mechanical energy of the oscillator is being 
converted into internal energy, by the viscous damper present in the free damped 
vibratory system. Work is being done against the viscous damper, as well as against 
the elastic potential energy in the structure, and therefore the mass gains less elastic 
potential energy in each successive cycle than if damping were absent.  
 
The energy in the system therefore keeps changing; the damping keeps dissipating 
energy out of the system until the system eventually loses all its energy and stops. The 
behaviour of this system extends the energy conservation principle to non-
conservative systems and accords to the non-conservative energy rule. The non-
conservative energy rule states that the loss in kinetic energy is equivalent to the sum 
of the gain in the elastic potential energy and the gain in the internal energy by the 
viscous damper (Duncan, 1987). 
 
The consequence of the non-conservative energy rule is illustrated in Figure 3.16. In 
Figure 3.16 the x-coordinates of the maximum velocity peaks in the velocity curve 
(blue) are not coincident with the respective x-coordinates of the zero-displacement 
positions in the displacement curve (cyan) as is evidenced in conservative systems. 
One can observe in Figure 3.16 that at the point of zero displacement (proportional to 
zero elastic potential energy) the velocity (proportional to the kinetic energy of the 
system) is already past, and less than, the maximum value. The difference is 
attributable to the internal energy, or precisely the energy dissipated by the viscous 
damping, that has been removed out of this system. This behaviour is in conformity 
to the rule for a non-conservative system (Duncan, 1987). 
 
The total energy input in a free damped, or undamped, SDOF system is a function of 
its mass, stiffness and the initial displacement and velocity. This total energy remains 
constant in a free undamped SDOF system and gradually depletes in a free damped 
SDOF system. The total energy in a free SDOF system is the result of a single initial 
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energy excursion stimulated by the initial displacement and velocity which excite the 
system into a transient response. 
 
 
 
The total energy input in a free damped SDOF system bears a considerable similarity 
with the total energy input in each time-step of the NLTDA model which is subject 
to a seismic ground motion record in Chapter 6. Similar to the SDOF case, each 
seismic ground acceleration data point at the beginning of each time-step excites the 
NLTDA model to a single energy excursion which stimulates the NLTDA model into 
a transient response. The NLTDA model behaviour is analogous to the free damped 
SDOF model behaviour due to the nonlinear inelastic response of the members, 
particularly the shear walls, which dissipate the seismic energy input into the model. 
The total energy input in the NLTDA model for the duration of the seismic record is 
the summation of all the single excursions excited by each individual acceleration 
data point in the seismic record.  
         
The calculation of the total energy in the SDOF system and the NLTDA model follow 
the same concept which is however applied respectively to the joint element in the 
Figure 3.16 – Analytical displacement (cyan) and analytical velocity (blue) showing that the 
time of zero displacement is not coincidental with the time of maximum velocity in this non-
conservative vibratory system  
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
D
is
p
la
ce
m
en
t 
(m
) 
a
n
d
 V
el
o
ci
ty
 (
m
/s
)
Time (s)
Single degree of freedom free damped vibrations - Analytical solution -
ζ=20%
Ẋ(t) 
ζ=20%
X(t) 
ζ=20%
Chapter 3 Verification of the Time-Integration Algorithms 
  
 
Page 66 
SDOF and the 3D-Kirchhoff beam elements in the NLTDA model. In Section 3.3.2 it 
was shown that the total energy in a free undamped SDOF is a function of the stiffness 
(k) and the peak amplitude (ρ) of the system as shown in equation (3.43). 
 
 2
1
( )
2t
E t k=   (3.43)  
 
The total seismic energy input in the 3D-Kirchhoff beam NLTDA model in Chapter 
6 is the summation of the total energy absorbed by each beam element in the MDOF 
model, which is a function of its moment (M), curvature (Φ) and length (L), for all 
the data points in the seismic record as shown in expression (3.44) (Benham et al., 
1987). 
 
( )
1 1
1
2
ACCELERATION DATA POINTSBEAMS
NN
TOTAL NLTDAMODEL
n n
tE M L
= =
=     (3.44) 
 
 
3.5  SDOF UNDAMPED FORCED VIBRATIONS 
 
3.5.1 Analytical (Classical) Solution 
 
The analytical displacement [x(t)] solution for a forced undamped SDOF system is 
derived by Satsangi (2003) and displayed in equation (3.45).  
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2 2
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1 1
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f f
x t
k kCos t t
 

 
 
 
 
+ 
 
 
=  
− + 
    
− −    
    
  (3.45) 
 
The displacement (xt) equation (3.45) contains four terms on the right-hand side. The 
contribution of each term to the total displacement is described below: 
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i) The first term ( )0 nx Cos t  is the initial-displacement-induced (x0), free 
vibration response. 
 
ii) The second term 0
n
n
x
Sin t

 
 
 
 is the initial-velocity-induced (ẋ0), free 
vibration response. 
 
iii) The third term 
0
2
1
n
n
f
k Cos t


 
 
 
− 
  −   
  
 is the transitional-vibration 
response which term includes the forcing frequency (ω) driven by a 
natural frequency harmonic sinusoidal function (Cos ωnt). 
 
iv) The fourth and last term of the equation 
0
2
Cos
1
n
f
k t


 
 
 
 
  −   
  
  is the steady 
state (forced) response and is driven by a forcing frequency harmonic 
sinusoidal function (Cos ωt). 
 
The total displacement is the summation of the four terms in (i), (ii), (iii) and (iv). The 
terms in (i), (ii) and (iii) contain the transient response of the vibratory motion. The 
transient response of the system is the component of the system response that, in 
damped vibrations, does not repeat itself regularly with time (Hitchings, 1992) and is 
excited solely by the initial displacement (x0) and the initial velocity (ẋ0) prescribed 
to the system. 
 
3.5.2 HHT Non-Dissipative Algorithms 
 
Figure 3.17 shows the use of non-dissipative HHT algorithms, at different values of 
the parameter (β), compared to the analytical equation (3.45) for the forced undamped 
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vibratory response. The HHT algorithm is non-dissipative when the dissipative 
parameters (α) and (γ) are set to (α=0) and (γ=½) respectively.  
 
 
 
Undamped-forced vibrations are not encountered in real-life situations because all 
practical structures include some inherent damping in one form or another. 
Undamped-forced vibrations are nevertheless very useful in studying the theoretical 
stability, and accuracy, of various algorithms where period elongation, or period 
contraction, is not readily evident at the immediate outset of the oscillatory motion. 
At the initiation of the oscillatory motion in undamped-forced vibrations, and for the 
first few seconds of the vibration, the numerical integration algorithms will have just 
kicked in and all algorithms show barely, if any, variation from one another as shown 
in the graphs in Figure 3.17. 
 
Figure 3.18 shows the detail of the last six seconds of the displacement time history, 
in Figure 3.17, which captures the moment when the inaccuracy of some of the HHT 
starts becoming noticeable. The algorithm for the average acceleration method, with 
 
Figure 3.17 – Non-dissipative displacement algorithms compared to the theoretical 
displacement for the first thirty seconds of the vibratory response for single degree of 
freedom forced undamped vibrations 
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parameter (β=¼), results in maximum period elongation. An intermediate period 
elongation is displayed by the algorithm for the linear acceleration method, with 
(β=1/6). The algorithm for the acceleration step-function, with parameter (β=1/8), 
results in minimum period elongation. The algorithm with a value of (β=0), which is 
Newmark’s explicit method and is equivalent to the central difference algorithm, 
results in a period contraction. 
 
 
 
The most stable response, from the non-dissipative algorithms analysed, is displayed 
by the algorithm suggested by Fox-Goodwin (1949), with the parameter (β=1/12), 
which gives the most accurate displacement values compared to the analytical 
response. The response of the Fox-Goodwin (1949) algorithm with parameter (β=1/12) 
remains stable even after thirty seconds from the start of the vibratory motion. This 
result corroborates the results of the free-undamped SDOF case where the Fox-
Goodwin (1949) algorithm showed the most stable response and the accuracy at a 
time step of (∆t=0.1s), was equivalent to the accuracy of the HHT algorithm for the 
 
Figure 3.18 – Detail from the graph in Figure 3.17 showing the accuracy of the five 
different non-dissipative numerical integration displacement algorithms investigated at a 
time step of (∆t=0.1s) 
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average acceleration method [(α=0), (β=¼), (γ=½)] with one-tenth of the time step at 
(∆t=0.01s). 
 
 
3.6  SDOF DAMPED FORCED VIBRATIONS 
 
3.6.1 Analytical (Classical) Solution 
 
Equation (3.46) displays the displacement equation for a damped SDOF system 
subject to a forcing function ( ) 0 0Cos e
i tf t f t f = =  and subject to an initial 
displacement of (x0) and initial velocity of (ẋ0) (Satsangi, 2003).  
 
The displacement equation for a damped SDOF system subject to a forcing function 
( ) 0 0Cos e
i tf t f t f = =  and also subject to an initial displacement of (x0) and 
initial velocity of (ẋ0) is the summation of the seven terms shown in the equation 
(3.46). The seven terms in the forced damped analytical equation (3.46) can be 
grouped into three separate vibratory components namely, the free-damped-vibration 
component (terms 1, 2a and 2b), the transient-vibration component (terms 3, 4 and 5) 
and the steady-state-vibration component (term 6). The three components are 
described in Appendix A4 respectively in Sections A4.1, A4.2 and A4.3. 
 
The graph in Figure 3.19 displays, in blue colour, the analytical total-damped-forced 
vibratory response from the analytical solution in equation (3.46), using the values 
from the test-model in Appendix A4.4 in Table A4-1. The graph presents the free-
damped-vibration response (terms 1, 2a and 2b) in green, the total-transient-response 
(terms 3, 4 and 5) in magenta and the steady-state-response (term 6) in burgundy.  
 
Figure 3.19 is useful in clearly identifying the three different vibratory response 
regions namely the free-vibration-induced initial region, the transient intermediate 
region and the final steady-state region. The accurate capture, by the HHT algorithm, 
of the intermediate transient vibratory response region is particularly relevant to the 
NLTDA in Chapter 6. The transitory character of the vibrations in the intermediate 
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region of the damped forced SDOF system is analogous to the transient nature of the 
vibrations in the NLTDA model when subject to seismic-induced ground motion. The 
transient response, in Chapter 6, is the NLTDA model’s instantaneous behaviour 
opposing the seismic acceleration input change at the beginning of each time step. 
The verification of the ability of the HHT algorithms to accurately capture this 
transient intermediate portion of the vibratory record is therefore significant for the 
NLTDA in Chapter 6. This verification into the transient portion of the damped forced 
SDOF vibration record is carried out in Section 3.6.2 and 3.6.3. 
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3.6.2 HHT Non-Dissipative Algorithms 
 
Figure 3.20 shows the results from the HHT algorithm equation (3.32) using non-
dissipative parameters for the forced damped vibratory response using the test-model 
values in Table A4-1 in Appendix A4.4. The HHT algorithm is non-dissipative when 
the dissipative parameters (α) and (γ) are set to (α=0) and (γ=½) respectively. Figure 
3.28 displays a seven-second magnification of the transient portion of the graph in 
Figure 3.27. The algorithm for the average acceleration method [(α=0), (β=¼), 
(γ=½)], results in maximum period elongation and the central difference algorithm 
[(α=0), (β=0), (γ=½)], results in a period contraction. This corroborates the behaviour 
of the HHT non-dissipative algorithms in the free undamped vibration case in Section 
3.3.9 and the undamped forced vibrations case in Section 3.5.2.  
 
 
 
Figure 3.19 – Analytical displacement for the first twenty-four seconds of the vibratory 
response for forced-damped vibrations showing the three displacement components 
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Figure 3.20 – HHT non-dissipative displacement algorithms compared to the theoretical 
displacement for the first thirty seconds of the vibratory response  
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Figure 3.21 – Detail from the transient portion of the HHT non-dissipative displacement 
algorithms vibratory motion record (from Figure 3.20) 
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The most stable algorithm is the algorithm suggested by Fox-Goodwin (1949), with 
the parameter (β=1/12), evident in green colour in Figure 2.21. The parameter (β=1/12) 
in the Fox-Goodwin algorithm, accords displacement values which are quasi-
superimposed on the analytical results, shown in blue colour in Figure 3.21. The Fox-
Goodwin (1949) algorithm remains stable even after thirty seconds from the start of 
the vibratory motion. The stability of the Fox-Goodwin (1949) algorithm is also 
corroborated in the free undamped vibration case in Section 3.3.9 and the undamped 
forced vibrations case in Section 3.5.2. 
 
It is interesting to note in Figure 3.27 that the algorithms with (β=¼), (β=1/6), β=1/8) 
and (β=0) manifest the instability predominantly in the transient portion of the 
vibration. In the test model vibratory system, the transient portion of the vibration lies 
between the fifth and the eighteenth second of the vibratory response. All the 
algorithms show relative stability in the free damped vibration portion in the first few 
seconds of the response and once again recapture a stable response during the steady-
state portion of the vibratory response, after the eighteenth second. 
 
3.6.3 HHT Dissipative Algorithms 
 
The HHT algorithm is dissipative when the dissipative parameters (α) and (γ) are set 
to (α≠0) and (γ≠½) respectively. Figure 3.22 shows the displacement curves for six 
dissipative HHT algorithms for the first ten seconds of the vibratory response. It is 
immediately evident that the algorithm for the constant acceleration method (Humar, 
2012) [(α=0), (β=0), (γ=0)] is the most unstable. The algorithm for the trapezoidal 
rule with maximum (α) negative damping [(α=-⅓), (β=¼), (γ=½)] is the second most 
unstable algorithm. As was observed in the free undamped SDOF case, a value of 
(γ<½), or a negative value of the parameter (α), tends to destabilise the algorithm by 
the amplification of the response. 
 
Figure 3.23 shows the same dissipative HHT algorithms as in Figure 3.22 with, the 
two most unstable algorithms, namely [(α=0), (β=0), (γ=0)] and [(α=-⅓), (β=¼ ) 
(γ=½)] removed. Figure 3.24 shows a six second detail, from the sixth to the twelfth 
second, in the transient portion of the displacement record in Figure 3.23.  
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Figures 3.23 and 3.24 show that out of the four of the more stable dissipative 
algorithms displayed, the algorithm for the trapezoidal rule with low (α) negative 
damping [(α=-0.1), (β=¼), (γ=½)], is the least stable. The algorithm [(α=-0.1), (β=¼), 
(γ=½)] is especially unstable in the free damped vibration, and in the transient stages 
of vibration. The instability of the algorithm is carried on well into the steady state 
portion of the vibration and starts showing the first signs of stability approaching the 
fortieth second of the vibratory response. 
 
The HHT algorithm with low algorithmic (γ)-positive damping [(α=0), (β=0.3025), 
(γ=0.6)] has a value of (γ>½) which decays the vibratory response. This is 
corroborated by the reduced amplitude of the green displacement curve in the detail 
graph in Figure 3.24.  
 
 
Figure 3.22 – HHT six dissipative displacement algorithms compared to the theoretical 
displacement for the first ten seconds of the vibratory response for SDOF degree of 
freedom forced damped vibrations (note: the green [(α=0), (β=0.3025), (γ=0.6)] and orange 
[(α=-0.1), (β=0.3025), (γ=0.6)] curves are quasi-coincident with, and inconspicuous below the 
analytical solution blue curve) 
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Figure 3.23 –Four of the more stable dissipative displacement Hilber-Hughes-Taylor 
algorithms compared to the theoretical displacement  
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Figure 3.24 – Six-second detail from the record in Figure 3.29 showing the accuracy of the 
four different dissipative numerical integration displacement algorithms tested 
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The HHT algorithm with high algorithmic (γ)-positive damping [(α=0), (β=¼), (γ=1)] 
shown in pink in Figures 3.23 and 3.24 also includes considerable (γ) dissipation due 
to it having a value of (γ>½). The extent of the amplitude decay in the algorithm is 
corroborated by the fact that the curve (pink) misses all the local peaks and troughs 
present in the analytical (blue) displacement curve. Only the general undulations, or 
tendency, of the displacement curve is followed by the dissipative algorithm [(α=0), 
(β=¼), (γ=1)]. The instability of the algorithm is, nevertheless, largely stabilised in 
the steady state segment of the vibratory motion as shown in Figure 3.23. 
 
The algorithm proposed by Hilber-Hughes-Taylor (1977) [(α=-0.1), (β=0.3025), 
(γ=0.6)] in Figures 3.22 and 3.23 displays a stable, albeit a marginally phase-shifted, 
response. The dissipation consists of a combination of positive (γ)-dissipation, 
instigating a reduction of the vibratory response, and negative (α)-dissipation, 
encouraging an amplification of the vibratory response. The algorithm [(α=-0.1), 
(β=0.3025), (γ=0.6)]) stimulates a quasi-stable response with a period elongation of a 
fraction of the systems natural period of vibration (Tn). The stability of this HHT 
algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] is corroborated by the SDOF free vibration 
system in Section 3.3.10 where the algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] was 
stable with marginal damping. This HHT algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] 
has the distinct advantage of allowing the optimisation and the validation of the 
vibratory response, with experimental data, by the iterative calibration of the 
parameters (α) and (γ), keeping (β=0.3025) constant. The HHT algorithm [(α=-0.1), 
(β=0.3025), (γ=0.6)] can be calibrated to match available experimental data by the 
iterative variation of a combination of positive (γ)-dissipation, which decays the 
vibratory response, and negative (α)-dissipation, amplifying the vibratory response. 
 
3.6.4 Fox-Goodwin (1949) Algorithm 
 
The analysis to test the accuracy of the HHT non-dissipative algorithm for five 
different time steps, namely (Δt=0.1s), (Δt=0.2s), (Δt=0.3s), (Δt=0.4s) and (Δt=0.5s), 
was carried using the Fox-Goodwin (1949) algorithm [(α=0), (β=⅟12), (γ=½)]. The 
non-dissipative algorithm [(α=0), (β=⅟12), (γ=½)] proved to be the most stable 
algorithm from the six non-dissipative algorithms tested in Sections 3.3.9, 3.5.2 and 
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3.6.2 respectively for the free undamped vibrations, forced-undamped vibrations and 
forced damped vibrations. Figure A4.4 in Appendix A4 shows the first forty seconds 
of the vibratory response of the Fox-Goodwin (1949) algorithm [(α=0), (β=⅟12), 
(γ=½)]. 
 
Figure 3.25 shows a six-second detail of the transient portion of the Fox-Goodwin 
(1949) vibratory response in Figure A4.4 in Appendix A4.  The time-step at (Δt=0.1s), 
in Figure 3.25, captured accurately the analytical displacement. At (Δt=0.1s), the ratio 
of the time-step to the natural period of vibration (Δt/Tn) is equal to (0.071) which is 
within the limit of [(Δt/Tn)<(0.1)] recommended by (Chopra, 2001) to ensure 
adequate accuracy in the numerical results. The forced damped vibration numerical 
investigation shows that eventually all the time steps tested, namely (Δt=0.1s), 
(Δt=0.2s), (Δt=0.3s), (Δt=0.4s) and (Δt=0.5s), using the non-dissipative algorithm 
[(α=0), (β=⅟12), (γ=½)] converge to the theoretical solution in the steady state segment 
of the vibration as displayed in the graph detail in Figure A4.5 in Appendix A4. 
 
 
 
 
 
Figure 3.25 – Six-second detail of the record in Figure A4.4 in Appendix A4, into the 
transient portion of the vibratory motion (note: the ochre-coloured curve (Δt=0.1s) is quasi-
coincident with, and inconspicuous below, the analytical solution blue curve) 
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It was noted, in the forced-damped displacement response of the HHT non-dissipative 
algorithms in Figure 3.20, that the algorithms manifest the instability predominantly 
in the transient portion of the vibration. All the non-dissipative algorithms show 
relative stability in the free damped vibration portion in the first few seconds of the 
response and once again recapture a stable response during the steady-state portion of 
the vibratory response. The free undamped vibration case in Section 3.3.9 and the 
undamped forced vibrations case in Section 3.5.2 confirmed the stability of the Fox-
Goodwin (1949) algorithm [(α=0), (β=⅟12), (γ=½)]. The algorithm verification in this 
Section 3.6.4 confirmed that the Fox-Goodwin (1949) algorithm [(α=0), (β=⅟12), 
(γ=½)] is also accurate in capturing the transient portion of the forced-damped 
vibratory response. The transient response component is positioned precisely after the 
initial free vibration contribution and is present until the steady state vibratory 
component seizes complete control of the SDOF systems analysed. The research 
concentration on the transient response portion was motivated by its distinct and direct 
relevance to the transient seismic dynamic analysis work in Chapter 6. The transient 
response is the structure’s instantaneous behaviour opposing the input change, or 
disturbance. It captures the transitory moment, in each seismic input time-step, in 
which the system reacts, and adopts, to the changes instigated by the seismic demands.    
 
 
3.7  MDOF THREE-STOREY FRAME 
 
The numerical analysis in the previous sections used, in all the cases, a single time-
integration algorithm equation for the SDOF structure analysed. The numerical 
integration of a MDOF structure requires the setting up of a separate time-integration 
algorithm equation for each degree of freedom required. The time-integration 
algorithm equations are coupled, using matrix operations, to obtain a distinct 
structural response for each degree of freedom. The objective of this section is the 
verification of the accuracy achieved using Newmark coupled displacement-
algorithm-matrix equations in LUSAS, in the transient dynamic analysis of MDOF 
structures using the 1989 Loma Prieta strong motion earthquake record. The record 
of the applied seismic excitation is shown in the acceleration-time graph in Figure 
A5.1 in Appendix A5 and in Table A5-1 in the same appendix. 
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The verification is carried out using a materially and geometrically simplified version 
of the idealised, three-storey, four-bay, NLTDA model used in Chapter 6. The use of 
a simplified model is justified to maintain the focus exclusively on the objective of 
this section, that is, the verification of the accuracy achieved using Newmark coupled 
displacement-algorithm-matrix equations in LUSAS, in the transient dynamic 
analysis of MDOF structures. The simplified structure, shown in Figure 3.26, 
maintains the three-storey geometric configuration, of the idealised NLTDA model in 
Chapter 6, however has been limited to a single-bay with a single lumped mass at the 
centre of each floor level. The frame material properties have been simplified from 
the nonlinear reinforced concrete used in the NLTDA in Chapter 6 to a linear-elastic, 
isotropic, mass-less steel frame. The frame includes three lumped masses (m1), (m2), 
(m3) respectively at the centre of the ground-floor, first-floor and second floor 
horizontal beams respectively at nodes 4, 7 and 10. The frame is subject to a ground 
seismic excitation using the 1989 Loma Prieta strong motion earthquake record 
applied in the x-direction of the frame shown in Figure 3.26. The material properties 
of the frame are shown in Appendix A6 Table A6-1. 
 
 
  
Figure 3.26 – Schematic diagram of the undamped, single-bay, three-story and nine-degree-
of-freedom frame (used in the MDOF numerical analysis work in Section 3.7) 
Chapter 3 Verification of the Time-Integration Algorithms 
  
 
Page 81 
3.7.1 Newmark’s Time-Integration Algorithm 
 
Appendix A6.2 shows the derivation, using a static condensation approach, for the 
Newmark time-integration displacement algorithms for the three-dynamic-degree-of-
freedom frame structure shown in Figure 3.26. The Newmark time-integration 
displacement algorithms for 
1 1 1
1 2 3, ,
n n n
x x x
+ + +
 
  
respectively for translational 
degrees of freedom {u1}, {u2} and {u3}, shown in Figure 3.26, are derived in 
Appendix A6 in expressions (A.43), (A.44) and (A.45) respectively. 
 
The effective-loads-matrix 1
ˆ
nR +
 
 
 from expression (A.41) in Appendix A6 and the 
effective-stiffness-matrix ˆ effK    from expression (A.40) in Appendix A6 activate 
Newmark’s matrix displacement algorithm matrix equations (A.43), (A.44) and 
(A.45) respectively for displacements 
1 1 1
1 2 3, ,
n n n
x x x
+ + +
 
  
 respectively for 
translational degrees of freedom {u1}, {u2} and {u3}, for the frame structure shown 
in Figure 3.26. The output from a spreadsheet application applied on the three 
equations (A.43), (A.44) and (A.45) are plotted in the displacement-time graph for 
translational degrees of freedoms {u1}, {u2} and {u3} in Figure 3.27.  
 
3.7.2 Dynamic Finite Element Analysis  
 
The frame was first modelled in RUAUMOKO dynamic finite element suite using the 
input parameters shown in Appendix A6 Table A6-2. The frame was then modelled 
using LUSAS software and applying the input parameters shown in Appendix A6 
Table A6-3. The frame properties for the two programs were input from Appendix 
A6 Table A6-1 and the earthquake strong motion input record for the two programs 
is shown in Appendix A5. The Newmark constant average acceleration numerical 
integration scheme [(β=¼), (γ=½)] was applied in both RUAUMOKO and LUSAS. 
 
Figures A6.1, A6.2 and A6.3 in Appendix A6 show respectively the displacement-
time plot for the horizontal translational degrees-of-freedom {u1}, {u2} and {u3} for 
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the MDOF three-storey frame in Figure 3.26 for RUAUMOKO, LUSAS and 
Newmark’s constant average-acceleration scheme (equations (A.43), (A.44) and 
(A.45)). Figures A6.1, A6.2 and A6.3 in Appendix A6 show that the results from 
RUAUMOKO are identical to the results from LUSAS which are also identical to 
Newmark’s solution from a spreadsheet application programme.  
 
 
 
 
3.8  CONCLUSIONS 
 
The verification of the time-integration algorithms using SDOF systems provided a 
platform that can be extended to more complex systems. One such occurrence was 
the total energy input in a free damped SDOF system. This is analogous to the total 
energy input in each time-step of the NLTDA model which is subject to a seismic 
ground acceleration record in Chapter 6. The total energy input in a free damped 
SDOF system is the result of a single initial energy excursion. The energy excursion 
Figure 3.27 – Displacement-Time plot of {u1} (blue), {u2} (red) and {u3}  (green) of the 
undamped, three-storey frame model obtained using Newmark constant average 
acceleration scheme from the matrix-expressions.  
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is stimulated by the initial displacement and velocity. These initial conditions excite 
the SDOF system into a transient response with the total energy gradually depleting 
by the viscous damper. Each seismic ground acceleration data point in the seismic 
record is input at the beginning of each time-step. The acceleration input, in each 
acceleration data point, excites the NLTDA model to a single energy excursion. The 
energy excursion stimulates the model into a transient response which is damped by 
the nonlinear inelastic response of the members, particularly the shear walls. 
 
The total energy input in the free damped SDOF system is due to the single initial-
displacement/velocity induced energy excursion. The energy input into the NLTDA 
model is due to each acceleration-induced excitation input at the outset of each time 
step. The total energy input into the NLTDA model is the summation of all such inputs 
from the acceleration data points in the seismic record.  
 
The implicit time-integration algorithm was preferred over the explicit algorithm, due 
to it being unconditionally stable irrespective of the time step size, however the ratio 
of time-step to the natural period of vibration of the system, (Δt/Tn), must be less than 
or equal to (0.1), to ensure adequate accuracy in the numerical results (Chopra, 2001). 
The implicit scheme is well suited to structural dynamics inertial problems where the 
problem is created by loads that vary more slowly such as loads created by an 
earthquake (Cook et al., 2002). 
 
The analysis of the HHT dissipative algorithms showed that the introduction of 
dissipative parameters to a free damped SDOF system has the tendency to destabilise 
the algorithms. One exception to this observation is the relative stability shown by the 
HHT algorithm with the parameters [(α=-0.1), (β=0.3025), (γ=0.6)]. The reason for 
this relative stability is that the dissipation in the algorithm consists of a combination 
of positive (γ)-dissipation, instigating a reduction of the vibratory response, and 
negative (α)-dissipation, encouraging an amplification of the vibratory response. This 
HHT algorithm [(α=-0.1), (β=0.3025), (γ=0.6)] has the distinct advantage of allowing 
the optimisation, and can be applied to the validation of the vibratory response with 
experimental data, by the iterative calibration of the parameters (α) and (γ), keeping 
(β=0.3025) constant. 
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A seismic transient dynamic analysis of a three-dynamic-degree-of-freedom, three-
storey, simplified MDOF frame structure, was carried out using Newmark coupled 
displacement-algorithm-matrix applied using the 1989 Loma Prieta strong motion 
earthquake record. The analysis revealed the results from RUAUMOKO are identical 
to the results from LUSAS which are also identical to Newmark’s solution from a 
spreadsheet application programme. 
 
It was noted, in the forced-damped displacement response of the HHT non-dissipative 
algorithms, that the algorithm instability predominantly manifests in the transient 
portion of the vibration. The investigation revealed that the most stable HHT non-
dissipative algorithm was the algorithm suggested by Fox-Goodwin (1949), with the 
parameters [(α=0), (β=⅟12), (γ=½)]. The investigation also confirmed that the Fox-
Goodwin (1949) algorithm [(α=0), (β=⅟12), (γ=½)] is also accurate in capturing the 
transient portion of the forced-damped vibratory response. The research concentration 
on the transient response portion was motivated by its distinct and direct relevance to 
the seismic transient dynamic analysis work in Chapter 6. The transient response of 
the forced-damped SDOF system is analogous to the transitory moment, in each 
seismic input time-step, in which the NLTDA model reacts, and adopts, to the changes 
instigated by the seismic demands. The Fox-Goodwin (1949) algorithm [(α=0), 
(β=⅟12), (γ=½)] shall be adopted for the NLTDA in Chapter 6.    
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CHAPTER 4 3D SOLID-CONTINUUM FE MODELS to 
CAPTURE FLEXURAL RESPONSE  
 
 
4.1  INTRODUCTION 
 
The objective of this Chapter is the verification and validation of 3D solid-continuum 
finite element models to capture the static flexural response of spherically voided 
slabs. Innovation in structural engineering research is enhanced when one can test 
new approaches without having to build, and test, a prototype structure although 
ultimately testing is needed for full validation.  
 
Non-linear finite element analysis (NLFEA) programs for structural concrete have 
not yet matured to the point where a user assigns accurate geometric, material and 
loading attributes and expect accurate response predictions of any structure (FIB, 
2008). The efficient and safe use of NLFEA programs necessitates the adoption of 
systematic verification and validation procedures to ensure the accuracy of these 
simulations. Validation is the evaluation of the accuracy and reliability of a NLFEA 
program by using it to predict the response of structures, that are expected to exhibit 
similar types of behaviour to that being designed, and for which well documented 
experimental test data is available (FIB, 2008). Verification is the process of 
determining that a computational model accurately represents the underlying 
mathematical model and its solution (ASME, 2006).  
 
Verification and validation processes establish the indispensable credibility that the 
computer models have adequate accuracy and level of detail for their intended use. 
The state-of the-art of verification and validation does not yet lend itself to the 
availability of step-by-step performance code procedures. Efforts are however 
underway into the development of more formal validation procedures, with well-
documented experimental test databases, and with the means of supporting the use of 
computations tools in NLFEA practice (FIB, 2008).   
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Section 4.2 describes the three-dimensional nonlinear transient dynamic analysis (3D-
NLTDA) model used in Chapter 6. This section also conveys details on the analysis 
of reinforced concrete finite element models using 3D solid-continuum and discrete 
3D structural-bar assemblies with attention to the mesh discretisation. The nonlinear 
steel reinforcement model and the nonlinear concrete model together with the 
convergence criteria applied to the nonlinear analysis are also outlined. 
 
Validation is carried out in Section 4.3 using experimental data from two separate 
reinforced concrete bending tests (Albrecht, 2014). The validation provides 
information on the accuracy of using the nonlinear numerical concrete model in 
LUSAS, the Von Mises stress-potential strain-hardening steel-reinforcement model 
and the structural response of the 3D solid continuum linear tetrahedral finite 
elements, and the discrete 3D linear structural bar, finite elements.  
 
Verification of the spherically-voided, and the solid slab, finite element model is 
carried out in Section 4.4 using a simply supported reinforced concrete beam model. 
The objective of Section 4.4 is to confirm that the fundamental response parameters 
pertaining to the flexural, deformation and ductility capacity of the flexural members 
can be effectively extracted from the nonlinear finite element model. The extraction 
of these fundamental parameters forms the basis of the seismic finite element analysis 
work in Chapters 5 and 6.  
 
 
4.2 3D NONLINEAR FE MODELLING  
 
4.2.1 The FE Test Building Model: Model Geometry 
 
The spherically-voided biaxial slab (SVBS) finite element 3D solid continuum model, 
and the corresponding solid slab model, is validated and verified in this chapter.  The 
SVBS and solid diaphragms are analysed in Chapter 5 using two-dimensional static 
nonlinear moment-curvature analysis (2D-SNLMCA) finite element models. The 2D-
SNLMCA is verified using 3D solid continuum FE modelling which is validated in 
Section 4.3. The diaphragms analysed in Chapter 5, using 2D-SNLMCA, are 
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transformed into a simpler finite element representation. The transformed diaphragms 
are assembled into the simplified, three-dimensional, structurally idealised-test-
building-model shown in Figure 4.1. The idealised-test-building-model, incorporating 
the simpler finite element diaphragm representations is engaged in a 3D nonlinear 
transient dynamic analysis (3D-NLTDA) in Chapter 6. 
 
The finite element idealised-test-building-model shown in Figure 4.1 is based on the 
model of the test structure, which was tested in 2008 in the Diaphragm Seismic Design 
Methodology (DSDM) project. The DSDM project was an analytical, experimental 
and calibration, multi-university research project, which tested a three-storey, 
diaphragm-sensitive, pre-cast concrete structure, shown in Figure 4.2, at fifty percent 
scale, at the earthquake seismic table facility at the University of California, San 
Diego (2000-2009) (Fleischman et al., 2005). 
 
  
 
The experimental-test-building-model used in the DSDM project was specifically 
designed for testing the in-plane behaviour of floor diaphragms when subject to 
seismic time-history records. The physical tests carried out demonstrated that the 
Figure 4.1 – The structurally idealised-test-building-model 
(Note: Floor diaphragm lumped masses are shown in blue discs, supports are shown in green 
arrows and prescribed ground accelerations are viewed in red arrows).  
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model configuration, and aspect-ratio, proved to be diaphragm-sensitive and effective 
in testing the diaphragm action of the three floors in the hybrid reinforced-
concrete/precast-concrete model. The simplified experimental-test-building-model 
facilitated the acquirement of the structural response due to the easily identifiable 
regions of high flexure and shear. In view of the proven adequacy of the DSDM 
experimental-test-building-model for diaphragm transient dynamic analysis it was 
decided to adopt an idealised-test-building-model of the DSDM experimental-test-
building-model for the numerical testing of the SVBS diaphragms in this research 
project. 
 
 
 
The configuration of the floor slabs in the model in Figure 4.2 is shown in the 
dimensioned plan in Figure 4.3. The slab-diaphragm measures 34.1m longitudinally 
by 9.5m transversely. The plan configuration layout, with an aspect ratio of (3.6), is 
sensitive to the slab in-plane diaphragm action. Figure 4.4 shows the 3D finite element 
model of the experimental-test-building-model. Figure 4.5 shows the element section 
fleshing of the idealised-test-building-model in Figure 4.1. 
 
Figure 4.2 – Experimental test structure used in the DSDM experimental testing project 
(Fleischman et al., 2005). 
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4.2.2 The FE Test Building Model: Model Philosophy 
 
Nonlinear dynamic time-history analyses were conducted on numerical models of the 
experimental-test-building-model. In consideration of the large number of analyses, 
the computational efficiency of a structural analysis program was prioritised over a 
 
Figure 4.3 – Plan drawing of the experimental test building 
  
Figure 4.4 – 3D finite element model of the experimental-test-building-model 
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more detailed finite element analysis approach. LUSAS (London University Stress 
Analysis System) engineering analysis and design software was utilised to conduct the 
analysis. A three-dimensional framework was necessitated by the nature of the study. 
A three-dimensional model was required to capture the in-plane diaphragm demands 
and enable the application of gravity loads. 
 
The modelling technique implemented has the distinct advantage of computational 
efficiency. When considering the extensive number of analysis required in the scope 
of this research, a more rigorous modelling approach would have significantly 
increased the computational demands. The ability to undertake a larger scope 
outweighed the benefits of a more detailed model. The global response estimations, 
of bending moments and curvatures, provided from the model element forces 
coincided exactly with the investigation objective. 
 
Modelling involved simplification of the structure to a basic configuration of walls, 
columns and floor elements. Each of these elements was modelled with 3D Kirchhoff 
thin beam elements with quadrilateral cross-section. A visual representation of this 
model idealisation is shown in Figure 4.1 for the three-storey structure. Nonlinear 
behaviour was incorporated for all the model shear-wall, column and diaphragms 
elements. All nonlinear concrete elements were modelled with a tri-linear moment-
curvature backbone curve (Chapter 6 and Appendix D), assembled in LUSAS through 
the nonlinear material hardening convention. The tri-linear, moment-curvature, 
element nonlinear material relationship accounted for: 
 
i) the first initial uncracked linear elastic response region 
ii) the cracked linear response second region up to steel reinforcement yielding  
iii) the final inelastic response plastic region up to element collapse 
 
Diaphragm flexibility was due to flexural deformations. Lateral displacement was 
allowed in the diaphragm transverse direction (the direction of ground motion 
excitation) but restricted in the longitudinal direction. 
 
Chapter 4 3D Solid-Continuum FE Models to Capture Flexural Response 
  
 
Page 91 
Wall-to-floor connections were modelled as rigid. Wall torsional rigidity was 
neglected and the possible confining effect of end walls was ignored. If end walls 
produced axial load variations in the floor, this effect would not have been captured 
by the modelling approach as there was no interaction of axial loads and moment 
capacity in the beam-column elements. It was assumed that the lateral forces 
transferred among the two shear walls equally due to the absence of diaphragm 
torsional stiffness coupled with the completely symmetrical model. End shear walls 
were fully fixed at their base which excluded foundation flexibility. 
 
 
 
Columns and floors were rigidly connected but the absence of diaphragm torsional 
stiffness imposed no rotational restraint to the column, or wall, elements. Columns 
were pinned at their base to minimise their contribution to the lateral resistance of the 
model.  
 
Floor nodes were free to displace in the direction of excitation and in the vertical 
direction. This permitted the application of gravity loads at nodes which introduced 
P-Δ effects based on the model self-weight and superimposed load estimation. The 
three-dimensional analysis included only one component of excitation which was in 
the direction of the transverse diaphragm axis. 
 
Figure 4.5 – Solid view of the 3D idealised test building model 
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Lumped masses based on the diaphragm self-weight and imposed floor loads were 
provided only in the direction of excitation. Mass lumping was adopted because it 
offers a discrete representation of a continuous mass distribution and presents 
computational advantages of less storage space and less processing time (Cook et al., 
2002). 
 
4.2.3 The SVBS Thickness 
 
The initial sizing for the spherically voided flat slab plan configuration in Figure 4.3, 
when subject to the loading shown in Table 4-1 is interpreted at a slab thickness of 
325mm (Goodchild et al., 2009). This initial slab thickness is also corroborated by 
the guidelines supplied by one of the suppliers in the industry (BubbleDeck Structure 
Solutions, 2008). The BubbleDeck Structure Solutions (2008) chart-interpolation for 
this configuration recommends a voided biaxial flat slab having a thickness of 325mm 
with spherical void formers, having a diameter of 225mm and placed at a plan centre 
to centre distance of 250mm. The characteristic self-weight of the equivalent-
thickness solid reinforced concrete slab is shown in the third column of Table 4-1. 
 
Table 4-1 Dead loading and superimposed live loading used for the design of the experimental 
spherically voided biaxial slab and solid slab 
 
 Voided Slab Solid Slab 
Dead Characteristic Loading (Self-Weight):   
Self-weight of a 325mm thick flat slab with 
spherical void formers having a void diameter of 
225mm and placed at a centre to centre distance of 
250mm. 
5.74kN/m2  
Self-weight of a 325mm thick solid flat slab  8.13kN/m2 
Live Characteristic Superimposed Loading: 2.50kN/m2 
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4.2.4 The SVBS FE Model 
 
Two finite-element spherically voided slab models, and two solid slab models, shown 
respectively in Figures 4.6 and 4.7, were conceived for the modelling of the 325mm 
thickness, spherically-voided and solid slabs and diaphragms. Figures 4.6a and 4.6b 
show half a square voided slab module measuring 250mm long x 125mm wide x 
325mm high. The triangular voided slab model shown in Figures 4.6c and 4.6d 
measures 250mm long by 250mm wide by 325mm high. The triangular model is used 
for the modelling of the diagonal edge of the one-eighth portion of the simply 
supported square, spherically voided, biaxial flat slabs used in Chapter 5. The criteria 
used for the volume discretisation of the 3D solid-continuum spherically voided slab 
finite element models shown in Figure 4.6 are described in Appendix B1.1 and the 
mesh sensitivity analysis is presented in Appendix B1.2.  
 
The reinforcing steel in the three-dimensional solid continuum linear tetrahedral finite 
element modelling in this research project is modelled as discrete, embedded, three-
dimensional structural bar finite elements. The 3D structural bar finite elements 
assume perfect bond between the reinforcement and the concrete. The discrete finite 
element modelling of steel reinforcement, albeit more complex, presents advantages 
over the modelling of the steel reinforcement as 3D solid-continuum elements with 
smeared reinforcement properties. The smeared-reinforcement modelling approach 
transforms the steel reinforcement into a weighted average property of steel and 
concrete to represent the reinforcement layer.  
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Figure 4.6: 3D solid continuum spherically voided slab finite element models (note: 
reinforcement bars are shown in magenta and the reinforcement cover is omitted for visual clarity) 
 
Figure 4.6a: Half a Square Module with 
Solid Visualisation 
 
Figure 4.6b: Half a Square Module with Mesh 
Visualisation 
 
 
Figure 4.6c: Triangular Module with Solid 
visualisation 
 
Figure 4.6d: Triangular Module with Mesh 
visualisation 
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Figure 4.7:  3D Solid continuum finite element models (note: reinforcement bars are shown in 
magenta and the reinforcement side cover is omitted for visual clarity) 
 
 
Figure 4.7a: Square Solid Slab Module with 
Mesh visualisation 
 
 
Figure 4.7b: Triangular Solid Slab Module 
with Mesh visualisation 
 
 
The principal advantage of modelling the steel reinforcement discretely is that the 
axial strains of the top and bottom steel bar reinforcement can be measured directly 
from the NLFEA results output.  The bending stress and the curvature of the flexural 
member can be accurately determined from these measured direct strains of the top 
and bottom steel reinforcement.  
 
4.2.5 Nonlinear Steel Reinforcement Model 
 
Steel reinforcement Class B500C is used in all the numerical experiments in this 
research project, having a yield strength (Re=500MPa). The limits of the ratio of 
tensile strength (Rm) / Yield Strength (Re) for steel reinforcement Class B500C is 
1.15 1.35m
e
R
R
   (BS EN 1992-1-1, 2015). The maximum tensile strength permissible 
by this ratio has been used; amounting to Rm=1.35(Re)=1.35 (500) =675Mpa at a 
characteristic strain at maximum force (εuk) of 0.075 (BS EN 1992-1-1, 2015). The 
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steel reinforcement elastic design value of the modulus of elasticity used in the 
analysis is Es= 200GPa (BS EN 1992-1-1, 2015). and the value for the transverse 
deformation coefficient, the Poisson’s ratio for steel reinforcement has been taken as 
(0.2). 
 
Figure 4.8 shows the engineering-stress to engineering-strain graph for the nonlinear 
steel reinforcement model used in the nonlinear finite element analysis. The elastic 
branch in Figure 4.8 is extended, in red colour, along the same gradient of (Es) from 
the yield strength (Re) to the tensile strength (Rm). The extension of the elastic branch 
is used to obtain the elastic strain at the tensile strength (Rm) which amounts to 
(Rm/Es)= (ε1
e)=0.003375. The equivalent plastic strain (ε1
p) in Figure 4.8 amounts to 
the characteristic strain at maximum force (εuk) less the elastic strain at the same 
maximum force (ε1
e)=0.003375 which amounts to (ε1p)=0.071625. The nonlinear 
hardening convention for the steel reinforcement is based on a Von Mises Stress 
Potential model with a hardening gradient of 
1 2
1
675 500
2443 /
0.071625
y
p
N mm
 

− −
= = as 
shown in Figure 4.8. 
 
4.2.6 LUSAS Smoothed Multi-Crack Model (Model 109) 
 
The behaviour of concrete can be modelled well using standard plasticity theory for 
compressive stress fields and various total, and incremental, fracture theories have 
been used with success to deal with concrete cracking (Babu et. al., 2005). In LUSAS, 
the currently implemented concrete material model is the “Craft” model developed 
by Jefferson (2003i, 2003ii). The smoothed multi-crack model (model 109) is the 
latest development in the concrete numerical model used in LUSAS (Jefferson et. al., 
2016).  
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Figure 4.8 – Engineering stress to strain graph – Steel Reinforcement Class B 500C 
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Figure 4.9 – Nonlinear hardening material convention – Steel Reinforcement Class B 500C 
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The numerical model incorporates a smooth transition between open and closed crack 
states in the concrete, when subject to both normal and shear loading. The model 
includes mechanisms for the recovery of a proportion of the damaged stiffness thus 
providing a natural means of simulating the evolution of cracks and crack closure. 
This new smooth-crack-transition development not only enhances numerical 
robustness but also improves accuracy (Jefferson et. al., 2015). 
 
The model employs plasticity, damage and contact theory in the formulation. Cracks, 
or planes of degradation, form when the principal stress reaches the fracture stress 
with the plane of degradation being normal to the major principal axis allowing the 
accurate simulation of direct tension-fracture behaviour. The incorporation of a 
contact model on damaged planes of degradation enables crack closure, shear contact 
and aggregate interlock behaviour to be simulated with reasonable accuracy 
(Jefferson et. al., 2015). The model can also simulate the diffuse cracking degradation 
associated with crushing in compression and the associated general loss of tensile 
strength. LUSAS recommends using linear elements when engaging the smoothed 
multi-crack numerical concrete model (LUSAS, 2018d). Linear elements are likely to 
achieve a better estimation of the crack widths whilst the use of quadratic elements is 
likely to result in less accurate crack widths (LUSAS, 2018e). 
 
4.2.7 Nonlinear Convergence Criteria 
 
A fundamental feature of the nonlinear iterative solution is the use of a convergence 
criterion to determine to what extent the numerical iterative procedure has reached 
the true equilibrium state so that the iteration process can be terminated. The 
specification of a convergence criterion involves the qualification of the type of 
convergence criterion and the stipulation of the convergence tolerance for the selected 
criterion. The selection of convergence criteria, and the associated tolerance, is 
problem dependent and must be carefully chosen to provide accurate yet economic 
solutions. In nonlinear structural analysis convergence criteria are usually based on 
displacements, residual forces or energy.  
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Although displacement-based criteria seem the most natural choice for the standard 
finite element formulation, they are not advisable because the displacement-based 
criterion may terminate iterations merely because convergence is slow or may 
indicate convergence when substantial force imbalance remains (Hinton, 1992). It is 
therefore not recommended that a displacement-based criterion is adopted on its own, 
without supplementing it by some force-based criterion. Residual force criteria are far 
more reliable as they check that equilibrium of the forces has been achieved within a 
specified tolerance in the current increment (Crisfield, 2003). 
 
In view of the above a displacement-based convergence criterion, the Euclidian 
Displacement Norm (γd), has been implemented and supplemented with a force-based 
convergence criterion, the Euclidian Residual Norm (γψ), in LUSAS engineering 
analysis software as follows: 
 
i)  The Euclidian Displacement Norm (γd) 
The Euclidian displacement norm (γd) is the sum of the squares of the 
iterative displacements 2a as a percentage of the sum of the squares of 
the total displacements 2a . The criterion is a physical measure of how 
much a structure has moved during an iteration. Mathematically it is 
expressed as: 
 
2
2
100d
a
x
a

 =  
 
This convergence criterion is not affected by units since it is a scaled norm. 
By default, LUSAS engineering analysis software only considers 
translational degrees of freedom. Typical reasonable values are  
0.1 1.0
d
   (LUSAS (2018b).  
 
The Euclidian Displacement Norm (γd) has been set to (γd)=1%; where 
convergence is achieved when the iterative displacements are not greater 
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than 1% of the total displacements. LUSAS (2018b) recommends slack 
values for (γd) ranging from (1% to 5%) and tight values ranging from (0.1% 
to 0.001%). The chosen value for (γd) is the recommended default value by 
LUSAS (2018b) at (γd)=1% 
 
ii)  The Euclidian Residual Norm (γψ) 
 
The Euclidian Residual Norm (γψ) is the sum of the squares of all the 
residual forces 2  as a percentage of the sum of the squares of the 
external forces 2R  where ( )R  contains the external loads and reactions. 
By default, LUSAS engineering analysis software only considers 
translational degrees of freedom owing to the inconsistency in the units of 
displacement and rotations. Typical reasonable values for problems where 
plasticity predominates are  0.1 5.0   (LUSAS, 2018b).  
 
It has been observed that residual force criteria are sometimes very difficult 
to satisfy, even when iterative displacements are converging with tight 
tolerances (Hinton, 1992). This is particularly true for reinforced concrete 
structures, where total redistribution of the unbalanced tensile forces 
released by cracking is sometimes very difficult to achieve (Hinton, 1992). 
The unbalanced forces are often localised in small areas and they may not 
have much influence on the overall structural response (Hinton, 1992). 
 
LUSAS (2018b) recommends slack values for (γψ) ranging from (5% to 
10%) and tight values ranging from (0.1% to 0.00001%). In view of the 
recommendations by Hinton (1992), the value of the Euclidian Residual 
Norm (γψ) has been set to the least possible slack value recommended by 
LUSAS (2018b) to (γψ)=5%; where convergence is achieved when the 
residual forces are not greater than 5% of the external forces.  
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4.3 VALIDATION AGAINST EXPERIMENTAL DATA 
 
4.3.1 Introduction to the Tests 
 
Two bending tests of reinforced concrete slabs are analysed to validate the nonlinear 
numerical concrete model in LUSAS, the Von Mises stress-potential strain-hardening 
steel-reinforcement model as well as the use of the 3D solid-continuum linear 
tetrahedral finite elements and the 3D linear structural bar finite elements. The 
analysis showed that the finite element models were numerically robust and had good 
equilibrium convergence performance. For the mesh densities used the models were 
objective with respect to mesh grading and increment size. The bending tests also 
illustrate the model’s ability to predict peak loads, peak displacement and failure 
modes.  
 
 
 
The flexure-shear mode of failure of the bending tests carried out by Albrecht (2014) 
show similarity to the failure mode of prestressed precast hollow-core slabs in the 
four-point bending tests carried out by Rahman et al. (2010) as shown in Figure 4.11. 
 
 
 
Figure 4.10 – Experimental test setup for the four-point loading test of the voided slab 
(Albrecht, 2014) 
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Albrecht (2014) carried out an experimental investigation to establish the load bearing 
capacity of reinforced concrete slabs having voids formed by the inclusion of an array 
of plastic oblate spheroids (flattened rotationally symmetrical hollow bodies). The 
experimental investigation focused on the bending resistance, the transverse force 
load-bearing capacity, the local punching capacity and the horizontal shear force 
transmission between the two separate concrete casting layers when forming the 
voided slab; voided slabs are generally cast in two stages to control the tendency for 
buoyancy of the hollow plastic bodies during the concreting process. 
 
From the experimental programme carried out by Albrecht (2014), the bending 
resistance of the tests carried out without shear reinforcement have direct relevance 
to the work on the spherically voided diaphragm flexural capacity in this thesis. The 
three bending tests carried out by Albrecht (2014) on the voided slabs were cast in 
two phases. The surface roughness of the first cast was maintained, in each specimen, 
at an average of 0.60mm. This surface forms the interface of the composite joint 
between the two separate casts of the concrete specimens as shown in Figure 4.12.  
 
The three experimental bending tests were the following: 
 
i) A four-point bending test specimen namely (V-O-10-1). The specimen 
failure was through a brittle flexure-shear failure mode. 
 
 
 
Figure 4.11 – Rahman et al. (2010) experimental bending tests on precast prestressed hollow 
core slabs – Flexure-shear mode of failure similar to SVBS 
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ii) A three-point bending test specimen, namely (V-O-10-3). The specimen 
failure was through a brittle flexure-shear failure mode. 
 
ii) A three-point bending test specimen, namely (V-O-10-2). The specimen 
failure mode was through transverse shear-joint failure and at 75% of the 
failure load of the other three-point load test (V-O-10-3). 
 
In view of the above, the four-point bending test (V-O-10-1), shown in Figure 4.10, 
and the three-point bending test (V-O-10-3) were selected for the finite element 
flexure validation work. The three-point bending test specimen, namely (V-O-10-2), 
was not selected due to the premature transverse shear-joint failure mode. This is a 
relevant issue in voided slab construction, due to the weak interface formed between 
the two concrete casts, however this is not covered in this thesis. Full details of the 
specimen geometry used in the bending tests are given in Appendix B2.  
 
Figure 4.12 shows the preparation of the three voided slab specimens used for the 
bending tests by Albrecht, (2014). The left-hand side of Figure 4.12 shows the setup 
of the prepared specimens before concreting with the longitudinal and transverse 
reinforcement in position and each specimen including an array of two columns by 
six rows of the plastic oblate spheroid void formers. The temporary timber beams 
placed on top of the plastic spheroids are required as ballast to keep the void formers 
in place and counteract the buoyancy tendency during the concreting of the first layer. 
The right-hand side of Figure 4.12 shows the three specimens after the casting of the 
first, 100mm thick, layer of concrete; the upper half of the void formers is still exposed 
at this first stage. The second cast of 100mm thickness concrete layer will place a 
50mm concrete cover above the void formers.  
 
One of the principal objectives of Albrecht (2014) was the horizontal-shear failure at 
the construction joint located at mid depth of the specimens. The construction joint is 
created when forming the specimens in two separate concrete casts, as shown in 
Figure 4.12, to mitigate the buoyancy tendency of the void formers. To encourage this 
horizontal-shear failure form, Albrecht (2014) tested his specimens early, at sixteen 
days from the date of casting, and applied a considerable reinforcement percentage 
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(100As/bd) of 2.64% over a specimen clear span of 2000mm. This specimen design 
favoured the accumulation of high differential stresses between the top and bottom 
concrete layers which preceded the onset of steel reinforcement yielding. This 
configuration thereby instigated the possibility of a brittle concrete failure crack 
forming at the horizontal interface plane between the two casts to delaminate the top 
from the bottom layer. 
 
 
 
The experimental conditions therefore centred around a considerably high percentage 
of steel reinforcement over a short span and the use of a relatively low strength 
concrete. These conditions translated into brittle failure modes for both the three-
point, and four-point, experimental bending tests. The test specimens accordingly 
reached the maximum failure load after recording a deflection of only a few 
millimetres; completely excluding any ductile behaviour during the testing load cycle.  
 
4.3.2 Material Models and Meshing 
 
Albrecht (2014) carried out laboratory testing for the material characteristics of the 
B500B steel reinforcement which was used for the longitudinal and transverse 
reinforcement in the experimental tests. The resulting stress-strain curve from the 
experimental test data, averaged from four separate tests, is shown in green colour in 
Figure 4.13. The averaged stress-strain curve, shown in green in Figure 4.13, was 
idealised using a penta-linear curve.  
   
 
Figure 4.12 – Albrecht (2014) experimental bending test - Formwork setup  
before concreting of the three specimens (Left) and after concreting of the first layer (Right) 
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Figure 4.13 – Albrecht (2014) experimental bending test – Steel reinforcement engineering 
stress to strain graph 
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Figure 4.14 – Albrecht (2014) experimental bending test – Nonlinear hardening convention 
for the steel reinforcement 
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A quadri-linear nonlinear hardening material convention, shown in Figure 4.14, has 
been derived from the idealised stress-strain curve in Figure 4.13, and input into the 
finite element analysis nonlinear steel properties. The concrete material properties 
used for the experimental test specimens are given in Appendix B2.  
 
Figure 4.15 shows the discretisation of the oblate-spheroid voided volume into a finite 
element model component. The component model is used in the nonlinear 3D solid-
continuum finite element model of the reinforced concrete voided experimental 
bending-test slab specimens by Albrecht (2014). The layout of the steel reinforcement 
and the void former in the module is shown in Appendix B2. 
 
The concrete in the component model is meshed in the volume, surrounding the steel 
reinforcement and the void former, using 3D solid-continuum linear tetrahedral finite 
elements as shown in Figure 4.15. The concrete material model used for the analysis 
is the LUSAS Smoothed Multi Crack Concrete Model (Model 109) outlined in 
Section 4.2.5.  
 
Figure 4.15:  Albrecht (2014) experimental bending test – Finite element model component 
(note: reinforcement bars are shown in magenta colour) 
 
Figure 4.15a: Solid visualisation 
 
Figure 4.15b: Mesh visualisation 
 
 
Symmetry simplifications were adopted in the assembly of the finite element model 
of the test specimen as shown in Figure 4.16. Figure 4.16 shows the finite element 
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components from Figure 4.15 assembled into the voided slab test specimen model. 
Figures 4.16a and Figure 4.16b show the modelling of the longitudinal and transverse 
steel reinforcement in a single layer with the six oblate spheroid void formers which 
are vertically above, and distinct from, the steel layer. The addition of the linear 
tetrahedral solid continuum finite elements, modelling the concrete matrix, is shown 
in Figures 4.16c and 4.16d. 
 
Figure 4.16:  Albrecht (2014) experimental bending test – Finite element model assembly (note: 
reinforcement bars are shown in magenta colour; parts of the model have been removed for clarity) 
 
Figure 4.16a: An array of 6 void formers 
placed over the T20 longitudinal and the T10 
transverse reinforcement  
 
Figure 4.16b: The model sides are added to the 
elements in Figure 4.13a 
 
Figure 4.16c: Solid geometry sectional 
visualisation of part of the finite element 
half-model  
 
 
Figure 4.16d: Mesh sectional visualisation of 
part of the finite element half-model 
 
Symmetry is enforced by the modelling of half of the test specimen cross-section, up 
to mid-span resulting in a finite element model measuring 700mm wide x 200mm 
high x 1000mm long. A total of twelve prismatic model components half-modules 
(shown in Figure 4.15), were used to assemble the model of half of the experimental 
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bending-test specimen. Model symmetry is enforced by assigning a horizonal restraint 
to the nodes at the plane of symmetry at the vertical face at mid-span as shown in the 
right-hand side of Figure 4.17. The horizontal support at the model mid-span ensures 
that the mid-plane of the model is kept perfectly vertical at all increments during the 
nonlinear analysis. 
 
 
Figure 4.17 – Albrecht (2014) experimental bending test – Finite element model cross-section  
(note: reinforcement bars are shown in magenta, 3-Point loading assignment is shown in red and 
support assignments are shown in green) 
 
4.3.3 Load-Displacement Predictions – Test (V-O-10-3) 
 
Figure 4.18 compares the load deflection response of the three-point voided slab 
experimental bending tests carried out by Albrecht (2014) with the nonlinear finite 
element analysis results. The values in the graph are tabulated in Table 4-2. The four 
different levels of mesh discretisation defined in Appendix B1, namely mesh 
discretisation levels A, B, C and D were used in the finite element model to assess the 
sensitivity to mesh discretisation. The nonlinear analysis was carried out at an initial 
load step parameter of 0.1 which generated solutions after 20-25 load increments. The 
load displacement response recorded during the three-point bending-test reference 
(V-O-10-3) (Albrecht, 2014) is shown with a black line in Figure 4.18.  
 
From the load-displacement response in Figure 4.18, it can be observed that the two 
highest discretised models, shown respectively by the yellow and green curves in the 
figure, exhibit a more flexible response. The ultimate load levels for the models with 
mesh discretisation levels ‘A’ and ‘B’ are below the experimental levels by 15% and 
11% respectively. Mesh discretisation levels ‘A’ and ‘B’ both overestimate the peak 
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deflection by approximately 4%. The least discretised models, having mesh 
discretisation levels ‘C’ and ‘D’, shown in Figure 4.18 by the blue and red curves 
respectively, exhibit an improvement over the higher discretised models ‘A’ and ‘B’. 
The accuracy in the prediction of the ultimate loads is practically the same for the two 
lower mesh discretisation levels ‘C’ and ‘D’. Mesh level ‘C’ underestimates the 
ultimate load by 1% and mesh level ‘D’ overestimates the ultimate load by the same 
amount of 1%.  
 
Table 4-2 Comparison of load-displacement responses for the 3-point bending test (V-O-10-3) 
(reference Figure 4.15) 
Results Ultimate Load (N)  Peak Displacement (mm) 
V-O-10-3  105,030N (100%) 5.37mm (100%) 
FE Mesh A 89,781N (85%) 5.56mm (103.5%) 
FE Mesh B 93,466N (89%) 5.59mm (104.1%) 
FE Mesh C 103,940N (99%) 5.25mm (97.8%) 
FE Mesh D 105,957N (101%) 5.72mm (106.5%) 
 
 
 
     
Figure 4.18 – Comparison of load-displacement responses for the three-point bending test 
(V-O-10-3) using four mesh discretisation levels 
(Note: The load is equal to the total load of the single loading point) 
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From the above observations on the three-point bending test (V-O-10-3) graph in 
Figure 4.18, it transpires that the model with mesh discretisation level ‘C’ shows the 
best prediction of the experimental test values; marginally underestimating the 
ultimate load by 1% and the peak displacement by 0.12mm (2.2%).  In view of this 
result the model with mesh discretisation level ‘C’ was analysed using two shorter 
nonlinear analysis load-step parameters, namely a load-step of 0.01 which generates 
solutions in 70-80 increments, and a load-step of 0.005 which generates solutions in 
150-160 increments.  
 
 
 
Figure 4.19 compares the load displacement response of the experimental test (V-O-
10-3) with the model discretised with mesh discretisation level ‘C’ analysed at the 
three different load steps. From the graph in Figure 4.19, it can be observed that a 
nonlinear analysis load step of 0.01, shown by a green curve, is accurate in predicting 
the ultimate load and marginally overestimates the peak displacement by 0.08mm 
(+1.5%). Halving the load-step to a step of 0.005, shown by the magenta curve in 
Figure 4.16 slightly overpredicts the ultimate load by 1.3% however overestimates 
the peak displacement by 7.8%. 
    
Figure 4.19 – Comparison of load-displacement responses for the three-point bending test 
(V-O-10-3) using three nonlinear load step levels and mesh discretisation level C 
(Note: The load is equal to the total load of the single loading point) 
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From the results in the load-displacement graphs of Figures 4.18 and 4.19 it can be 
concluded that the validated and optimised NLFEA model that accurately predicts the 
ultimate load and the peak deflection is the model using mesh discretisation level ‘C’ 
at a load-step of 0.01 shown by the green curve in Figure 4.19. The relatively small 
difference in the predicted peak response, in Figure 4.18, between the experimental 
curve and the mesh discretisation level ‘C’ model can be considered acceptable in the 
vicinity of a near brittle collapse (Jefferson et. al., 2016). 
 
In the graphs of Figures 4.18 and 4.19, one can observe the overly stiff response of 
the NLFEA model in the initial, low-loading, portion of the load-deflection graph 
when compared to the experimental results. The reason for this disparity may be partly 
attributable to the following reasons: 
 
i) The influence of the stiffness of the testing rig and the possibility of 
settlement of the bearing plates. Slight deformation of these elements may 
be registered at the outset of the experiment to accommodate the initial 
loading. 
 
ii) The low loading rate of 0.5mm per minute applied during the experiment by 
Albrecht (2014). Lower loading rates lead to a lower, more flexible 
resistance due to the rate dependency of the growing micro-cracks in the 
concrete (Reinhardt et al., 2007).  
 
iii) The response of the numerical concrete model in the transition at the onset 
of early concrete cracking may also be a contributing factor. 
 
4.3.4 Crack Development Prediction – Test (V-O-10-3) 
 
Figure 4.20a shows the photographic record of the side view of the left-hand half of 
the three-point bending-test experimental test specimen (V-O-10-3) showing the 
crack pattern at failure (Albrecht, 2014). The experimental test failure mode photo in 
Figure 4.20a shows three dominant diagonal flexure-shear cracks with the crack 
centroid coincident with the centroid of each void former. The crack pattern also 
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shows a horizontal splitting crack just above the level of the main reinforcement 
between the first and second void former on the right-hand side of the photo. There 
were also initial characteristic quasi-vertical flexural cracks originating at the bottom 
surface of the specimen. Figure 4.20b shows the nonlinear finite element analysis 
major principal strain plot at the final increment. The analysis captured two dominant 
diagonal flexure-shear cracks which are at approximately the same average spacing 
as those in the experimental test specimen. The analysis also captured four of the, 
quasi-vertical, flexural cracks propagating from the bottom tension face of the model.  
 
Figure 4.20:  Comparison of the three-point bending test (V-O-10-3) failure mode of the 
experimental specimen and the nonlinear finite element model  
(note: loading assignments in the finite element model are shown in red) 
 
 
Figure 4.20a: Side view of half of the test specimen after failure tested by Albrecht (2014) 
 
 
 
Figure 4.20b: Major principal strain plot showing regions with localised strains of the 
nonlinear finite element analysis model at the final converged increment  
 
 
 
The peak load was predicted well with the computed peak value being 99.7% of the 
experimental peak load for mesh discretisation level ‘C’ at an initial load step of 0.01. 
The nonlinear finite element analysis was undertaken under load control and therefore 
no post-peak load-displacement response was recorded. The nonlinear finite element 
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analysis confirmed the ability of the finite element model to predict the pre-peak 
response, failure mode and ultimate load and peak displacement.  
 
4.3.5 Load-Displacement Predications – Test (V-O-10-1) 
 
Figures 4.21 and 4.22 compare the load deflection response of the four-point voided 
slab experimental bending test (V-O-10-1) carried out by Albrecht (2014) with the 
results of the nonlinear finite element analysis. The graph in Figure 4.21 shows the 
load-deflection results of the nonlinear analysis carried out at an initial load step of 
0.005 which generated solutions after 120-130 load increments. The graph in Figure 
4.22 shows the load-deflection results of the nonlinear analysis carried out at an initial 
load step of 0.01 which generated a converged solution after 60-70 load increments. 
The peak values from the two graphs are tabulated in Table 4-3. The four different 
levels of mesh discretisation, defined in Appendix B1, were examined. 
 
 
 
   
Figure 4.21 – Comparison of load-displacement responses for the four-point bending test 
(V-O-10-1) using four mesh discretisation levels and a load step of 0.005  
(Note: The total load is equal to the total combined load of the two loading points) 
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Table 4-3 Comparison of load-displacement responses for the 4-point bending test (V-O-10-1) 
using a load step of 0.005 and 0.01 (reference Figure 4.18 and Figure 4.19) 
Results Ultimate Load (N) Peak Displacement (mm) 
Load Step 0.005 0.01 0.005 0.01 
 (V-O-10-1) 129,630N (100%) 5.56mm (100%) 
FE Mesh A 
104,099N 
(80%) 
105,225N 
(81%) 
3.95mm 
 (71%) 
3.66mm 
(66%) 
FE Mesh B 
113,400N 
(87%) 
113,568N 
(88%) 
4.52mm  
(81%) 
4.12mm 
(74%) 
FE Mesh C 
127,050N 
(98%) 
129,287N 
(100%) 
5.16mm  
(93%) 
5.08mm 
(91%) 
FE Mesh D 
138,600N 
(107%) 
135,419N 
(107%) 
5.89mm 
(106%) 
5.34mm 
(96%) 
 
The load displacement response recorded during the four-point bending-test reference 
(V-O-10-1) (Albrecht, 2014) is shown with a black line in the graphs in Figures 4.21 
 
Figure 4.22 – Comparison of load-displacement responses for the four-point bending test 
(V-O-10-1) using four mesh discretisation levels and a load step of 0.01 
(Note: The total load is equal to the total combined load of the two loading points) 
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and 4.22. The experimental test response registered an ultimate load of 129,630N and 
a peak deflection of 5.56mm.  
 
From the load-displacement response in the graphs of Figure 4.21 and Figure 4.22, it 
can be observed that the two highest discretised models namely having mesh 
discretisation levels ‘A’ and ‘B’, exhibit a marginally more flexible response with 
both the ultimate load levels and the peak deflection below the experimental level. 
The least discretised model, having mesh discretisation level ‘D’ overestimates the 
ultimate load for the two load steps. The nonlinear finite element solution using mesh 
discretisation level ‘C’, accurately predicted the ultimate load and marginally 
underestimates the peak deflection. The above observations on the four-point bending 
test graphs, clearly demonstrate that the nonlinear finite element model with mesh 
discretisation level ‘C’ generates the best prediction of the experimental test values. 
This result corroborates the findings on the numerical validation of the experimental 
three-point bending test (V-0-10-3).  
 
4.3.6 Crack Development Prediction – Test (V-O-10-1) 
 
Figure 4.23a shows the photographic record of the side view of the four-point 
bending-test experimental specimen showing the crack pattern at failure (Albrecht, 
2014). The experimental test failure crack pattern in Figure 4.23a shows two diagonal 
flexure-shear cracks with the crack centroid coincident with the centroid of the first 
and second left-hand-side void formers. The cracks are located in the specimen region 
between the point of support and the point of load application.  
 
Figure 4.23b shows the nonlinear finite element analysis major principal strain plot at 
the final increment. The analysis captured the two diagonal flexure-shear cracks 
which are at approximately the same average spacing as those in the experimental test 
specimen and located in the first and second left-hand-side void formers in the region 
between the point of load application and the support point. The analysis also captured 
five of the quasi-vertical flexural cracks propagating from the bottom tension face of 
the model. 
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Figure 4.23:  Comparison of the four-point bending test (V-O-10-1) failure mode of the 
experimental specimen and the nonlinear finite element model (note: loading assignments in the 
finite element model are shown in red) 
 
 
Figure 4.23a: Side view of half of the test specimen after failure tested by Albrecht (2014) 
 
 
Figure 4.23b: Major principal strain plot showing regions with localised strains of the 
nonlinear finite element analysis model at the final increment 
 
 
 
It can be observed that the major principal strain plot in Figure 4.23b reasonably 
captures the diagonal crack propagation pattern in the void former adjacent to, and to 
the left-hand side of, the point of load application (the centre void former in Figure 
4.23b). The diagonal crack initiates just above the level of the bottom reinforcement 
as occurred in the three-point bending test (V-O-10-3) failure mode in Figure 4.20b.  
The failure crack in the four-point bending test (V-O-10-1) propagates diagonally to 
just below the soffit of the void former, at a higher gradient than in the three-point 
test (V-O-10-3) in Figure 4.20b. The crack then proceeds horizontally branching 
towards the point of load application. This failure crack behaviour can be evidenced 
in both the experimental and numerical results of test (V-O-10-1) in Figure 4.23. 
 
The experimental crack pattern in Figure 4.23a additionally shows a horizontal, mid-
height, shear splitting crack, at the joint between the first and second concrete casts. 
This horizontal, mid-height, crack translates into a horizontal shear failure crack 
between the concretes poured in the first and second casts; this was the principal 
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objective of the PhD by Albrecht (2014). This horizontal shear crack failure mode 
could not be captured by the solid-continuum nonlinear finite element analysis model 
because the concrete was modelled as a single homogenous matrix. Capturing this 
horizontal shear crack failure mode would have required the finite element composite 
modelling of the upper and lower halves of the model using two distinct concrete 
properties and modelling the interface between the two concrete layers with the cold 
joint connection properties; this was outside the scope of the finite element model 
validation work in this section.   
 
The validation of the four-point experimental test offered a more demanding 
nonlinear finite element modelling condition due to the proximity of the applied load 
to the support. The four-point loading setup increases the difficulty of achieving a 
total redistribution of the unbalanced tensile forces released by cracking; these forces 
are often localised in small areas in the vicinity of the supports (Hinton, 1992). The 
nonlinear finite element analysis nevertheless confirmed the ability of the 3D solid 
continuum finite element model to predict the pre-peak response, failure mode and 
ultimate load and peak displacement. The immediate post peak brittle failure mode 
response is captured by the analysis and shows clear mesh convergence at the final 
increment. The nonlinear finite element analysis was undertaken under load control 
and therefore no post-peak load-displacement response was recorded. 
 
 
4.4 VERIFICATION OF THE FE 3D SOLID-CONTINUUM MODEL 
 
4.4.1 Introduction 
 
The motivation for carrying out this verification is the perceptible similarity that 
appears, at a first glance, between the structural response of a spherically voided and 
a solid slab especially in the elastic phase in bending. Significant differences are 
however obtained at higher loads.  
 
The objective of the NLFEA in this section is the systematic observation of the 
similarities, and dissimilarities, between the structural behaviour of the spherically 
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voided slab and the solid-slab models. The analysis is based on a simple beam 
structure with a single row of spherical voids. A simple structural form is analysed in 
order to establish a clear comparison between the behaviour of both cases. 
 
The identification of the distinctive structural traits between the spherically voided 
and solid flexural members is required for the subsequent nonlinear analysis of 
spherically voided slabs acting as diaphragms in Chapter 5. The verification models 
also serve as a check on the accuracy of the predictions using the concrete numerical 
nonlinear model. 
 
4.4.2 Simply-Supported Beam Structure 
 
The numerical investigation focuses on the results output for moment, curvature, 
strain-energy, plastic work, stiffness, displacement and bending relationships of two 
beam types, namely a spherically voided beam and a corresponding solid beam. 
Figure 4.24a shows the finite element cross-sectional perspective meshed view of the 
spherically voided beam model, and the perspective meshed view of the solid beam 
model, used in this investigation. The beam analysed has a 3m span, simply supported, 
with a cross-section of 300mm wide x 325mm high. The beams are lightly reinforced 
with 2T12 top and 2T12 bottom steel reinforcement thereby having 226mm2 at each 
of the top and bottom faces of the beam. This amounts to a reinforcement percentage 
(100As/bd) of 0.25%, for both the tensile and compressive faces of the beam. The 
reason for using a low reinforcement percentage, is to encourage the development of 
the ductile, post-peak, deformation of the beam well into the plastic stage before 
ultimate failure. The beam material properties used for the nonlinear finite element 
analysis are listed in Table 4-4.  
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Figure 4.24: Perspective view of the finite element model of the simple beam structure 
(note: reinforcement bars are shown in magenta; support assignments shown in green) 
 
 
 
 
 
 
 
Figure 4.24a: Spherically voided beam 
(sectional perspective view) 
Figure 4.24b: Solid beam  
(perspective view) 
 
Figure 4.25 shows the sectional elevation of half of the spherically voided beam 
having the support in the Z-direction attributes assigned to the left-hand surface. 
Symmetry conditions were adopted by the assignment of supports in the X-direction 
attributes along the longitudinal direction of the beam to the right-hand side surface, 
which corresponds to the beam mid-span. The low span-depth ratio (s/d=10.3) used 
for this simple model allows the model to display bending effects without completely 
excluding shearing effects. In all the experiments in this section, the beam was 
assigned a loading attribute in the form of a face load of 0.15N/mm2, initially applied 
in steps of 10% of the load, to the top surface of the beam.  
 
 
 
Figure 4.25 – Sectional elevation of the simply-supported spherically-voided beam (note: 
reinforcement bars are shown in magenta and support attributes are shown in green) 
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Table 4-4 Steel reinforcement and concrete material properties for the analytical bending tests 
on the simple supported beam and slab structures 
Material Property Value 
Steel Reinforcement Eurocode Class (steel properties 
and hardening convention in Section 4.2.4) 
Class B500C 
Characteristic compressive cylinder strength at 28 
days, fck 
30 N/mm2 
Mean value of axial tensile strength of concrete, fctm 2.9 N/mm
2 
Strain at peak uniaxial compression, εc1  0.0022 
Strain at the end of the softening curve, εcu1 0.0035 
Poisson’s Ratio, vc 0.2 
Secant Modulus of Elasticity of concrete (Initial), Ecm 33,000 N/mm
2 
 
4.4.3 Moment-Curvature Relationship 
 
Figure 4.26 shows the moment-curvature relationship obtained from the nonlinear 
analysis, using mesh discretisation level ‘C’, of the spherically-voided beam and the 
solid beam shown respectively by the blue and red curves. The green line in the graph 
shows the moment of resistance of 32.5kNm of the solid beam section, computed 
using a simple stress block, which amounts to 84% of the plastic moment of resistance 
acquired from the NLFEA. The graphs are labelled with numbers from 1 to 6 which 
define the different regions, described below, of the moment-curvature graph which 
are captured by the nonlinear analysis. The methodology for the derivation of the 
nonlinear moment-curvature response from the finite element models is shown in 
Appendix B3.  
 
(i) Moment-Curvature Relationship : Region (1) to (2) in Figure 4.26 
 
The slope in the initial section in the region (1)-(2), for both the spherically voided 
and the solid beams, is (EI)uncracked. The value of (EI)uncracked is determined directly 
from the secant value at the initial linear-elastic section of the graph in Figure 4.26. 
From the graph the value of (EI)uncracked in region (1) to (2) is 12% lower for the 
spherically voided beam than for the corresponding solid beam. A close inspection to 
the graph in Figure 4.26 also reveals that the formation of the first crack in the 
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spherically-voided beam at point (2v) occurs at a cracking moment which is 38% less 
than the cracking moment required for the formation of the first crack in the solid 
beam at point (2s) in the same graph. The lower values for (EI)uncracked and for the 
cracking moment in the spherically voided beam are attributable to the reduced 
stiffness of the voided section which is partly due to the lower second moment of area 
of the voided section. This observation in the cracking moment is corroborated by the 
curvatures of the two beams. The onset of cracking in the voided beam occurs at a 
curvature equal to 15% less than the curvature of the solid beam at the onset of 
cracking. This translates into the solid beam being capable of sustaining more 
deformation (a smaller radius of curvature) than the spherically voided beam before 
the onset of the first tensile crack in the concrete. 
 
 
 
(ii) Moment-Curvature Relationship : Region (2) to (3) in Figure 4.26 
 
At point (2) of the moment-curvature graphs in Figure 4.26 the concrete cracks 
causing a snap discontinuity shown by the short descending branch (2)-(3). The path 
(2)-(3) in the nonlinear analysis moment-curvature graphs, represents a point, in 
     
Figure 4.26 – Moment-Curvature Graph: Voided beam (blue) and Solid beam (red) (note: 
points (Ps) and (Pv) signify the onset of plastic work in the solid and voided beam respectively 
and Mstress block is the section moment of resistance using the simple stress block) 
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physical reality where the material, concrete and steel, are still in their linear-elastic 
region. This snap discontinuity is influenced by the numerical concrete model for 
tension simulating a contribution of the tensile concrete known as tension stiffening. 
During tension stiffening the concrete continues to carry tensile stresses between the 
cracks due to the transfer of forces from the tensile reinforcement to the concrete 
through bond stress (Gilbert, 2007) and the tensile force is carried by both steel and 
concrete. The total applied force is equal to the sum of the force in the steel and the 
force in the concrete at any section (Lin, 2010). At the cracked locations, the stress in 
the concrete is assumed to be zero and the entire axial load is concentrated in the 
reinforcement bar. Tension stiffening affects the member’s stiffness after cracking 
and hence the deflection of the member and the width of the cracks under service 
loads (Gilbert, 2007). 
 
Both the spherically voided beam and the solid beam had a similar load discharge at 
point (2) of the load-displacement graph in Figure 4.27. The increase in deflection 
between points (2) and (3) in the load-deflection graph in Figure 4.27 for the solid 
beam is however almost three times the increase in deflection recorded in the voided 
beam. This marked difference in the increase in the beam deflection at the onset of 
cracking between the voided beam and the solid beam is consequent to the 38% 
difference in the resisted bending moment at the onset of cracking between the solid 
and voided beam. Part of the bending moment resisted by the beam at the onset of the 
first cracking is shed, and transformed, into elastic beam deformation. This 
transformation is acquired by the creation, in the finite element numerical concrete 
material model, of elastic micro-cracks which are completely recoverable upon load 
removal. The increase in beam deformation, by default, triggers an increase in the 
strain energy of the beam by the concrete numerical material model (Jefferson, 2003i, 
2003ii). This statement by Jefferson, (2003i, 2003ii) is corroborated by the elastic  
strain energy considerations in Section 4.4.4.1. 
 
The transfer of the resisted moment into deformation is also evidenced in the bending 
stress-strain graph in Figure 4.28 particularly in the graph detail in Figure 4.29. The 
detail graph in Figure 4.29 displays an increase in bending-strain, developing at 
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constant bending-stress, from point (2v) to (3v) for the voided beam and from (2s) to 
(3s) for the solid beam.  
 
 
 
Figure 4.27 – Load-Deflection Graph for Mesh Discretisation Level C: Spherically-voided 
beam (blue) and solid beam (red) (note: points (Ps) and (Pv) signify the onset of plastic work in 
the solid and voided beam respectively) 
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Figure 4.28 – Bending-Stress to Bending-Strain Graph: Spherically voided beam (blue) and 
solid beam (red) (note: points (Ps) and (Pv) signify the onset of plastic work in the solid and 
voided beam respectively) 
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(iii) Moment-Curvature Relationship: Region (3) to (4) in Figure 4.26 
 
The paths (3v to 4v) and (3s to 4s), respectively for the spherically voided beam and the 
solid beam, in the graphs in Figures 4.26, 4.27 and 4.28 represent the cracked-linear 
response of the reinforced concrete beams. In this region both the concrete and the 
steel are still elastic; the concrete is elastic in compression and cracked in tension. 
Along the response path from point (3) to the yield point (4) the tensile stresses in the 
concrete section are propagating upwards, and increasing the value of (y), the 
maximum distance from the neutral plane to the maximum stressed fibre in the flexure 
element. The computation of the beam section stiffness (EI) can only take into 
consideration the remaining concrete in compression and the steel reinforcement; both 
in tension and in compression. It is expected that that the reinforced concrete structure 
would have cracked in some locations in tension, however all the materials remain 
linear elastic up to Point (4) in the graphs which represents the onset of steel yielding.  
In floor slabs, the flexural stiffness of a fully cracked section is of a lower order than 
that of an uncracked section, and tension stiffening contributes greatly to the post-
cracking stiffness (Gilbert, 2007). 
 
Figure 4.29 – Bending-Stress to Bending-Strain Graph (Detail): Spherically-Voided beam 
(blue) and solid beam (red) – (Note: First eight increments shown up to first concrete tensile 
crack formation; shown with a dashed circle in the complete graph in Figure 4.25) 
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(iv) Moment-Curvature Relationship: Region (4) to (5) in Figure 4.26 
 
The path (4 to 5) in the bending-stress to bending-strain graph in Figure 4.28, 
represents a strengthening, termed strain hardening. This is a characteristic of most 
ductile materials that develops after the onset of steel yielding where an additional 
increase in the applied load is required to produce further deformation. 
 
(v) Moment-Curvature Relationship: Point (5) in Figure 4.26 
 
Point (5) represents the ultimate moment in the moment-curvature graph in Figure 
4.26 and the ultimate bending stress in the bending-stress to bending-strain graph in 
Figure 4.28. From the complete bending-stress to bending-strain graph in Figure 4.28 
one can also observe that the spherically voided beam attains a marginally higher 
ultimate bending stress than the solid beam. The spherically voided beam acquires the 
ultimate bending-stress at a bending-strain of (0.005) which is half the bending strain 
of (0.01) registered by the solid beam at the ultimate bending stress. 
 
(vi) Moment-Curvature Relationship: Region (5) to (6) in Figure 4.26 
 
The final region (5 to 6) in the graphs represents the inelastic-response, or plastic-
response, region. In the plastic-response region the increase in strength due to strain 
hardening is outpaced by the reduction in the load-carrying-capacity due to the 
decrease in the cross-sectional area of the member.  
 
(vii) Moment-Curvature Relationship: Point (6) in Figure 4.26 
 
At point (6) the concrete crushes and there is no more concrete available in 
compression to sustain load and there is no moment-capacity available; the beam 
therefore collapses at this point. 
 
The major principal stress contour plots (S1) in Figure 4.30 for the spherically voided 
beam model suggests that the major principal stresses (S1-positive-tensile) are in the 
beam-zone bounded by one-fourth of the beam span up to one-half of the beam span. 
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It can moreover be noted that the major principal stresses (S1), shown in red in both 
figures, are concentrated in the spherical cap at the base of the spherical voids of the 
same beam-zone and extend downwards to the lower surface of the beam. The 
maximum major principal concrete stress contours (S1) before cracking for the solid 
beam are shown in Figure 4.31. The maximum tensile stresses, shown by the red 
contours, are in the beam zone bounded by one-fourth and one-third of the beam span. 
 
Figure 4.30:  Major principal stresses (S1-Maximum Tensile) just before the onset of cracking 
in the spherically-voided beam (at point 2V in the moment-curvature graph in Figure 4.26 which 
corresponds to 54% of the ultimate moment capacity of the beam) 
 
Figure 4.30a: Half-Beam sectional perspective   
(Note: Beam support on left hand side and beam centreline on the right-hand side) 
 
Figure 4.30b: Half-Beam sectional elevation 
(Note: Beam support on left hand side and beam centreline on the right-hand side) 
 
 
4.4.4 Capacity Design Considerations 
 
The concept of Capacity Design is nowadays well embraced into earthquake 
engineering and is an important component of state-of-the-art seismic design practice. 
Capacity Design is a design approach which imposes a hierarchy of damage upon a 
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structure so that even when inertia forces exceed design values, damage is 
concentrated in less vital sacrificial members; critical members, such as columns, are 
protected and suffer little or no damage (Charleson, 2008). Modern building codes 
typically specify an intensity of design earthquakes corresponding to a return period 
of up to 500 years for ordinary structures, such as office buildings. The corresponding 
design forces are too high to be resisted within the elastic range of material response. 
 
Figure 4.31:  Major principal stresses (S1-Maximum Tensile) for the solid continuum nonlinear 
concrete finite elements just before the onset of cracking in the solid beam 
(at point 2S in the moment-curvature graph in Figure 4.26 which corresponds to 73% of the ultimate 
moment capacity of the beam) 
 
Figure 4.31a: Half-Beam sectional perspective 
(Note: Beam support on left hand side and beam centreline on the right-hand side) 
 
Figure 4.31b: Half-Beam sectional elevation 
(Note: Beam support on left hand side and beam centreline on the right-hand side) 
 
 
The common approach is therefore to design for a fraction, less than 25%, of the 
strength required corresponding to elastic response and design the structures to 
survive an earthquake by large inelastic deformations, and energy dissipation 
corresponding to material distress (Paulay et al., 1992). Ductility therefore becomes 
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one of the most desirable structural qualities of seismic resisting structures. In the 
process of being deformed plastically, a ductile member absorbs seismic energy that 
would otherwise lead to the building experiencing increased accelerations (Charleson, 
2008). 
 
This context serves to highlight the importance of monitoring the elastic energy 
absorption, plastic energy dissipation and the current stiffness of the reinforced 
concrete member which must be accurately measured during each converged 
increment of the NLFEA. The accuracy should identify the distinct energy and 
stiffness traits between the nonlinear finite element analysis of spherically voided and 
the corresponding solid flexural members. Ductility optimisation of the shear-wall, 
column and diaphragm configurations analysed in Chapters 5 and 6 is possible 
through the monitoring of the strain energy and plastic work levels in synergy with 
the monitoring of the degrading stiffness of the model during the NLFEA.  
 
4.4.4.1 Calculation of elastic strain energy 
 
When the beam structure is loaded in its linear state, the work done by external forces 
in causing deformation is stored within the body in the form of recoverable strain 
energy. In an ideal elastic process, no dissipation of energy takes place, and all the 
stored energy is recoverable upon unloading (Ugural et al., 2003). The total strain 
energy is equal to the area under the elastic portion of the moment-curvature [(M)-
(1/r)] graph in Figure 4.26 (Benham et al., 1987). The total strain energy is given by 
expression (4.1). 
 ( ) ( )
21 1 11
2 2 2
MMU M M
r EI EI
= = =     (4.1) 
 
 
The increase in beam deformation triggers an increase in the elastic strain-energy in 
the beams, at the onset of the first concrete cracking at the points (2v) and (2s) for the 
spherically voided and solid beams respectively in the graph in Figure 4.32. The graph 
in Figure 4.32 shows that, at the same bending moment level, the strain energy in the 
spherically voided beam is consistently higher, by an average of 25%, than the 
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corresponding solid beam. This observation in Figure 4.32 is valid up to the yield 
moment of the two beams at point (4) in the graphs. The inclusion of the spherical 
voids in the beam encourages more diffuse cracking in the cracked-linear response 
region (3v to 4v) in Figure 4.32. This behaviour can also be justified using the total 
strain energy expression where, at the same level of applied bending moment (M), the 
spherically voided beam incorporates a lower stiffness (EI) which forms the 
denominator of the total strain energy expression.  
 
 
 
Once the beams are stressed beyond the yield moment, at points (4v) and (4s), the 
graph in Figure 4.32 registers a transposition of the strain energy situation. The strain 
energy in the solid beam increases beyond point (4s) and exceeds the recoverable 
strain energy in the spherically voided beam for the same moment levels. Despite the 
two beam types failing at practically the same plastic moment level, respectively at 
points (6v) and (6s) in the graph in Figure 4.32, the solid beam registers a 25% 
additional recoverable strain energy over the spherically-voided beam at the final 
increment. The justification for this behaviour, referring to the total strain expression, 
is that at the final increment the solid beam acquires a lower stiffness (EI) than the 
    
Figure 4.32 – Total strain energy to bending moment Graph  
(Note: Spherically voided beam in blue and solid beam in red) 
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spherically voided beam. This fact is evidenced in the moment-curvature graph in 
Figure 4.26 where, at the same failure bending moment, the solid beam attains 40% 
more curvature than the spherically-voided beam.   
 
In summary therefore the spherically voided beam, compared to the corresponding 
solid beam, stores more recoverable strain energy in the cracked linear response 
region of the moment-curvature response graph. The spherically voided beam, 
however stores less recoverable strain energy in the post-yield stage of the response 
due to a lower ultimate curvature compared to that attained by the solid beam.   
 
4.4.4.2 The current stiffness parameter 
 
The current stiffness parameter is a useful indicator of the behaviour of the structure 
at each stage of the NLFEA iterative procedure. The current stiffness parameter is a 
scalar quantity designed to characterise the overall structural stiffness during the 
application of the load at various stages of a nonlinear solution (Hinton, 1992). It is a 
useful index to give a scalar measure of the degree of nonlinearity being experienced 
by a structure (Crisfield, 2003). In its simplest, unscaled form it effectively measures 
the ‘current stiffness’ ‘k’ of the system as related to the initial tangential predictor 
‘k0’. Alternatively stated it is the ratio of the current stiffness ‘k’ of the structure to 
its initial stiffness ‘k0’. The current stiffness parameter varies between 1.0 (on the first 
iteration of the first increment of the solution) and 0.0 at a horizontal limit point; it is 
therefore a useful measure of structural collapse (LUSAS , 2018b). 
 
Figure 4.33 shows the current-stiffness parameter to bending-moment graph for the 
spherically voided and solid beams. In the initial uncracked-linear response region, 
up to a moment level in the region of 20kNm, both beam types show no variation in 
stiffness. From the graph in Figure 4.33 one can observe that the reduction in the 
stiffness of the spherically voided beam occurs at a steeper gradient, and at an average 
30% lower bending moment level, than in the corresponding solid beam. For the same 
stiffness ratio (k/k0) the solid beam sustains an average of 25% additional bending 
moment than the spherically voided beam, at all bending moment levels, after the 
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onset of cracking at point (3). The 25% additional bending strength of the solid beam, 
compared to the spherically voided beam, for the same stiffness ratio (k/k0), can be 
corroborated to the average of 25% additional deformation, and consequential 
additional recoverable strain energy, in the spherically voided beam in the graph in 
Figure 4.32.   
 
 
 
The current stiffness parameter is very useful during the nonlinear analysis iterative 
procedure as an indicator as to how much the nonlinear analysis penetrated into the 
post-yield response region. A high current stiffness parameter at the final converged 
increment, having a value higher than 40%, is generally indicative of a brittle mode 
of response. A low current stiffness parameter at the last converged increment, below 
3%, indicates a ductile response with the structure failing well into the post-yield 
response region. The current stiffness parameter can moreover be used as a 
comparative indicator, between different flexural member types, to compare the rate 
of stiffness degradation with an increase in the applied bending moment. 
 
 
Figure 4.33 – The current-stiffness parameter to bending-moment graph  
(Note: Spherically voided beam in blue and solid beam in red) 
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In summary the observations show that the stiffness degradation in the spherically 
voided beam is triggered after the initial linear elastic response region at a 30% lower 
bending moment level, and at a faster downward gradient than in the corresponding 
solid beam. After the onset of tensile cracking the stiffness ratio (k/k0) in the solid 
beam is 25% higher than in the spherically voided beam consistently up to the last 
converged increment. 
 
4.4.4.3 Total plastic work 
 
An effective benchmark in assessing the final stages in the progress of a materially 
nonlinear incremental analysis is the total plastic strain energy dissipated by the 
structure consequential to the loading. Figure 4.34 shows the total-plastic-work to 
bending moment graph for the spherically voided and solid beam starting after the 
application of 90% of the applied loading and proceeds until the final converged 
increment in the nonlinear analysis. 
 
 
 
 
Figure 4.34 – The total-plastic-work to bending-moment graph 
(Note: Spherically voided beam in blue) and solid beam in red) 
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From the total-plastic-work to bending-moment graph in Figure 4.34, one can observe 
the distinct plastic energy dissipation paths between the spherically voided and 
corresponding solid beam. The major distinction between the two beam types occurs 
from the onset of plastic work, indicated respectively by points (Pv) and (Ps), up until 
the end of the strain-hardening path, indicated respectively by points (5v) and (5s). 
The graph in Figure 4.34 shows that the plastic energy dissipation in the spherically 
voided beam starts at a 10% lower bending moment level than in the corresponding 
solid beam and increases gradually along the hardening path. The increase in the 
plastic energy in the solid beam is abrupt and localised at the end of the strain 
hardening path. Ultimately, at beam failure, the solid beam achieves a 17% higher 
plastic energy dissipation levels, compared to the spherically voided beam due to the 
additional curvature sustained by the solid beam at failure. The gradual plastic energy 
dissipation along the strain-hardening path in the spherically voided beam is 
indicative of the diffused nature of the cracking in the spherically voided beam. The 
abrupt plastic energy dissipation in the solid beam suggests a localised cracking 
failure where all the stored cracking energy in the solid beam is released more 
suddenly in a more localised cracking area. 
  
4.4.5 Material Utilisation Factors 
 
Figure 4.35 shows the graph for the material utilisation factor for concrete to the 
bending-moment graph. The material utilisation factor for concrete was arrived at by 
dividing the uniaxial compressive strength of concrete of 30N/mm2 assigned to the 
model nonlinear concrete properties, by the minor principal stress (S3,compressive) value 
from the highest stressed gauss point in the model at the final increment. The minor 
principal stress (S3,compressive) values used for the concrete utilisation factor calculation 
are fixed to this single gauss point, used as the reference, for each nonlinear increment.  
 
Figure 4.36 displays the graph of the material utilisation factor for steel reinforcement 
to the bending-moment. The material utilisation factor for the steel reinforcement was 
arrived at by dividing the tensile strength of the steel reinforcement of 675N/mm2 
assigned to the model nonlinear steel properties by the stress due to the axial force in 
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the steel reinforcement at the centre of the beam. This point corresponds to the highest 
stressed location in the reinforcement bar. 
 
 
 
 
     
Figure 4.35 – Material utilisation factor for concrete to bending-moment graph  
(Note: Spherically voided beam in blue and solid beam in red) 
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Figure 4.36 – Material Utilisation factor for tensile steel reinforcement to bending-moment 
graph (Note: Spherically voided beam in blue and solid beam in red) 
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The first part of material utilisation factor for concrete and steel reinforcement graphs 
respectively in Figure 4.35 and 4.36 show a consistently higher, by an average of 
20%, utilisation factor for the solid beam compared to the spherically voided beam. 
This difference is evident in the linear-elastic response region of the graph up to the 
first part of the cracked-linear response region in point (3). The concrete and steel 
reinforcement utilisation factors, for the two beam types, practically converge to a 
single value in the second part of the cracked-linear response region up to the last 
converged increment respectively in the graphs in Figures 4.35 and 4.36. 
 
 
4.6 CONCLUSIONS 
 
Bending tests carried out by Albrecht (2014) on reinforced concrete slabs having 
voids formed by the inclusion of an array of plastic oblate spheroids were used for the 
validation of the 3D nonlinear finite element modelling in LUSAS. The concrete was 
modelled as 3D linear tetrahedral finite elements and assigned the properties of the 
smoothed nonlinear concrete model in LUSAS. The steel bar reinforcement was 
modelled discretely into the solid tetrahedral mesh using 3D structural bar finite 
elements assigned with the nonlinear hardening material convention for the steel 
reinforcement used, and tested, in the experimental investigation. The 3D-NLFEA 
modelling tested four different levels of mesh discretisation and subject to a mesh 
sensitivity analysis which demonstrated that a mesh density of 125,000 element/m3 
of the physical model shows the best predictions of the experimental test results. The 
NLFEA confirmed the ability of the finite element model to predict the pre-peak 
response, ultimate load and peak displacement. The NLFEA correctly captured the 
flexure-shear failure mode of the experimental tests, which failure mode shows 
similarity to the failure mode of prestressed-precast hollow-core slabs tested, in 
bending, by Rahman et al. (2012).  
 
Differences were registered in the early stage of loading between the lower stiffness 
of the experimental model compared and the NLFEA model. The differences were 
attributable to the stiffness of the testing rig and bearing plates, the low rate of loading 
Chapter 4 3D Solid-Continuum FE Models to Capture Flexural Response 
  
 
Page 136 
in the test and to the response of the numerical concrete model in the transition at the 
onset of early cracking.    
 
The NLFEA verification of a 3D solid continuum spherically-voided beam (SVB) 
structure, and a corresponding solid beam (SB), modelled using 3D discrete bar 
reinforcement elements demonstrated that the bending stresses and the curvatures of 
the flexural member can be accurately determined from the predicted strains of the 
top and bottom steel reinforcement.  
 
The verification determined that the NLFEA models captured all the distinct points 
and regions of the moment-curvature graph for the spherically voided and the solid 
beams. The model captured the snap-discontinuity at the onset of cracking which 
emulates the contribution of the tensile concrete known as tension-stiffening. The 
spherically voided reinforced concrete beam model displayed a lower gradient of 
(EI)uncracked compared to the corresponding solid beam. The SVB exhibited a 38% 
lower cracking moment at a reduced curvature than the corresponding SB; this is 
justified by the reduced stiffness of the voided model.  
 
The 3D NLFEA model distinctly captures the yield-curvature (φy) and the ultimate-
curvature (φu), which parameters are required for the computation of the diaphragm 
curvature-ductility (φu /φy) and diaphragm bending-rigidity (M /φ) in Chapter 6. The 
NLFEA accurately calculates the elastic strain energy, the plastic work carried out 
and the ratio of the current stiffness to the original stiffness (k/k0) of the flexural 
element at each nonlinear increment. The results demonstrate that the SVB stores 25% 
more recoverable strain energy than the SB in the cracked linear response region. The 
SVB however stores 25% less strain energy in the post yield response region due to a 
lower ultimate curvature compared to the SB. It was also observed that after the onset 
of tensile cracking the stiffness ratio (k/k0) in the SB is 25% higher than in the SVB 
consistently up to the last converged increment. The verification shows that the plastic 
energy dissipation in the SVB increases gradually along the strain hardening path 
whilst in the SB it is abrupt and localised at the end of the strain hardening path. 
Ultimately, at beam failure, the solid beam achieves 17% higher plastic energy 
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dissipation levels, compared to the spherically voided beam due to the additional 
curvature sustained by the solid beam at failure. The NLFEA also captures the distinct 
traits in the concrete and steel reinforcement utilisation factor graphs for the SVB and 
the SB. 
 
It can be concluded that the nonlinear finite element models show that flexural failures 
and the nonlinear response can be accurately captured. This is relevant towards 
implementing these models in more complex 3D-NLFEA and the 2D nonlinear static 
moment-curvature analysis in Chapter 5 in preparation for the three-dimensional 
nonlinear transient dynamic analysis work in Chapter 6. 
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CHAPTER 5 TRANSMUTATION OF SVBS DIAPHRAGMS 
INTO 3D-KIRCHHOFF BEAMS 
 
 
5.1  INTRODUCTION 
 
An innovative structural modellisation approach is proposed in this chapter to 
facilitate the nonlinear transient dynamic analysis (NLTDA) of spherically voided 
reinforced concrete biaxial slab (SVBS) diaphragms. The methodology is based on 
the transmutation, preserving properties, of the in-plane diaphragm bending 
behaviour of SVBS into 3D Kirchhoff beam finite elements (FE). The procedure uses 
2D-FE static nonlinear moment-curvature analysis (2D-SNLMCA) which is verified 
using the 3D solid-continuum FE modelling in LUSAS, that was validated in Chapter 
4. The 2D-SNLMCA captures the in-plane diaphragm response of the 10m deep 
SVBS and SS diaphragms in the idealised-test-building-model, of an experimental 
test structure, described in Chapter 4. A method is devised for the 2D-plane stress 
(2D-PS) models to directly emulate the 3D-SVBS diaphragm behaviour by 
converting, using geometric-volumetric considerations, their 3D anatomy into a 2D-
PS diaphragm configuration without using 3D-solid-continuum-NLFEA. 
 
The in-plane diaphragm behaviour which is captured by the 2D-SNLMCA is 
transformed into the 3D Kirchhoff beams. The 3D Kirchhoff beam elements are then 
assembled into the idealised-test-building-model which is engaged in a NLTDA in 
Chapter 6; thereby completing the assimilation of the diaphragm in-plane behaviour 
into the NLTDA modelling. The approach enables in-plane SVBS diaphragm analysis 
and design using easily accessible software and has the distinct advantage of 
computational efficiency whilst supplying accurate diaphragm seismic response 
estimations. A 3D-Kirchhoff-beam-emulated SVBS diaphragm uses 0.02% of the 
finite elements used in a 2D-PS model and 0.002% of the elements used in a 3D-solid 
continuum FE model. 
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A static, elastic, 3D slab analysis of a single slab of the experimental-test-building-
model described in Chapter 4 is carried out in Section 5.2 to acquire the maximum 
sagging moment for both the SVBS and the solid slab (SS) case. The out-of-plane 
loading, nonlinear finite element analysis (NLFEA) of a seven-metre span, square, 
simply-supported, SVBS, and a corresponding SS, is carried out in Section 5.3. The 
biaxial slab analysis considers various slab reinforcement densities to establish the 
level of reinforcement required, in the two slab types, to sustain the maximum sagging 
moment requirements of the flat slab established in Section 5.2. 
 
The NLFEA of SVBS and SS diaphragms using 2D finite element plane-stress models 
in 2D-SNLMCA is carried out in Section 5.4. 3D-NLFEA SVBS control-diaphragm 
models verify that the SVBS diaphragms, modelled as partially-perforated 2D-PS 
models, accurately capture the in-plane flexure response. A geometric-volumetric 
conversion is devised for the 2D-PS models to directly emulate the 3D SVBS 
diaphragm behaviour by converting their 3D geometry-volume into 2D-PS diaphragm 
geometry without using 3D-Solid-Continuum NLFEA. The 2D-SNLMCA models are 
used to establish the complete bending stress-strain, moment-curvature and load-
deflection relationship of the slab diaphragms for both the SVBS and the SS 
diaphragms. 
 
The formulation of the hardening convention of the 3D Kirchhoff thin beam elements 
in Section 5.5 replicates explicitly the in-plane diaphragm flexural behaviour of the 
reinforced concrete SVBS and SS diaphragms. The hardening rule is formulated from 
the 2D-SNLMCA diaphragm bending stress-strain relationship obtained in Section 
5.4. The configured 3D Kirchhoff beam elements are used to carry out a 3D-NLTDA 
of the SVBS diaphragm, and the SS diaphragm, in Chapter 6.  
 
 
5.2 ELASTIC ANALYSIS OF THE 3D-MODEL FLAT SLAB 
 
Figures 5.1 and 5.2 show respectively the SS and the SVBS results, of a static, elastic, 
structural thin-shell analysis of a single floor level out of the three floor levels, in the 
experimental-test-building-model described in Chapter 4.  
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Figure 5.1 – Wood-Armer moments in the X-direction in a typical SS floor in the 
experimental-test-building-model when subject to a superimposed live load of 2.5kN/m2 
 
 
Figure 5.2 – Wood-Armer moments in the X-direction in a typical SVBS floor in the 
experimental-test-building-model when subject to superimposed live load of 2.5kN/m2 
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The objective of the thin-shell slab analysis is to acquire the maximum sagging 
moment, for the two slab types, using the experimental-test-building-model 
configuration when subject to a superimposed live load of 2.5kN/m2. The maximum 
sagging moments will be used in Section 5.3 to establish the reinforcement required 
for each slab type. 
 
The elastic, 3D-FE models were designed using thin-shell triangular quadratic finite 
elements for the concrete slab structure and 3D-solid-continuum tetrahedral quadratic 
finite elements for the concrete columns. The concrete shear walls located at the short 
ends of the experimental-test-building-model, described in Chapter 4, were not 
included. The shear walls only contribute to the lateral resistance of the frame. The 
slab thickness for the geometry of the two slab types was set at 325mm.  
 
The characteristic self-weight of the slabs was input as a global distributed load of 
5.74kN/m2 and 8.13kN/m2, respectively for the SVBS and the SS slab as shown in 
Chapter 4 Table 4-1. The self-weight of the 325mm thickness SVBS having an 
orthogonal array of 225mm diameter spherical void formers at 250mm centres is 29% 
lighter than the self-weight of an equivalent-thickness SS. The superimposed live 
loading was input as a global distributed load of 2.50kN/m2 for the two slab types. 
The finite element model was attributed elastic properties for concrete and steel 
reinforcement in accordance with BS EN 1992-1-1 (2015). 
 
The maximum design bending moments are obtained considering (Mx, My, Mxy) and 
transformed, using the Wood-Armer method, into simple bending moments in two 
directions (Mx, My). The maximum Wood-Armer X-direction bending moments for 
the solid and SVBS slabs shown respectively in Figures 5.1 and 5.2 were 
[Mx(B)solid=87kNm] and [Mx(B)voided=67kNm]. The 23% lower bending moment in 
the voided slab is due to the 29% lower self-weight of the voided slab compared to 
the solid slab.  
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5.3 OUT-OF-PLANE NLFEA OF SVBS AND SS 
 
5.3.1 Introduction 
 
The structural design of reinforced concrete voided flat slabs can be carried out using 
the BS EN 1992-1-1 (2015) simplified, solid reinforced concrete flat slab design 
procedures, however with the application of modified design equations, and 
modification factors. Schnell et al. (2012) devised modified design equations and 
modification factors to be applied to the solid flat slab design procedures in BS EN 
1992-1-1 (2015) to facilitate the design of spherically-voided and spheroidally-voided 
slabs. The modified equations and modification factors cater for the bending capacity, 
transverse normal stress capacity (due to the horizontal construction joint in SVBS 
slabs), normal shear capacity, local and global punching shear capacity.  
 
A rigorous NLFEA approach has however been adopted in this section for the 
structural design of the SVBS subject to out-of-plane loading. The adoption of a 
rigorous approach is justified, over the simplified approach for this research, because 
it additionally allows the numerical investigation of any distinction in the response 
between the SVBS and the SS slabs. The NLFEA of a simply supported SVBS and a 
corresponding SS is carried out, considering various slab reinforcement densities, to 
establish the reinforcement required, in the two slab types, to sustain the maximum 
design moment requirements established in Section 5.2.  
 
5.3.2 Out-of-Plane NLFEA of SVBS and SS 
 
NLFEA was carried out on a seven metre, square, simply supported, 325mm thick, 
SVBS and SS by the modelling of one-eighth of the slab and using symmetry as 
shown in Figure 5.3. The SVBS and SS, simply supported, FE model segments were 
assembled using the FE square and triangular component models devised in Chapter 
4, Section 4.2.  The FE models of the SVBS and SS in this section were modelled 
using mesh discretisation level C as defined in Chapter 4, Section 4.2.3. 
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A stress-potential material model was selected to model the ductile yielding of the 
nonlinear elasto-plastic steel reinforcement material. The stress potential material 
model is based on the Von-Mises criterion which includes the material properties and 
the hardening law defined in Chapter 4 Section 4.2.4. The nonlinear reinforcement 
bars were modelled as discrete bar reinforcement using 3D linear structural bar finite 
elements and spaced at 250mm in both directions. This is shown in the finite element 
component designs in Chapter 4 Section 4.2.3. The concrete in the model is meshed 
in the volume surrounding the steel reinforcement and the void formers using 3D solid 
continuum linear tetrahedral finite elements as shown in blue colour in Figure 5.3. 
The concrete material model invoked for the analysis is the LUSAS Smoothed Multi 
Crack Concrete Model (Model 109) described in Chapter 4 Section 4.2.5. The slab 
material properties which were input into the finite element analysis nonlinear 
concrete properties are listed in Chapter 4 Table 4-4. 
 
Symmetry was enforced in the finite element models by assigning a fixed translation 
support attribute at the two continuous edges of the modelled segment. Fixed 
horizontal support attributes were applied perpendicular to the surfaces at edge O-A 
 
Figure 5.3 – A cutaway 3D-FE model diagram of the simply-supported, square SVBS by 
the modelling of a one-eight segment and using symmetry 
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and edge O-B shown in the Figures 5.3 and 5.4. A fixed vertical support translation 
attribute was applied to the surface at the support along line A-B in the same Figures 
5.3 and 5.4.  
 
Figure 5.4:  Perspective view of the 3D finite element model of the one-eight SVBS segment 
(note: reinforcement bars are shown in magenta colour) 
 
Figure 5.4a: The array of the 225mm diameter spherical-void-formers placed over the 
Bottom layer of the longitudinal and transverse reinforcement  
(the top reinforcement bars have been removed for clarity) 
 
Figure 5.4b: The Top layer of the longitudinal and transverse reinforcement placed over 
the array of the 225mm diameter spherical-void-formers  
(the bottom reinforcement bars have been removed for clarity) 
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5.3.3 Moment-Curvature Relationship 
 
A NLFEA was carried out on four SVBS, and four SS, reinforced respectively with 
452mm2/m, 804mm2/m, 1260mm2/m and 1810mm2/m bottom reinforcement and 
452mm2/m top reinforcement. The top reinforcement provided for each of the eight 
models, at a density of 452mm2/m for each orthogonal direction is the minimum 
reinforcement, calculated for the slab with the maximum effective depth, slab type 
(452mm2/m), as recommended by BS EN 1992-1-1 (2015) in expression (5.1). 
 
 
,min 0.26
ctm
ts
yk
f
A b d
f
 
 
 
 
=   (5.1) 
 
 
where (fctm), the mean value of the axial tensile strength of concrete, has a value of 
2.9N/mm2 from Chapter 4 Table 4-4; (fyk) is the characteristic yield strength of the 
reinforcement which has a value of 500N/mm2 from Chapter 4 Section 4.2.4; (bt) is 
the breadth of the flexural section considered and has a value of 1000mm; (d) is the 
effective depth of the flexural section which from a 325mm high section with 12mm 
diameter bottom reinforcement placed with 25mm cover works out at 294mm. The 
second moment of area calculation for the SVBS and the solid slab, assuming an 
uncracked homogenous section, are respectively 2.79E9mm4 (94%) and 2.86E9mm4 
(100%). Each 225mm diameter, 3D spherical void was transformed into an 
equivalent-volume cylindrical void having a diameter of 174mm for the second-
moment-of-area calculation. 
 
The calculation of the slab curvature from the measured direct strains in the top and 
bottom, discreetly modelled, 3D structural bar finite elements follows the same 
approach as in Chapter 4 Section 4.4.3. The bending moment calculation for the 
uniformly loaded, simply supported slab was obtained using relationship (5.2)by 
Timoshenko et al. (1959). 
 2( 0.3)centre vM qa= =   (5.2) 
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where the value of the factor (β) =0.0479 for square slabs, the variable (q) is the 
intensity of the uniformly distributed load in the units of (N/mm per mm width), and 
the variable (a) is the length of the side of the square; in this Section the value of (a) 
is fixed at 7000mm. The bending moment output by the above equation is valid for a 
Poisson’s ratio value of (v=0.3). The value of the Poisson’s ratio used in the analysis 
in this section has however a value of (vc=0.2), as shown in Chapter 4 Table 4-4. The 
bending moment (Mcentre (v=0.3)) therfore needs to be modified using equation (5.3)
(Timoshenko, 1959) to obtain (Mcentre (v=0.2)):  
 
  2( 0.3)( 0.2) 2 0.0366( )( )1 ( )( ) ( )1c
centre v
c ccentre v
q a
M
M v v v v
v
=
=
   == − −−
  (5.3) 
 
Figure 5.5 shows the moment-curvature graphs derived from the results of the 
NLFEA carried out to the four SVBS, and the four SS, reinforced respectively with 
452mm2/m, 804mm2/m, 1260mm2/m and 1810mm2/m bottom reinforcement and 
452mm2/m top reinforcement. The following points can be observed from the 
moment-curvature response in Figure 5.5: 
 
(i) The initial uncracked region O-A in the graphs, identified by the steep initial 
gradient (EIuncracked), displays a noticeably steeper gradient and a markedly higher 
cracking moment in the SS, compared to the SVBS, in each of the four different 
bottom reinforcement densities. This result was expected from the simple-
supported beam analysis in Chapter 4 Section 4.4.3. The lower values for 
(EI)uncracked and for the cracking moment in the SVBS are attributable to the 
reduced stiffness of the voided section which is partly due to the lower second 
moment of area of the voided section. This translates into the SS being capable 
of sustaining more deformation (a smaller radius of curvature) than the SVBS 
before the onset of the first tensile cracking in the concrete. 
 
(ii) The cracked linear response region (A-B) in the graphs, having a shallower 
gradient (EIcracked), consistently presents a stiffer response for the solid-slab when 
compared to the SVBS, for all the reinforcement densities. One can observe that 
at the onset of region (A-B) the solid slab shows a considerably higher bending 
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moment at the initiation of the first tensile crack than shown in the SVBS. This 
disparity, between the moment-curvature relationship of the two slab types, is 
reduced along the cracked-linear-response region (A-B). At point (B), which 
coincides with the onset of steel yielding, the moment-curvature relationship of 
the SS and SVBS are closer to one another. At point A the stiffer solid slab can 
resist a relatively higher cracking moment compared to the SVBS. As cracking 
increases in the SS/SVBS along the cracked linear response region A-B the two 
slabs soften and, in the highly cracked state, the moment-curvature behaviour of 
the two slabs becomes more similar.  
 
Figure 5.5:  Moment-curvature graphs for the 7m span, square, simply supported slabs. 
Solid slabs (red) and SVBS (blue); top reinforcement area 452mm2/m 
 
Figure 5.5a: Bottom Reinforcement 
(452mm2/m) 
 
Figure 5.5b: Bottom Reinforcement 
(804mm2/m) 
 
Figure 5.5c: Bottom Reinforcement 
(1260mm2/m) 
 
Figure 5.5d: Bottom Reinforcement 
(1810mm2/m) 
 
(iii) The moment-curvature response of the two slabs types practically converges to 
a single common response in the inelastic response region (B-C) particularly in 
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the lower reinforcement densities. The highest reinforced slab in Figure 5.5d 
shows two modestly distinct responses between the two slabs even at the plastic 
region BC. The highest reinforced concrete slab in Figure 5.5d, due to the higher 
reinforcement percentage (0.56% of the solid section) keeps the slabs from 
deteriorating to the level of the lower reinforced slabs. At this level of higher 
reinforcement the SS/SVBS partially maintain their distinct moment-curvature 
response even in the vicinity of yield point ‘B’. The steel yielding, inelastic 
region (B-C) in Figure 5.5d, still contains sufficiently steel area available to retain 
a 5% higher slab moment capacity in the SS compared to the SVBS. 
 
The above observations corroborate the findings by Ugressa and Ali (2014) which 
indicate that the flexural capacities of SVBS slabs, subject to uniform loads, are close 
to SS of equal dimension, especially when considering longer span slabs. 
 
5.3.4 Bending Stress-Strain Relationship 
 
The principal objective of this section is to calculate the required SVBS and SS 
reinforcement to safely sustain the Wood-Armer maximum sagging bending 
moments. The bending stress is hereby defined as 
( )M y
I
 
 
 
 where (M) is the applied 
out-of-plane bending moment, (y) is the maximum distance from the neutral plane to 
the maximum stressed fibre in the flexure element in each nonlinear analysis 
increment (this coincides with the centroid of the bottom tension steel in the simply 
supported slabs) and (I) is the second moment of area of the slab section. Bending 
strain is hereby defined as the maximum direct strain measured in the bottom tensile 
steel reinforcement due to the bending of the flexural member. 
 
Figure 5.6 shows the bending-stress to bending-strain graphs derived from the 
reinforcement strains of the NLFEA. The graphs show the results of the NLFEA 
carried out to the four SVBS, and the four SS, reinforced respectively with 
452mm2/m, 804mm2/m, 1260mm2/m and 1810mm2/m bottom reinforcement and 
452mm2/m top reinforcement.  
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The bending stress-strain graphs in Figure 5.6 confirm the observations in Section 
5.3.3 on the moment-curvature graphs in Figure 5.5. The stiffness of the SS and the 
SVBS is similar; with the SS presenting, at the lower reinforcement densities, a 
notably stiffer response in the cracked-linear response region (A-B). This difference 
is attributable to the diffused cracking in the SVBS compared to the SS at the lower 
reinforcement values. Figure 5.6 reveals that at the outset of the inelastic response 
region (B-C), the curves intersect each other, with the SVBS curve proceeding above 
the SS curve. This implies that the SS slab is stronger and generates marginally lower 
bending stress levels than the corresponding SVBS for the same bending strain 
deformation.  
 
Figure 5.6:  Bending Stress-Strain curves for the 7m span, square, simply supported slabs. 
Note: Solid slabs (red) and SVBS (blue); top reinforcement density of 452mm2/m. 
 
Figure 5.6a: Bottom Reinforcement 
(452mm2/m) 
 
Figure 5.6b: Bottom Reinforcement 
(804mm2/m) 
 
Figure 5.6c: Bottom Reinforcement 
(1260mm2/m) 
 
Figure 5.6d: Bottom Reinforcement 
(1810mm2/m) 
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Figure 5.7 displays the major principal strain contours at the last converged increment 
in the NLFEA before the ultimate failure of the slab in the numerical model. The red 
contours represent the largest tensile strains, which translate into the tensile cracking, 
of the SS and the SVBS models. 
 
Figure 5.7:  Perspective view of the 3D finite element model of the one-eight solid slab and 
SVBS segment showing the Major Principal Strain (E1-tensile) contours at the last nonlinear 
analysis increment 
 
Figure 5.7a: One-eight segment of the solid slab 
(corner plan inset shows the segment location within the 7m square slab) 
 
Figure 5.7b: One-eight segment of the spherically-voided-slab 
(corner plan inset shows the segment location within the 7m square slab) 
 
The slab, one-eight segments in Figure 5.7, show the slab diagonal (O-B) in Figure 
5.7. A close inspection of the major principal strain contours in the SS in Figure 5.7a 
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demonstrates that at the point of failure the solid slab exhibits localised accumulation 
of tensile cracks, discernible by the red-coloured contours, concentrated near the slab 
centre. The investigation of the major principal strain contours in the SVBS in Figure 
5.7b shows a quasi-evenly distributed tensile cracking area starting from the slab 
centre at point (O) up to mid-way along the slab diagonal (O-A). In Figure 5.7b one 
can also observe that the tensile cracking is concentrated in the spherical cap at the 
base of the spherical voids of the same slab-zone and extends to the lower surface of 
the slab. This cracking pattern at failure shows similarity to the failure cracking 
pattern noted in the spherically voided beam shown in Chapter 4 in Figure 4.30. 
 
 
5.3.5 SVBS Steel Reinforcement Optimisation 
 
SVBS steel reinforcement optimisation in this section is carried out to complete the 
comprehensive rigorous NLFEA approach for the structural design of the SVBS 
subject to out-of-plane loading. A nonlinear analysis optimisation process was carried 
out to establish which of the four reinforcement densities, namely 452mm2/m, 
804mm2/m, 1260mm2/m and 1810mm2/m bottom reinforcement and 452mm2/m top 
reinforcement, safely resists the Wood-Armer maximum bending moments in Section 
5.2. The optimisation process consists of eight steps, described in detail in Appendix 
C1, to establish the maximum bending stress level imposed in the slabs by the applied 
bending moments. Figure 5.8 shows the result of the optimisation process in the graph 
for the SS and SVBS having a bottom reinforcement of 804mm2/m with red and blue 
markers at the required respective bending stress levels.  
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5.3.6 Slab Material Utilisation Factors  
 
Figure 5.9 shows the graph for the material-utilisation-factor-for-concrete to bending-
stress-graph; the bending stress values of σbending-solid=7.3MPa for the SS and σbending-
voided=5.9MPa for the SVBS, together with the respective material utilisation factor, 
are shown by the red and blue markers. The material utilisation factor for concrete 
was obtained by dividing the uniaxial compressive cylinder strength of concrete of 
30N/mm2, by the minor principal stress (S3,compressive) value, from a fixed reference 
point, at the highest stressed model node at the final increment. The material 
utilisation factors for concrete, determined from Figure 5.9, result in [SFc(solid)=1.9 
(100%)] and [SFc(voided)=2.2 (116%)] for the SS and SVBS respectively. The SVBS 
has an additional 16% reserve of strength in the concrete material over and above the 
SS due to the slab being 29% lighter than the solid slab. 
 
 
Figure 5.8 – Demands to the Bending Stress-Strain curves for the 7m span, square, simply 
supported slabs having a bottom reinforcement of 804mm2/m.  
SS (red curve) and SVBS (blue curve) 
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Figure 5.10 shows the material utilisation factor for steel reinforcement versus the 
bending-stress. The bending stress values of [σbending-solid=7.3N/mm2] for the SS and 
[σbending-voided=5.9N/mm2] for the SVBS, together with the respective material 
utilisation factor, are shown by the respective red and blue markers. The material 
utilisation factor for steel reinforcement was obtained by dividing the tensile strength 
of the steel reinforcement of 675N/mm2, by the stress due to the axial force in the 
highest stressed steel reinforcement at the geometric centre of the slab, which is the 
location of the largest curvature.  
 
The material utilisation factors for steel reinforcement, determined from the graph in 
Figure 5.10, results in [SFs(solid)=1.7 (100%)] and [SFs(voided)=2.1 (124%)] for the SS 
and SVBS slab respectively. It can be noted that the SVBS has an additional 24% 
reserve of strength in the steel-reinforcement material over and above the SS for the 
same superimposed loading. This is due to the SVBS being 29% lighter than the SS. 
The results in the next Section 5.3.7 are self-weight-normalised to take this difference 
in self-weight into account. 
   
Figure 5.9 – Material utilisation factor for concrete versus the bending-stress 
(for the 7m span, square, simply supported slabs having 804mm2/m bottom reinforcement)  
SS (red-curve) and SVBS (blue-curve) 
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5.3.7 Self-Weight-Normalised Load-Displacement Graphs 
 
Figure 5.11 shows the plots of the self-weight-normalised-load to the deflection 
graphs of the four SS and four SVBS at the various reinforcement densities. The self-
weight-normalised-load has been calculated as the total uniformly distributed load 
applied divided by the self-weight-of the-slab. 
 
Figure 5.11 shows that the response of the two slab types are equivalent up to point 
(A); the outset of the cracked linear response region. At point (A) the graphs show a 
bifurcation point where the SVBS is consistently capable of sustaining a higher value 
of self-weight-normalised-load than the equivalent SS. This result implies that the 
SVBS is more structurally efficient than the SS because it can sustain a higher load, 
multiple of its own weight, than the equivalent solid slab. 
 
 
Figure 5.10 – Material utilisation factor for steel reinforcement versus the bending-stress  
(for the 7m span, square, simply supported slabs having 804mm2/m bottom reinforcement)   
SS (red-curve) and SVBS (blue-curve) 
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Figure 5.11:  Self-weight-normalised-load to deflection curves 
 SS (red lines) and SVBS (blue lines) shown at different bottom reinforcement densities 
 
Figure 5.11a: Bottom Reinforcement 
(452mm2/m) 
 
Figure 5.11b: Bottom Reinforcement 
(804mm2/m) 
 
Figure 5.11c: Bottom Reinforcement 
(1260mm2/m) 
 
Figure 5.11d: Bottom Reinforcement 
(1810mm2/m) 
 
 
5.4 IN-PLANE NLFEA OF SVBS DIAPHRAGMS 
 
5.4.1 Introduction 
 
The objective of this section is the NLFEA of SVBS and SS diaphragms using 2D 
finite element plane-stress models by means of a static nonlinear moment-curvature 
analysis (2D-SNLMCA). 3D-NLFEA modelling, validated in Chapter 4, is used to 
verify that the SVBS diaphragms, modelled as partially-perforated / fully-perforated 
2D-PS models, accurately capture the in-plane flexure response. A method is hereby 
devised for the 2D-plane stress (2D-PS) models to directly emulate the 3D-SVBS 
diaphragm behaviour by converting, using geometric-volumetric considerations, their 
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3D morphology into a 2D-PS diaphragm configuration without using 3D-Solid-
Continuum NLFEA. 
  
5.4.2 Diaphragm FE Modelling  
 
2D plane stress FE models are ideal for the flexure analysis of large diaphragms which 
are subject to in-plane loading because they economise on computer-resources and 
analysis-time. Carrying out a diaphragm, in-plane, NLFEA where the steel 
reinforcement is modelled as discrete, embedded, 3D structural bar finite elements 
and the concrete is modelled as 3D solid-continuum elements can become unfeasible 
because the FE model easily exceeds the element limit in the software. The idealised-
test-building-model, of an experimental test structure, described in Chapter 4, has a 
diaphragm span of 34m and a diaphragm depth of 10m. Despite the possibility of 
halving of the FE diaphragm model span to 17m, by the exploitation of symmetry, the 
FE model is still considered extensive and outside the practical limits of 3D-FE solid-
continuum modelling. Furthermore, to ensure that the primary diaphragm failure is 
attributable to tensile, or compression stresses the transverse normal stresses along 
the diaphragm mid-depth need to be minimised by the adoption of higher diaphragm 
aspect ratios; this further intensifies the demands of the FE analysis on the computing 
requirements. The ratio of maximum transverse normal stress to maximum bending 
stress is directly related to the ratio of the height to the span of the diaphragm (Ugural 
et al., 2003). 
 
5.4.3 FE Modelling of the SVBS Diaphragm 
 
Two, 3D-NLFEA SVBS control-diaphragm models, respectively having aspect ratios 
of (30) and (12) and limited in size so as not to exceed the finite element limit in 
LUSAS were assembled. The steel reinforcement was modelled as discrete, 
embedded, 3D structural bar finite elements and the concrete modelled as 3D solid-
continuum elements. An aspect ratio of (30) practically eliminates the possibility of 
diaphragm transverse normal shear stress failure. The 3D-control-diaphragms were 
assembled for a 325mm high SVBS and a 230mm high SVBS, having different steel 
reinforcement densities, and using the 3D solid-continuum NLFEA modelling in 
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LUSAS which was validated in Chapter 4. The use of two different 3D-control-
diaphragms thicknesses, each having a different steel reinforcement density and each 
diaphragm analysed at two different aspect ratios was done to encourage statistical 
variance in the analysis verification models. The 3D-NLFEA SVBS control-
diaphragm models are subject to in-plane diaphragm loading.  
 
Corresponding 2D-PS SVBS models, having three different configurations, and 
referred respectively to as Type A, Type B and Type C, are assembled and described 
in Section 5.4.3.1. The steel reinforcement is modelled as discrete 2D bars in the 2D-
PS model and the concrete is modelled as 2D-PS continuum finite elements assigned 
the nonlinear numerical concrete model in LUSAS. 
 
The 2D in-plane loading response of the 2D-PS SVBS models is compared to the in-
plane diaphragm response of the 3D-control-diaphragm to establish which of the 
three 2D-PS models (Types A, B or C) accurately captures the diaphragm in-plane 
flexure behaviour. Out-of-plane loading was not included in the analysis, and the FE 
model support and loading attributes were assigned to allow model freedom solely to 
the in-plane flexural behaviour in the 2D and 3D modelling. 
 
The FE model attributes for the three configurations of the 2D-PS diaphragms and the 
corresponding 3D-control-diaphragms are presented respectively for the 325mm 
thickness and the 230mm thickness diaphragms in Sections 5.4.3.2 and 5.4.3.3. 
Sections 5.4.3.2 and 5.4.3.3 also respectively present the moment-curvature, load-
deflection and bending stress-strain response graphs for the 325mm thickness and the 
230mm thickness 3D-control-diaphragms and the corresponding three configurations 
of the 2D-PS diaphragms. The observations on the 2D-PS in-plane flexural response 
of each diaphragm type are compared to the response of the corresponding 3D-
control-diaphragms in Section 5.4.3.4.  
 
5.4.3.1 2D-PS diaphragm configurations 
 
The three configurations used in the 2D-PS SVBS finite element models, namely 
Type A, Type B and Type C, described below, looked into novel finite element 
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modellisation solutions. The modellisation solutions were in the form of partially 
perforated diaphragms and fully perforated diaphragms, to idealise and capture the 
3D-SVBS diaphragms behaviour.  
 
The three, 2D-PS diaphragm configurations follow either; a geometric-volumetric 
relationship (Type A), a geometric relationship (Type B) or a volumetric relationship 
(Type C) to the SVBS 3D-control-diaphragms. 
 
Configuration Type A: 
2D-PS Geometric-Volumetric relationship to the SVBS 3D-control-diaphragms 
 
2D-PS diaphragm configuration Type A (Figure 5.12) is a partially perforated 
diaphragm where the spherical voids are emulated in the 2D-PS diaphragm using 
partially voided cylinders. 2D diaphragm Type A has an equivalent external sphere 
diameter geometry and equivalent volume to the 3D-control-diaphragms. 
 
 
 
The partially voided cylinders have the same outer diameter of the spherical voids and 
are placed at the same SVBS diaphragm spherical-voids orthogonal array spacing. 
Each partially voided cylinder internally contains an infill disc of concrete material, 
placed at the cylinder mid-depth, and having the cylinder diameter and a reduced 
geometric thickness compared to the diaphragm thickness. The thickness of the 
concrete disc inside each cylinder in the 2D-PS model is governed by a diaphragm 
concrete-volume consideration. The volume of concrete in the partially perforated 
diaphragm is rendered equal to the volume of concrete in the SVBS 3D-control-
diaphragm model. The 2D-plane stress diaphragm is therefore assigned the 
 
 
Figure 5.12 – 2D-Plane stress partially-perforated diaphragm TYPE A  
(note: support attributes are shown in blue and loading attributes are shown in red arrows) 
 
Chapter 5 Transmutation of SVBS Diaphragms into 3D-Kirchhoff Beams 
  
 
Page 159 
diaphragm total overall thickness in the area surrounding the circular-surfaces (shown 
in green in Figure 5.12). The 2D-PS diaphragm is assigned a reduced thickness inside 
the circular-surfaces (shown by the blue mesh inside the circular surfaces in Figure 
5.12), which is a function of the equivalent 3D-SVBS diaphragm volume.    
 
 
Configuration Type B: 
2D-PS Geometric relationship to the 3D-SVBS diaphragm 
 
Configuration Type B represents a fully perforated diaphragm, as shown in Figure 
5.13, where the spherical voids are emulated in the 2D-PS diaphragm using fully 
voided cylinders. 2D diaphragm Type B has an equivalent external sphere diameter 
geometry and reduced volume compared to the 3D-control-diaphragms.  
 
 
 
The fully voided cylinders have the same outer diameter of the spherical voids and 
placed at the same SVBS diaphragm spherical-void orthogonal array spacing. 
Diaphragm configuration Type B is based solely on geometric considerations and 
results in a 2D-PS diaphragm having less volume of concrete than the corresponding 
SVBS 3D-control-diaphragm. The 2D-plane stress diaphragm is therefore assigned 
the diaphragm total thickness in the solid area surrounding the circular-surfaces and 
a zero thickness inside the circular-surfaces. 
 
 
 
 
 
 
 
Figure 5.13 – 2D-Plane stress fully-perforated diaphragm TYPE B  
(note: support attributes are shown in blue and loading attributes are shown in red arrows) 
Chapter 5 Transmutation of SVBS Diaphragms into 3D-Kirchhoff Beams 
  
 
Page 160 
Configuration Type C: 
Volumetric relationship to the 3D-SVBS diaphragm 
 
Configuration Type C represents a fully perforated diaphragm, as shown in Figure 
5.14. 2D diaphragm Type C has a reduced external sphere diameter geometry and 
equivalent volume compared to the 3D-control-diaphragms.  
 
 
 
The spherical voids are emulated in the 2D-PS diaphragm Type C using fully voided 
cylinders having a smaller outer diameter than the diameter of the spherical voids. 
The fully voided cylinders are placed at the same SVBS diaphragm spherical-voids 
orthogonal array spacing. The diameter of the cylindrical voids in the 2D-PS 
diaphragm is governed by a diaphragm concrete volumetric consideration. The 
volume of concrete in the fully perforated diaphragm shall be equal to the volume of 
concrete in the SVBS 3D-control-diaphragms model. The 2D-plane stress diaphragm 
is therefore assigned the diaphragm total thickness in the solid area surrounding the 
circular-surfaces and a zero thickness inside the circular-surfaces.    
 
5.4.3.2. 3D-NLFEA and 2D-SNLMCA of 325mm SVBS diaphragm 
 
The 325mm thickness SVBS 3D-control-diaphragms configuration is made up of 
225mm diameter spherical voids at an array spacing of 250mm centres. The 
diaphragm has a bottom reinforcement density of 1712mm2/m and a top 
reinforcement area of 452mm2/m. Two aspect ratios (AR) namely AR=(30) and 
AR=(12) were considered. The three diaphragm configurations used in the 2D-PS 
 
 
Figure 5.14 – 2D-Plane stress fully-perforated diaphragm TYPE C 
(note: support attributes are shown in blue and loading attributes are shown in red arrows) 
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SVBS finite element models, namely Type A, Type B and Type C, for the 325mm 
thick SVBS are described below: 
 
i) 2D-PS Geometric-Volumetric Configuration Type A: Partially-perforated 
cylinders having diameters of 225mm and including a 175mm thick infill 
concrete disc located at the cylinder mid-depth and placed at an orthogonal array 
spacing of 250mm.  
 
ii) 2D-PS Geometric Configuration Type B: Fully-perforated cylinders having a 
diameter of 225mm and placed at an orthogonal array spacing of 250mm.   
 
iii) 2D-PS Volumetric Configuration Type C: Fully-perforated cylinders having a 
diameter of 150mm and placed at an orthogonal array spacing of 250mm.   
 
Figure 5.15 compares the diaphragm in-plane response of the 325mm thickness SVBS 
3D-control-diaphragm having a 38.05m span and a depth of 1.3m, at an AR=(30), 
with the corresponding 2D-PS diaphragms Types A, B and C. Figure 5.16 compares 
the diaphragm in-plane response of the 325mm thickness SVBS 3D-control-
diaphragm having a 24.05m span and a depth of 2.05m, at an AR=(12), with the 
corresponding three types 2D-PS diaphragms. 
 
5.4.3.3. 3D-NLFEA and 2D-SNLMCA of 230mm SVBS diaphragm 
 
The 230mm thickness SVBS 3D-control-diaphragms configuration is made up of 
180mm diameter spherical voids at an array spacing of 200mm centres. The 
diaphragm has a bottom reinforcement density of 1260mm2/m and a top 
reinforcement area of 452mm2/m. Similar to the 325mm thickness diaphragm case, 
two aspect ratios (AR) namely AR=(30) and AR=(12) were considered. The three 
diaphragm configurations used in the 2D-plane stress SVBS finite element models, 
namely Type A, Type B and Type C, for the 230mm thick SVBS are described below: 
 
i) 2D-PS Geometric-Volumetric Configuration Type A: Partially-perforated 
cylinders having diameters of 180mm and including a 110mm thick infill 
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concrete disc located at the cylinder mid-depth and placed at an orthogonal array 
spacing of 200mm. 
 
ii) 2D-PS Geometric Configuration Type B: Fully-perforated cylinders having a 
diameter of 180mm and placed at an orthogonal array spacing of 200mm.   
 
iii) 2D-PS Volumetric Configuration Type C: Fully-perforated cylinders having a 
diameter of 100mm and placed at an orthogonal array spacing of 200mm.   
 
Figure 5.17 compares the 230mm thickness SVBS 3D-control-diaphragm having a 
31.60m span and a depth of 1.05m, at an AR=30, with the corresponding 2D-PS 
diaphragms Types A, B and C. Figure 5.18 compares the 230mm thickness SVBS 
3D-control-diaphragm having a 20.0m span and a depth of 1.65m, at an AR=12, with 
the corresponding 2D-PS diaphragms Types A, B and C. Figures 5.17 and 5.18 are 
discussed in Section 5.4.3.4. 
 
5.4.3.4 3D-NLFEA and 2D-SNLMCA diaphragm response  
 
An important observation that can be noted from Figures 5.15, 5.16, 5.17 and 5.18 is 
that the results for the 3D-NLFEA are objective, regardless of the thickness, 
configuration, aspect-ratio and reinforcement density considered. This objectivity was 
observed for the four 3D-control-diaphragm models analysed having thicknesses of 
230mm and 325mm, steel reinforcement densities of 1260mm2/m and 1712mm2/m 
respectively and aspect ratios of (12) and (30).  
 
It can be observed that the geometrically-configured 2D-SNLMCA response of 2D-
PS diaphragm Type B, shown in magenta in Figures 5.15, 5.16, 5.17 and 5.18 
underestimates all the three responses, namely the moment-curvature, load-deflection 
and bending stress-strain response by a substantial margin.  
 
The 2D-SNLMCA response of the volumetrically-configured 2D-PS diaphragm Type 
C, shown in green in Figures 5.15, 5.16, 5.17 and 5.18, provides a closer prediction 
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to the 3D-control-diaphragm models than shown in the 2D-SNLMCA response of 
2D-PS diaphragm Type B.  
 
The response of diaphragm Type C is underestimated in the moment-curvature and 
the load-deflection response graphs. 2D-PS diaphragm Type C shows a marginally 
better response in the bending stress-strain graphs which however still generally 
underpredicts the 3D-control-diaphragm model response. 
 
Figure 5.15:  325mm thickness SVBS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms – (Diaphragm aspect ratio AR=30) 
 
Figure 5.15a: Moment-Curvature Graph 
 
Figure 5.15b: Load-Deflection Graph 
 
Figure 5.15c: Bending Stress-Strain Graph 
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Figure 5.16:  325mm thickness SVBS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms – (Diaphragm aspect ratio AR=12) 
 
Figure 5.16a: Moment-Curvature Graph 
 
Figure 5.16b: Load-Deflection Graph 
 
Figure 5.16c: Bending Stress-Strain Graph 
 
 
The 2D-SNLMCA response of the geometrically-volumetrically configured 2D-PS 
diaphragm Type A, shown in blue in Figures 5.15, 5.16, 5.17 and 5.18 gives an 
accurate, albeit slightly conservative prediction. 2D-PS diaphragm Type A accurately 
predicts the linear-elastic and cracked-linear response segments of the moment-
curvature graphs. The moment-curvature graphs show a measurable underprediction 
of the yield point by the 2D-PS diaphragm Type A when compared to the 3D-control-
diaphragm model. This underprediction can be effectively mitigated by using a 
smaller nonlinear analysis time-step, of at least 50%, than the time-step used for the 
3D-control-diaphragm solid-continuum model. Using a smaller time step would 
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smoothen the yield-point region in the 2D-PS diaphragm and result in a more accurate 
yield-point prediction. The 2D-SNLMCA ultimate moment capacity prediction in the 
moment-curvature graphs of the 2D-PS diaphragm Type A practically converges, to 
within a maximum of 3% difference, to the response of the 3D-control-diaphragm 
model at the end of the plastic response region. The 2D-PS diaphragm Type A also 
shows accurate predictions, which are generally slightly conservative, for both the 
load-deflection response and the bending stress-strain response. 
 
Figure 5.17:  230mm thickness SVBS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms – (Diaphragm aspect ratio AR=30) 
 
Figure 5.17a: Moment-Curvature Graph 
 
Figure 5.17b: Load-Deflection Graph 
 
Figure 5.17c: Bending Stress-Strain Graph 
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Figure 5.18:  230mm thickness SVBS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms – (Diaphragm aspect ratio AR=12) 
 
Figure 5.18a: Moment-Curvature Graph 
 
Figure 5.18b: Load-Deflection Graph 
 
Figure 5.18c: Bending Stress-Strain Graph 
 
It can be concluded that, 2D-PS diaphragm Type A captures the anatomy of the SVBS 
3D-control-diaphragm model and shows accurate, albeit slightly conservative 
predictions, of the SVBS diaphragm. 2D-PS diaphragm Type A is configured using a 
(3D to 2D) prescriptive geometric-volumetric conversion where the spherical-voids 
are emulated in the 2D-PS diaphragm using partially voided cylinders as described in 
Section 5.4.3.1. This prescriptive geometric-volumetric conversion from the 3D 
SVBS diaphragm to the 2D-PS diaphragm is carried out with simple manual 
calculations, using resources of a typical structural design office and does not require 
the use of 3D-solid-continuum NLFEA. 
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5.4.4 FE Modelling of the SS Diaphragm 
 
Figures 5.19 and 5.20 show the nonlinear structural response of a 325mm thickness 
SS reinforced concrete 3D-control-diaphragm, having respectively an aspect ratio of 
(30) and (12), using a 3D solid-continuum model. The graph also shows the predicted 
nonlinear response by the 2D-PS model in two variants; one using the arc-length 
method (green curve) whilst the second model (red curve) does not use the arc-length 
method.  
 
Figure 5.19:  325mm thickness SS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms (Diaphragm aspect ratio AR=30) 
 
Figure 5.19: Moment-Curvature Graph 
 
Figure 5.19b: Load-Deflection Graph 
 
Figure 5.19c: Bending Stress-Strain Graph 
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The arc-length method is intended to enable nonlinear solution algorithms to pass 
limit points (Crisfield, 2003). From the moment-curvature response in Figures 5.19a 
and 5.20a one can observe that the 2D-PS model which uses the arc-length iterative 
technique captures the limit point with the snap-through softening point at the onset 
of concrete cracking and the subsequent concrete tension-stiffening. This snap-
through path is completely missed by the 2D-PS model which does not use the arc-
length method.  
 
Figure 5.20:  325mm thickness SS 3D-control-diaphragms compared to 2D-PS SVBS 
diaphragms (Diaphragm aspect ratio AR=12) 
 
Figure 5.20a: Moment-Curvature Graph  
 
Figure 5.20b: Load-Deflection Graph 
 
Figure 5.20c: Bending Stress-Strain Graph 
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The two 2D-PS models however capture the uncracked-linear elastic region, the 
cracked-linear-elastic region and the plastic region in the moment-curvature, load-
deflection and bending stress-strain graphs. The two 2D-PS models are slightly stiffer 
in the plastic response region; this is demonstrated by the higher moment capacity in 
the moment curvature graphs and the lower bending stress in the bending stress-strain 
curve. The two 2D-PS models are accurate in predicting the load-deflection response 
and in predicting the yield point. The disadvantage posed by the arc-length method is 
that the 2D-PS model encounters convergence problems and does not proceed into 
the plastic response region as much as the 2D-PS model without the arc-length 
method. The transmutation of the diaphragm flexural behavior into 3D-Kirchhoff 
beams uses the general form of the bending-stress strain curve and does not 
incorporate the snap-through detail at the onset of concrete cracking and the 
subsequent tension-stiffening. On the other hand the capture of the flexural response 
well into the plastic region of the graphs is beneficial in a seismic analysis context 
and can be incorporated in the 3D-Kirchhoff beam behavior. In view of these two 
facts, the response from the 2D-PS model which does not adopt the arc-length method 
is preferred. 
 
5.4.5 2D-SNLMCA of the 10m deep SVBS and SS Diaphragm 
 
Figure 5.21 shows the finite element model of the SVBS, 10m deep, geometrically-
volumetrically configured 2D-PS diaphragm Type A as defined and verified in 
Section 5.4.3. In Section 5.4.3.4 it was demonstrated that the 2D-PS diaphragm Type 
A shows accurate predictions, which are generally slightly conservative, for the 
moment-curvature, load-deflection and the bending stress-strain response. Figure 
5.22 shows the 2D-PS model of the solid, 10m deep, diaphragm which was verified 
in Section 5.4.4. The finite element models in Figures 5.21 and 5.22 have a horizontal 
length of 17m which translates into a span of 34m by the application of symmetry in 
the finite element modelling of the diaphragms.  
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Figure 5.21 – 2D-PS, 34m span, 10m deep, SVBS diaphragm Type ‘A’ modelled using 
symmetry (note: support attributes are shown in blue arrows and loading attributes are shown 
in red arrows) 
 
  
Figure 5.22 – 2D-PS, 34m span, 10m deep, SS diaphragm modelled using symmetry (note: 
support attributes are shown in blue arrows and loading attributes are shown in red arrows) 
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Figure 5.23 displays an idealised, tri-linear bending-stress to bending-strain graph for 
the geometrically-volumetrically configured SVBS 2D-PS diaphragm Type A as 
defined in Section 5.4.3.2 and shown in Figure 5.21. The idealised graph was obtained 
from the results of the 2D-SNLMCA carried out on 10m deep diaphragms having 
three different aspect ratios of (3.4), (6.8) and (10.2) shown respectively with the blue, 
red and green curves in Figure 5.23.  
 
 
 
In the 2D-SNLMCA the SVBS diaphragm is subject to uniform distributed and in-
plane incremental line-loading along the longer edge; as shown by the red arrows in 
Figure 5.21. The idealised bending stress-strain relationship is a best-fit of the three 
curves for the three aspect-ratios (3.4, 6.8, 10.2) of the diaphragm and is shown with 
the black line in Figure 5.23. The idealised relationship is uniquely valid for a 10m 
deep, 325mm thickness SVBS, reinforced concrete diaphragm (Type VE0), reinforced 
with a steel reinforcement density of 1250mm2/m. The idealised relationship is in the 
form of a tri-linear graph with a linear elastic segment starting at the origin. The first 
uncracked-linear-elastic segment is followed by a cracked-linear second segment up 
to steel yielding. The third and final segment is the inelastic plastic response region 
  
Figure 5.23 – Idealised tri-linear bending stress-strain relationship for SVBS diaphragm 
(VE0) (Type ‘A’) (Diaphragm 10m high, 0.325m thickness) 
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which is extended to a bending strain of 7.5% which is the maximum strain permitted 
for steel reinforcement Class B500C (BS EN 1992-1-1, 2015).  
 
Figure 5.24 shows the graph of the 2D-SNLMCA results of the bending stress-strain 
relationships for the 2D-PS SS diaphragm finite element model (Type SE0). Figure 
5.24 displays an idealised, bi-linear bending stress-strain graph for the 2D-PS SS 
diaphragm verified in Section 5.4.4 and shown in Figure 5.22. The idealised bending 
stress-strain relationship is a best-fit of the three curves for the three aspect-ratios (3.4, 
6.8, 10.2) of the diaphragm and is shown with the black line in Figure 5.24. 
 
 
 
The idealised relationship in Figure 5.24 is uniquely valid for a 10m deep, 325mm 
thickness solid, reinforced concrete diaphragm reinforced with a steel reinforcement 
density of 1250mm2/m. The idealised relationship is in the form of a bi-linear graph 
with a linear elastic segment starting at the origin and continues at a uniform gradient 
up to the point of steel yielding. The second and final segment is the inelastic plastic 
response region which is extended to a bending strain of 7.5%, which is the maximum 
strain permitted for steel reinforcement Class B500C (BS EN 1992-1-1, 2015). 
  
Figure 5.24 – Idealised bi-linear bending stress-strain relationship for SS diaphragm (SE0) 
(Diaphragm 10m high, 0.325m thickness) 
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The idealised bending stress-strain graphs obtained for the 10m deep, SVBS and SS 
diaphragms are plotted respectively in blue and red colour in Figure 5.25. From Figure 
5.25 it can be observed that the bending-stress in the SVBS diaphragm is 40% higher 
than in the SS diaphragm in the plastic response region. The idealised graph in Figure 
5.25 for the SVBS diaphragm reveals a transitional behaviour from the first linear 
elastic region and the third inelastic plastic region. This transitional behaviour is 
reflective of the diffused crack propagation in the SVBS diaphragm as corroborated 
by the maximum principal strain contour plots in the next Section 5.4.6. This 
transitional bending stress-strain behaviour is not manifested in the SS diaphragm 
idealised curve. The SS diaphragm response reveals a quasi-abrupt change in stiffness 
between the initial linear elastic branch and the low-gradient inelastic-plastic branch. 
 
 
 
5.4.6 Maximum Principal Strain 
 
Figures 5.26 and 5.27 show the maximum principal strain contours at the last 
increment for the SVBS (VE0) and SS (SE0) diaphragm respectively from the 2D-
SNLMCA.  
  
Figure 5.25 – Idealised bending stress-strain relationships for a 10m high, 325mm 
thickness, SVBS (VE0) and SS (SE0) diaphragms 
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Figure 5.26 – 2D-SNLMCA, 34m span, 10m deep, SVBS diaphragm (VE0) (Type A) - 
Maximum principal strain contour plot at the final increment (EMax, Tensile=8.2%) 
 
 
Figure 5.27 – 2D-SNLMCA, 34m span, 10m deep, SS diaphragm (SE0) - Maximum 
Principal strain contour plot at the final increment (EMax, Tensile=8.7%) 
 
Chapter 5 Transmutation of SVBS Diaphragms into 3D-Kirchhoff Beams 
  
 
Page 175 
The simply supported, 325mm thick diaphragms in Figures 5.26 and 5.27 have a span 
of 34m and a depth of 10m. Through the application of symmetry only half of the 
diaphragm span is modelled in Figures 5.26 and 5.27 and the right-hand edge in the 
figures coincides with the diaphragm centre. The bending stress-strain curves for the 
34m span, SVBS (VE0) and SS (SE0) diaphragms are shown respectively with a blue 
line in the graphs of Figures 5.23 and 5.24. The maximum principal strain value (Emax, 
Tensile) in the concrete at the last increment in the two diaphragms is of the same order.  
 
Figures 5.26 and 5.27 show the different crack pattern, between the SVBS (VE0) and 
SS (SE0) diaphragm. The SS (SE0) diaphragm maximum principal strain plot in 
Figure 5.27 reveals concentrated concrete cracking in the mid span region (coincides 
with the right hand edge of the diaphragm model) which does not extend beyond one-
fifth of the diaphragm span centre. On the other hand, the SVBS (VE0) diaphragm in 
Figure 5.26 reveals a contrasting crack pattern to the solid diaphragm in the form of 
a largely diffuse cracking zone. 
 
The distributed cracking in the SVBS (VE0) diaphragm extends up to two-thirds from 
the diaphragm span centre along the tension face. The crack propagation in the SVBS 
(VE0) diaphragm extends to an area 60% larger than in the corresponding SS (SE0) 
diaphragm case. This diffused cracking at the last converged increment preceding the 
failure was also evidenced in the simply supported nonlinear analysis of the 
spherically voided slab in Section 5.3.4. The tensile cracking in the SS (SE0) 
diaphragm radiates outwards from the centre of the tensile chord in a continual 
uninterrupted manner. The tensile cracking in the SVBS (VE0) diaphragm radiates 
discretely, and is localised, in the circular voids and in the vertically intermediate 
concrete solid sections between the circular voids.  
 
The failure of both diaphragms occurred when the minimum principal stress (SMin-
Compressive) in the 2D-PS continuum elements exceeded the 30N/mm
2 uniaxial cylinder 
compressive stress of concrete. The (SMin-Compressive) recorded at the final increment 
was comparable for both the SS (SE0) and SVBS (VE0) diaphragms. This maximum 
concrete compressive stress at the final increment was attained at relatively divergent 
levels of steel reinforcement strains between the two slab types.  The ultimate strain 
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at failure measured in the steel reinforcement bars in the tension face, of the SS (SE0) 
and the SVBS (VE0) diaphragm was 5.7% and 2.3% respectively. This implies that, 
for any given diaphragm curvature, the concrete in the SVBS (VE0), due to the 
presence of the voids, is stressed at a higher level than in the SS (SE0) diaphragm. A 
higher-grade concrete is therefore required in the SVBS (VE0) diaphragm to attain 
the same level of steel reinforcement strain levels, and consequently the same 
deformation levels, as in the SS (SE0) diaphragm. In both diaphragm types the steel 
reinforcement reached the yield strain of 0.25% well before the diaphragm reached 
the ultimate compressive strain of concrete of 0.35%; signifying under-reinforced 
section behaviour.  
 
Figure 5.28 shows that the deflection at failure in the 10m deep SS (SE0) diaphragm 
of 248mm exceeded the deflection of the corresponding SVBS (VE0) diaphragm of 
218mm by 14%. This difference is due to the low levels of steel reinforcement strain 
developed in the SVBS (VE0) diaphragm when the concrete reached a uniaxial 
compressive strength of 30N/mm2. A higher-grade concrete in the SVBS (VE0) 
diaphragm would have enabled larger strains and deformations. This fact was 
corroborated by the total plastic work carried out by the SS (SE0) diaphragm in the 
nonlinear finite element analysis being more than twice the total plastic work carried 
out by the SVBS (VE0) diaphragm.  
 
Figure 5.28 shows that the ultimate superimposed in-plane diaphragm load at failure 
was registered at 248N/mm (100%) for the SS (SE0) diaphragm and 218N/mm (88%) 
for the SVBS (VE0) diaphragm. The SVBS (VE0) diaphragm therefore sustained 12% 
less in-plane diaphragm superimposed loading compared to the equivalent SS (SE0) 
diaphragm. This fact is attributable to the higher bending-stresses in the SVBS (VE0) 
diaphragm which resulted in the concrete reaching the ultimate compressive stress 
early into the plastic phase. 
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5.5 HARDENING RULE FOR KIRCHHOFF BEAM ELEMENTS 
 
5.5.1 Introduction 
 
The objective of this Section is the derivation of the nonlinear hardening convention 
of the 3D Kirchhoff beam elements, to replicate explicitly the in-plane diaphragm 
flexural behaviour of the SVBS and SS reinforced concrete diaphragm. The hardening 
convention (also referred to as the hardening rule, hardening parameter or plastic 
modulus) is the gradient 
p
d
d


 
 
 
 which is used to describe the post-yield relationship 
between the stress rate and the plastic strain rate (Becker, 2000). The derivation of the 
hardening convention is based on the idealised bending stress-strain relationships 
shown in Figure 5.25. The proposed Kirchhoff beam elements were adopted in the 
NLTDA of the SVBS, and the SS diaphragm, in Chapter 6. 
 
 
 
  
Figure 5.28 – Load-Deflection relationships for a 10m high, 325mm thickness, SVBS 
diaphragm (VE0) and SS diaphragm (SE0) 
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Figure 5.29 – Idealised bending stress-strain graph for a 10m high, 325mm thickness SS 
(SE0) diaphragm having a reinforcement density of 1260mm2/m 
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Figure 5.30 – Nonlinear hardening material convention for a 10m high, 325mm thickness 
SS (SE0) diaphragm having a reinforcement density of 1260mm2/m 
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5.5.2 Nonlinear Hardening Convention  
 
The idealised bending stress-strain relationship for a 10m deep, 325mm thickness SS 
(SE0) and SVBS (VE0) reinforced concrete diaphragm reinforced with a steel 
reinforcement density of 1260mm2/m was designed in Section 5.4.5 and the results 
plotted in the graph of Figure 5.25. The derivation of the nonlinear hardening 
convention is presented in Figures 5.29 and 5.30 for the SS (SE0) diaphragm and in 
Figures 5.31 and 5.32 for the SVBS (VE0) diaphragm. 
 
Figures 5.29 and 5.31 display the proposed bi-linear and tri-linear bending stress-
strain elasto-plastic relationship for a SS (SE0) and SVBS (VE0) diaphragm 
respectively derived in Section 5.4.5. The elastic branch of the SS and SVBS idealised 
relationship, shown respectively in Figures 5.29 and 5.31, is extended, in red colour, 
from the diaphragm yield bending stress of (σy) up to the ultimate diaphragm bending 
stress (σu). The extended elastic branch is used to calculate the equivalent plastic strain 
( )pn  of the respective diaphragm from the yield bending-stress (σy) up to the 
ultimate diaphragm bending-stress (σu). The equivalent plastic strain ( )pn  from the 
graphs of Figures 5.29 and 5.31 is respectively used to derive the nonlinear material 
hardening convention of the SS and SVBS diaphragms which are shown respectively 
in the graphs in Figures 5.30 and 5.32.  
 
The nonlinear hardening convention for the SS (SE0) diaphragm is based on a Von 
Mises stress potential model with a single hardening gradient C1 as shown in the graph 
of Figure 5.30. The nonlinear hardening convention for the SVBS (VE0) diaphragm 
is based on a Von Mises stress potential model with two hardening gradients C1 and 
C2 as shown in the graph of Figure 5.32. 
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Figure 5.31 – Idealised bending stress-strain graph for a 10m high, 325mm thickness SVBS 
(VE0) diaphragm having a reinforcement density of 1260mm2/m 
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Figure 5.32 – Nonlinear hardening material convention for a 10m high, 325mm thickness 
SVBS (VE0) diaphragm having a reinforcement density of 1260mm2/m 
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5.5.3 Transmutation of 2D-SNLMCA Diaphragm into 3D Kirchhoff Beam  
 
The objective of this Section is compiling the Von-Mises nonlinear hardening 
convention for the SS (SE0) and SVBS (VE0) diaphragm into the material properties 
of the 3D Kirchhoff beam element.  
 
The 3D Kirchhoff beam element is assigned identical elastic and plastic material and 
geometric properties as the respective 10m high and 0.325m thick reinforced concrete 
SS (SE0) or SVBS (VE0) diaphragm being investigated. The elastic material 
properties from the initial elastic branch shown in the bending stress-strain graphs in 
Figures 5.29 and 5.31, up to the material yield bending stress of (σy) are assigned to 
the elastic properties of the Kirchhoff beam respectively for the SS (SE0) and SVBS 
(VE0) diaphragms. The nonlinear hardening conventions in the graphs in Figures 5.30 
and 5.32 for the SS (SE0) and SVBS (VE0) diaphragms respectively are compiled into 
the finite element plastic material properties of the Kirchhoff beam element of each 
respective diaphragm.  
 
The 3D Kirchhoff thin beam finite element does not incorporate the numerical 
concrete model in LUSAS. The additional sources of failure captured by the 
numerical concrete material model effectively render the 3D solid and 2D-PS 
continuum models softer than the Von Mises thin beam model. The importance of 
this issue is also recognised by LUSAS in view of the significant benefits of using 
beam elements in a model (LUSAS Technical Support, 2018). To this end LUSAS 
are at present developing 2D and 3D, thick cross-section beams that can incorporate 
the nonlinear smoothed multi-crack concrete model (109). The software development 
extends to composite beams that can model concrete with the presence of 
reinforcement. This state-of-the-art finite element technology is scheduled for release 
in the future (LUSAS Technical Support, 2018). The work in this thesis develops a 
potential approach for the seismic analysis of SVBS diaphragms that can make use of 
this state-of-the-art finite element technology.  
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The discrepancy in the material stiffness between the more realistic continuum finite 
element models using the concrete numerical model and the stiffer thin beam models 
using a Von-Mises material model is hereby being addressed using the present-
available finite element technology.  
 
The differences obtained in the stiffness between the 2D continuum numerical-
concrete models and the 3D Kirchhoff thin-beam models can be effectively addressed 
through the modification of the nonlinear hardening convention in the Von Mises 
material model. The remodelling of the hardening convention involves an iterative 
process of modification and verification. The process is composed of the remodelling 
of the strain-hardening convention and the subsequent verification of the load-
deflection response of the 3D thin-beam Kirchhoff model. The verification is carried 
out by the superimposition of the load-deflection response from the 2D continuum 
numerical concrete plane-stress model over the 3D Kirchhoff thin-beam Von Mises 
model. The measurement of the load-deflection response from the finite element 
model is directly from the finite element results output. 
 
The graphs in Figures 5.33a and 5.34a show respectively the SS (SE0) and SVBS 
(VE0) diaphragm load-deflection response for a diaphragm aspect ratio of (3.4). The 
graphs display the 3D Kirchhoff thin beam Von Mises material-model load-deflection 
response superimposed over the 2D PS numerical concrete material-model response. 
The Kirchhoff thin-beam models have been iteratively refined resulting in a single, 
unique, nonlinear material hardening convention for the individual 10m deep SS 
(SE0) and SVBS (VE0) diaphragm being investigated in this section.  
 
The 3D Kirchhoff thin-beam SS (SE0) and SVBS (VE0) diaphragm, models were 
refined and verified for diaphragms having an aspect ratio of (3.4). The aspect ratio 
of (3.4) corresponds to the aspect ratio of the idealised-test-building-model, of an 
experimental test structure described in Chapter 4, which shall be investigated in the 
NLTDA of Chapter 6. The performance of the 3D Kirchhoff thin-beam SS (SE0) and 
SVBS (VE0) diaphragm models was additionally analysed on 10m deep diaphragms 
having aspect ratios of (6.8) and (10.2). The graphs in Figures 5.33 and 5.34, 
respectively for the SS (SE0) and SVBS (VE0) diaphragm also display the 3D 
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Kirchhoff thin beam Von Mises model load-deflection response superimposed over 
the 2D plane-stress concrete-numerical-model response for diaphragms having aspect 
ratios of (6.8) and (10.2). The graphs show a good correlation between the load-
deflection response of the 2D continuum plane-stress models and the 3D Kirchhoff 
beam elements at all the three aspect ratios (3.4, 6.8, 10.2). The Kirchhoff thin-beam 
elements allow detailed, direct and effective calibration whilst also exhibiting very 
good nonlinear convergence with a long plastic plateau.  
 
Figure 5.33:  Load-Deflection graphs - SS (SE0) Diaphragm – Comparison of the 2D-SNLMCA 
FE model and 3D Kirchhoff beam element model 
 
 
Figure 5.33a: Diaphragm aspect ratio of 3.4  
 
 
Figure 5.33b: Diaphragm aspect ratio of 6.8 
 
 
Figure 5.33c: Diaphragm aspect ratio of 10.2 
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Figure 5.34:  Load-Deflection graphs – SVBS (SE0) Diaphragm – Comparison of the 2D-
SNLMCA model and 3D Kirchhoff beam element model 
 
 
Figure 5.34a: Diaphragm aspect ratio of 3.4  
 
Figure 5.34b: Diaphragm aspect ratio of 6.8 
 
Figure 5.34c: Diaphragm aspect ratio of 10.2 
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5.6 CONCLUSIONS 
 
The out-of-plane slab analysis of the SS and SVBS showed that the disparity between 
the moment-curvature response of the two slab types is concentrated in the cracked-
linear response region. The out-of-plane flexural capacities of SVBS slabs, subject to 
uniform loads, are close to SS of equal dimension when considering longer span slabs. 
At the higher stress levels the SS is only marginally stronger and generates marginally 
lower bending stress levels than the SVBS slab for the same bending strain 
deformation. For the same superimposed loading level, the SVBS has an additional 
reserve of strength, shown by a higher material utilisation factor, in the concrete and 
steel reinforcement. The results show that the SVBS is more structurally efficient than 
the SS because it can sustain a higher load, multiple of its own weight, than the 
equivalent SS. Failure of the SS occurs by the localised accumulation of tensile cracks 
concentrated near the slab centre whilst failure in the SVBS is through a quasi-even 
distribution of tensile cracking over a much larger area. 
 
Novel modelling techniques were investigated, using 2D continuum plane-stress (2D-
PS) finite element models engaged in 2D static nonlinear moment-curvature analysis 
(2D-SNLMCA) to capture the behaviour of the 3D-SVBS diaphragms. The new 
approach, verified using the 3D-solid-continuum FE modelling validated in Chapter 
4, captures the 3D-SVBS diaphragm response by the FE modelling of a partially-
perforated 2D-PS diaphragm. A method is devised for the 2D-PS models to directly 
emulate the 3D-SVBS diaphragm behaviour by converting their 3D properties into 
2D-PS diaphragm geometry using a simple geometric-volumetric conversion 
procedure without using 3D-Solid-Continuum NLFEA. 
 
The moment-curvature graphs for the SVBS diaphragm reveals a transitional 
behaviour in the cracked-linear response region of the graph. This transitional 
behaviour is less pronounced in the SS diaphragms which proceeds from the initial 
uncracked-linear response region to the final inelastic regions of the graph through a 
more modest cracked-linear region. This intermediate behaviour in the SVBS 
diaphragm is reflective of the diffused crack propagation in the SVBS diaphragm as 
corroborated by the maximum principal strain contour plots. This pronounced 
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cracked-linear response region in the SVBS will be examined in more detail in 
Chapter 6 to draw out any energy-dissipation, and material-strength, considerations 
which are relevant to SVBS diaphragm seismic analysis. 
 
The maximum compressive stress recorded at the final increment of the NLFEA was 
comparable in the SS and SVBS diaphragms. The ultimate strain at failure registered 
in the steel reinforcement bars in the tension face of the SS diaphragm was however 
more than twice the steel strain in the SVBS diaphragm. For any given diaphragm 
curvature, the concrete in the SVBS diaphragm, due to the presence of the voids, is 
stressed at a higher level than in the SS diaphragm. Chapter 6 investigates the use of 
a higher-grade concrete in the SVBS diaphragm to encourage the release of the 
remaining plasticity retained in the steel reinforcement to attain the same steel 
reinforcement strain levels, and consequentially the same plasticity levels, as in the 
SS diaphragm.  
 
The nonlinear finite element transformation of the diaphragm structural response into 
3D Kirchhoff beam elements requires the modification of the nonlinear hardening 
convention to account for the discrepancy in the material stiffness between the 3D / 
2D-continuum FE models and the Kirchhoff beam element model. The 3D / 2D 
continuum FE models actively engage the numerical concrete model in LUSAS and 
the stiffer Kirchhoff beam models use a Von-Mises material model. This discrepancy 
is recognized by LUSAS (LUSAS Technical Support, 2018) who are at present 
developing 2D and 3D, thick cross-section beams that incorporate the numerical 
concrete model. The work in this thesis develops a potential approach for the seismic 
analysis of SVBS diaphragms that can make use of this state-of-the-art finite element 
technology in the future. The variable stiffness between the two material models can 
however be effectively addressed, using the present-available finite element 
technology, through the iterative remodelling of the nonlinear hardening convention 
in the Von Mises material-model to mirror the load-deflection and moment-curvature 
response of the 3D Kirchhoff beam model to the response of the 2D-plane stress 
model. 
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CHAPTER 6 NONLINEAR TRANSIENT DYNAMIC 
ANALYSIS OF DIAPHRAGM SEISMIC 
RESPONSE 
 
 
6.1  INTRODUCTION 
 
The objective of this chapter is the examination of the seismic response of spherically 
voided biaxial slab (SVBS) diaphragms, and hybrid slab (HS) diaphragms, using a 
three-dimensional nonlinear finite element analysis model of the idealised-test-
building-model, of an experimental test structure, described in Chapter 4. The 
nonlinear transient dynamic analysis (NLTDA) is facilitated by the transmutation, of 
the in-plane diaphragm bending behaviour of the SVBS, and HS diaphragms into 
three-dimensional Kirchhoff thin beam finite elements. The transmutation 
methodology was implemented in Chapter 5 by designing the nonlinear hardening 
convention of 3D Kirchhoff beam elements to replicate explicitly, the nonlinear in-
plane diaphragm behaviour of the SVBS diaphragms. The same transmutation 
methodology was applied, in this chapter, to assess the nonlinear response of the 
reinforced concrete shear walls and columns used in the NLTDA model. The 3D 
NLTDA was implemented using the calibrated and optimised HHT algorithm verified 
in Chapter 3. 
 
The principal aim in the assembly of the NLTDA model was to investigate the seismic 
demand in SVBS and HS diaphragms and overcoming some of the challenges 
observed by Schoettler (2010) in precast-concrete diaphragms. Schoettler’s (2010) 
transient dynamic analysis model of the same 3-storey experimental-test-building-
model, described in Chapter 4, provided a very rigid predicted response. The main 
problem with Schoettler’s model was that the diaphragms and the material model for 
both the diaphragms and columns was linear elastic without any post yield nonlinear 
inelastic excursions. Schoettler (2010) overcame this issue by extending the model 
diaphragm span, by a factor of around 3, from 34m to 92m, and extending the number 
of model floors from three to eight floors. This adjustment enabled the transient 
dynamic analysis model to activate the diaphragm response. This thesis proposes an 
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approach to overcome this issue by assembling an entirely nonlinear model, including 
flexible nonlinear behaviour of the shear walls and columns, at each floor level. 
Section 6.2 upgrades the SVBS diaphragm (VE0) investigated in Chapter 5 to SVBS 
diaphragm (VD0) to sustain a higher superimposed loading. The higher seismic 
weight is mandatory in order to increase the diaphragm seismic dynamic demands to 
a level consistent with the proposed in-plane strength levels of the proposed HS 
diaphragms. Section 6.2 shows the design of three HS diaphragms (VC0, VB0, VA0) 
which are variants of this upgraded SVBS diaphragm (VD0). The HS diaphragms 
(VC0, VB0, VA0) increase the in-plane bending moment diaphragm capacity of the 
SVBS diaphragm (VD0) up to 72,000kNm. Four cases were investigated with in-
plane bending moment capacities of 42,000, 52,000, 62,000 and 72,000kNm. The 
design of the three HS diaphragms in Section 6.2 incorporated the consideration of 
the curvature-ductility (Park et al., 1975) and the bending-rigidity (Hsu et al., 2010) 
of the proposed nonlinear diaphragms. The SVBS and HS diaphragms, were 
investigated and compared with their corresponding solid slab (SS) diaphragms. 
 
Section 6.3 describes the seismic ground motion record used for the three NLTDA 
models used to test the diaphragms at three levels of Peak Ground Acceleration 
(PGA). The reinforced concrete shear wall and double-column nonlinear models 
assembled at every floor level of each NLTDA model are presented in this Section. 
In addition, diaphragm mass-lumping assignment to the NLTDA model is defined in 
this Section. 
 
Section 6.4 examines the diaphragm seismic response using NLTDA at three levels 
of PGA for eight diaphragm types namely, one SVBS diaphragm (VD0), three HS 
diaphragms (VC0, VB0, VA0) and the four corresponding SS diaphragms (SD0, SC0, 
SB0, SA0). The results are investigated for diaphragm acceleration magnification 
factor, diaphragm peak moment and curvature demands, diaphragm bending moment 
utilisation factor, diaphragm bending-rigidity utilisation factor and diaphragm strain 
energy dissipation. 
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6.2 SVBS DIAPHRAGM AND HYBRID VARIANTS 
 
The SVBS and HS diaphragms, which are analysed in the NLTDA model, in this 
chapter, have been designed to sustain a safe superimposed out-of-plane loading of 
7.5kN/m2. A safe superimposed out-of-plane loading of 7.5kN/m2 corresponds to high 
specification office-imposed loading (5.0kN/m2) with an additional (2.5kN/m2) for 
superimposed dead loading (Goodchild et al., 2009). This superimposed loading is 
consistent with one of the principal general use of voided slabs namely in office 
developments, with the other principal use being car parking structures (Wolski, 
2006). This higher seismic weight is required in order to increase the seismic dynamic 
demands to a level proportionate to the proposed in-plane strength levels of the 
designed hybrid diaphragms in this section. SVBS diaphragm (VD0) shall be 
reinforced at the next reinforcement level anticipated in Figure 5.6c in Chapter 5 to 
sustain a safe superimposed out-of-plane load of 7.5kN/mm2 and an ultimate 
diaphragm in plane ultimate bending moment of resistance of 42,000kNm as shown 
in Figure 6.1. 
 
The objective of this section is the design of three distinct hybrid-variants of the SVBS 
diaphragm (VD0) to increase the diaphragm in-plane bending moment of resistance 
of the SVBS diaphragm up to 72,000kNm in three intervals of 10,000kNm. The three 
HS diaphragm types have three equidistant ultimate moment of resistance namely of 
52,000kNm (Type VC0), 62,000kNm (Type VB0) and 72,000kNm (Type VA0) as 
shown in the moment-curvature graph in Figure 6.1. The moment-curvature graphs 
of the corresponding SS diaphragms are shown in Figure 6.2. The three HS 
diaphragms (VC0, VB0, VA0), together with the SVBS diaphragm (VD0) were 
examined using 3D NLTDA in Section 6.4. The lower-reinforced SVBS diaphragm 
(VE0) and the corresponding SS diaphragm (SE0) analysed in Chapter 5 are 
respectively included in the graphs in Figures 6.1 and 6.2 for comparison.  
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Figure 6.1 – Moment-Curvature graphs for the SVBS / HS diaphragms  
(34m span, 0.325m high, 10.05m deep) 
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Figure 6.2 – Moment-Curvature graphs for the SS diaphragms 
(34m span, 0.325m high, 10.05m deep) 
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Two additional criteria, described hereunder, namely curvature ductility and bending 
rigidity, have been incorporated in the design of the selected HS diaphragms. 
 
i) Curvature-Ductility 
Park et al. (1975) attest that the ductility of reinforced concrete sections can be 
expressed by the curvature ductility ratio (φu /φy) where (φu) is the curvature at the 
end of the post-elastic range and (φy) is the curvature at first yield. This expression 
assumes that flexural deformation predominates (Park et al., 1975). The curvature 
ductility characterises the deformation capacity of flexural members after yielding 
and their ability to dissipate energy (Buyukozturk, 2004). An important consideration 
in the determination of the required seismic resistance is that the estimated maximum 
curvature ductility demand during shaking (φmax /φy) does not exceed the curvature 
ductility potential (φu /φy) (Paulay et al., 1992).  
 
The capacity of a segment (having unit length) of a flexural section, to develop post-
elastic deformations, and therefore to dissipate energy, can be quantified through the 
curvature-ductility factor (Park et al., 1975). The curvature-ductility factor is a 
measure of the inelastic deformation that can be sustained by the reinforced concrete 
section before failure. A higher curvature-ductility will indicate a more ductile 
section. The variables (φu) and (φy) are extracted from the measured direct strains in 
the top and bottom bars of the nonlinear finite element analysis from the 2D static 
nonlinear moment-curvature analysis (SNLMCA) of the SVBS/HS diaphragm 
models. (φmax) is the maximum curvature demand output from the 3D-NLTDA.  
 
ii) Bending-Rigidity 
The bending-rigidity of a cracked concrete member, by definition, is the bending 
moment per unit curvature (M /φ) where (M) is the applied diaphragm bending 
moment and (φ) is the diaphragm curvature (Hsu et al., 2010). The bending-rigidity 
measured at the mid-span of the diaphragm gives a measure of the resistance offered 
by the diaphragm in bending. The bending rigidity at first yield is equal to (My /φy), 
where (My) is the yield moment and (φy) is the curvature at first yield. The ultimate 
bending rigidity is equal to (Mu /φu), where (Mu) is the ultimate moment of resistance 
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of the diaphragm and (φu) is the diaphragm ultimate curvature before failure. Similar 
to the case for curvature-ductility the member curvatures, (φy) and (φu), are extracted 
from the 2D-SNLMCA SVBS/HS diaphragm models. 
 
All the finite element 2D-SNLMCA diaphragms modelled in this section are based 
on the following criteria: 
 
i) The HS-variants to the SVBS diaphragms are designed using a composition of a 
spherically-voided web diaphragm area and solid reinforced concrete chord areas 
placed at the top and bottom edges of the diaphragm as shown in Figures 6.3 and 
6.4 respectively for the HS diaphragms having 1m wide and 2m wide solid 
chords.  
 
ii) All the 2D-SNLMCA diaphragm models in this chapter have an overall depth of 
10.05m and a span of 34m and a thickness of 0.325m. These diaphragm span and 
depth dimensions correspond to the diaphragm dimensions of the DSDM 3-
storey experimental-test-building-model, described in Chapter 4.  
 
iii) In all diaphragm types in this chapter the provided reinforcement is divided 
equally between the top and bottom faces of the slab diaphragm.  
 
iv) The 2D-SNLMCA diaphragm models in this section exploit the use of symmetry 
by the modelling of only half of the diaphragm span and assigning horizontal 
support attributes to the finite-element model mid span boundary. 
 
v) The SS diaphragms, corresponding to the HS diaphragms, have the same 
concrete grade and the same steel reinforcement area provided in the chord and 
the web area. The only difference between the HS diaphragms and their 
corresponding SS diaphragm are the absence of void formers from the web area 
in the SS diaphragms. The steel reinforcement configuration of the solid-chord 
sections of the diaphragm is the same for both the hybrid and the solid diaphragm. 
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Figure 6.3 – 2D-SNLMCA model of perforated diaphragms (VA0, VB0) (Note: support 
assignments are shown in blue arrows, applied loads are shown in red arrows) 
 
 
Figure 6.4 – 2D-SNLMCA model of perforated diaphragm (VC0) (Note: supports 
assignments are shown in blue arrows, applied loads are shown in red arrows) 
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vi) All the SVBS diaphragms, and the spherically voided areas in HS diaphragms, 
have an array of 225mm diameter spherical voids at a centre-to-centre spacing of 
250mm. 
 
vii) In all the SVBS diaphragms and HS diaphragms the spherically voided web area 
is reinforced with a total of 1712mm2/m. The corresponding solid diaphragms 
have the same web reinforcement area of 1712mm2/m.  
 
6.2.1  SVBS Diaphragm Type VD0 (C30) and Variants 
 
SVBS diaphragm VD0(C30) was investigated using 2D-SNLMCA at three 
increasingly higher concrete grades in steps of 10N/mm2, up to grade C60. Figure 6.5 
and Table 6-1 show the cases considered. The increase in the SVBS diaphragm 
concrete grade from C30 to higher grades increases the diaphragm yield moment by 
17% and the ultimate bending moment by 5% and enabled the diaphragm to proceed 
only slightly further into the post yield region (Figure 6.5). This was evidenced by a 
modest increase (from 1.7% to 2.4%) of the steel tensile strain at failure (εx). 
  
 
 
Figure 6.5 – Moment-Curvature graphs for SVBS-diaphragm (VD0) and its variants 
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Table 6-1 SVBS diaphragm type VD0 and variants 
– 2D-SNLMCA finite element analysis results – 
DIAPHRAGM 
TYPE 
Type VDO 
(voided) 
Type VD1 
(voided) 
Type VD2 
(voided) 
Type VD3 
(voided) 
Type SD0 
(solid) 
Concrete Grade C30 C40 C50 C60 C30 
Yield Moment 
(My) [kNm] 
34,800 40,600 40,600 40,600 35,500 
Ultimate 
Moment (Mu) 
[kNm] 
42,000 43,700 44,200 44,000 45,800 
Curvature at 
Yield (Φy) [/m] 
3.41E-4 4.70E-4 5.84E-4 4.19E-4 2.90E-4 
Ultimate 
Curvature (Φu) 
[/m]  
1.97E-3 2.64E-3 2.30E-3 2.15E-3 4.09E-3 
Curvature 
Ductility  
(Φu / Φy) 
5.78 5.62 3.94 5.13 14.08 
Steel Strain at 
Failure (εx) 
1.70% 2.40% 2.04% 1.94% 3.53% 
Bending 
Rigidity at Yield  
(My) / (Φy) 
[kNm2] 
1.02E+8 0.864E+8 0.695E+8 0.968E+8 1.22E+8 
Ultimate 
Bending 
Rigidity  
(Mu) / (Φu) 
[kNm2] 
0.213E+8 0.166E+8 0.192E+8 0.205E+8 0.112E+8 
Failure Mode Ductile Ductile Ductile Ductile Ductile 
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SVBS diaphragm VD0 (C30) achieved a curvature-ductility of (5.8) which is the 
region of a fully ductile response (Paulay et al. 1992). Table 6-1 shows that the higher 
concrete grades however reduced the diaphragm curvature ductility (φu /φy) of the 
SVBS diaphragm VD0 (C30), by up to 30%. The stronger diaphragms yielded at up 
to a 70% larger yield curvature (φy), compared to SVBS diaphragm VD0 (C30), 
however the higher concrete grades demonstrated only a marginal (15%) 
improvement on the ultimate curvature (φu). This larger increase in (φy) coupled with 
a modest increase in (φu) reduced the curvature-ductility of the higher concrete grade 
SVBS diaphragms. The low curvature-ductility in SVBS diaphragm VD0 (C30) is due 
to a more distributed tensile strain supply in SVBS slabs thereby reducing the 
diaphragm curvature-ductility by 59% from the corresponding SS diaphragm SD0 
(C30). Table 6-1 however shows that, just before failure, SVBS diaphragm VD0(C30) 
has twice the ultimate bending rigidity (Mu /φu) as the SS diaphragm SD0 (C30). This 
implies that at the point of failure the SVBS (VD0- C30) and SS (SD0-C30) 
diaphragms attain the same order of ultimate bending moment levels with the SS 
diaphragm SD0 (C30) however having half the (Mu /φu) of the corresponding SVBS 
(VD0- C30) diaphragm. The diaphragm response incorporating the above similarities 
/ differences in the SVBS and HS diaphragm properties will be analysed in synergy 
with the 15% lighter mass of the SVBS diaphragm (VD0) in the NLTDA in Section 
6.4.  
 
6.2.2  HS Diaphragm Type VA0 (C50) and Variants 
 
HS diaphragm VA0 (C50) and its variants have a central, 8m high, spherically voided 
web and 1m high solid, reinforced concrete, chords at the top and bottom edges of the 
diaphragm as shown in Figure 6.3. The 1m high solid chords are reinforced with a 
total of 6500mm2/m, which amounts to 2% of the solid chord section. Figure 6.6 and 
Table 6-2 show the cases considered. The higher steel percentage at the diaphragm 
chords severely limits the development of the steel tensile strain at failure in HS 
diaphragm VA0 (C50) to (εx=1.3%). This reduces the diaphragm post-elastic response 
to either a brittle, or low ductile failure mode. Despite the inclusion of the solid chord, 
thereby increasing the concrete compressive stress capacity of the diaphragm, 
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diaphragm failure was still dictated by the concrete ultimate compressive stress. The 
higher reinforcement percentage aggravated the low diaphragm ductility by enabling 
only a short post-yield diaphragm deformation branch in the 2D-SNLMCA.  
 
 
 
The curvature ductility of HS diaphragm VA0 (C50) is the lowest from all the 
diaphragms analysed by an average of 40% compared to SVBS diaphragm (VD0) and 
HS diaphragms (VB0, VC0). HS diaphragm VA0 (C50) achieved a curvature-ductility 
of (3.5) which is in the region of a response with restricted ductility (Paulay et al. 
1992). This is considered low when compared to the curvature-ductility of the 
corresponding SS diaphragm SA0 (C50) at (7.8) which is at the upper end of the fully-
ductile response region as defined by Paulay et al. (1992).  
 
 
 
 
 
 
Figure 6.6 – Moment-Curvature graph for HS diaphragm (VA0) and variants 
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Table 6-2 HS diaphragm (VA0) and variants 
 – 2D-SNLMCA finite element analysis results – 
DIAPHRAGM 
TYPE 
Type VA0 
(voided) 
Type VA1 
(voided) 
Type VA2 
(voided) 
Type VA3 
(voided) 
Type SA0 
(solid) 
Concrete Grade C50 C30 C40 C60 C50 
Yield Moment 
(My) [kNm] 
65,200 58,000 58,000 63,800 63,800 
Ultimate 
Moment (Mu) 
[kNm] 
72,500 58,000 65,200 72,700 75,700 
Curvature at 
Yield (Φy) [/m] 
4.26E-4 3.49E-4 3.27E-4 3.27E-4 3.33E-4 
Ultimate 
Curvature (Φu) 
[/m]  
1.53E-3 3.49E-4 6.02E-4 1.53E-3 2.61E-3 
Curvature 
Ductility  
(Φu / Φy) 
3.59 1.00 1.84 4.68 7.83 
Steel Strain at 
Failure (εx) 
1.33% 0.26% 0.49% 1.34% 2.31% 
Flexural 
Rigidity at Yield  
(My) / (Φy) 
[kNm2] 
1.46E+8 1.66E+8 1.77E+8 1.95E+8 1.92E+8 
Ultimate 
Flexural 
Rigidity  
(Mu) / (Φu) 
[kNm2] 
0.474E+8 1.66E+8 1.08E+8 0.475E+8 0.290E+8 
Failure Mode Ductile Brittle 
Low 
Ductile 
Ductile Ductile 
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At the point of failure, the SS diaphragm SA0 (C50) is 60% as rigid and dissipates 
more than twice the energy as the HS diaphragm VA0 (C50) at practically the same 
ultimate bending moment level. This makes SS diaphragm SA0 (C50) the better 
diaphragm for resisting seismic induced ground motion compared to the 
corresponding HS diaphragm VA0 (C50). From Tables (6-1, 6-2, 6-3 and 6-4) it can 
be observed that at the point of failure HS diaphragm VA0 (C50) is the stiffest, having 
twice the bending rigidity out of the other SVBS/HS diaphragms (VD0, VB0, VCO). 
 
Figures 6.7 and 6.8 respectively display the maximum principal strain contour plot of 
HS diaphragm (VA0-C50) and SS diaphragm (SA0-C50) at the last nonlinear analysis 
increment of the 2D-SNLMCA. It can be observed from Figures 6.7 and 6.8 that the 
tensile cracking, at failure, in the HS diaphragm (VA0-C50) is diffused over half the 
diaphragm model area. This diffused cracking is reminiscent of the diffused failure 
crack pattern observed in the out-of-plane analysis in the voided slab in Section 5.3.4 
in Chapter 5. The failure crack pattern in the HS diaphragm (VA0-C50) shows a 
distinction between the lower level of cracking in the chords area and the adjacent 
higher level of cracking in the spherically-voided web area. The formation of diagonal 
shear cracks at the left-hand side of the HS diaphragm, adjacent to the support, can be 
observed in Figure 6.7. The failure crack pattern in the corresponding SS diaphragm 
(SA0-C50) also follows the localised crack pattern observed in the out-of-plane 
analysis for the solid slab in Section 5.3.4 in Chapter 5. The cracking pattern in the 
SS diaphragm (SA0-C50) is localised in one-fourth of the solid diaphragm model area 
and only marginally distinguishes between the higher reinforced chords and the lower 
reinforced diaphragm web area. 
 
In a seismic, cyclic-loading, context the diffused mode of cracking in the HS 
diaphragm (VA0-C50) is favourable over the localised mode of cracking in the SS 
diaphragm (SA0-C50) which suggests a local plastic-hinge formation. The diffusion 
of the damage to a larger diaphragm area through the formation of smaller cracks over 
a larger area, justifies the higher ultimate flexural rigidity (Mu /φu) of the HS over the 
SS diaphragm.  
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Figure 6.7 – 2D-SNLMCA finite element analysis of HS diaphragm (VA0) showing the 
Maximum Principal Strain contours (EMax, Tensile=6.96%) at the final increment  
 
 
Figure 6.8 – 2D SNLMCA finite element analysis of SS diaphragm (SA0) showing the 
Maximum Principal Strain contours (EMax, Tensile=8.51%) at the final increment  
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6.2.3  HS Diaphragm Type VB0 (C40) and Variants 
 
RC HS diaphragm VB0 (C40) has an identical chord / web dimensional configuration 
as hybrid diaphragm VA0 (C50) described in Section 6.2.2. The only difference is in 
the reduced solid chord reinforcement at 4600mm2/m, which is 1.4% of the solid 
chord section. Figure 6.9 and Table 6-3 show the cases considered. The HS diaphragm 
(VB0-C40) configuration has the closest similarity to its corresponding SS diaphragm 
(SB0-C40) from the four SVBS/HS diaphragms analysed. The difference in the yield 
(My /φy) / ultimate (Mu /φu) flexural rigidities, the curvature ductilities (φu /φy) and 
the steel tensile strain at failure (εx) of the HS (VB0-C40) and SS (SB0-C40) is less 
than 20%. When subject to seismic loading the HS diaphragm expends 20% less 
energy and is 20% more rigid, compared to the corresponding SS diaphragm at the 
end of a full-moment-curvature cycle. This difference will be analysed in a seismic 
context and considered in synergy with the 12% less mass of the HS diaphragm 
compared to the SS diaphragm in the NLTDA in Section 6.4.  
 
 
 
 
Figure 6.9 – Moment-Curvature Graphs for HS diaphragm (VB0) and variants 
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Table 6-3 HS diaphragm (VB0) and variants  
– 2D-SNLMCA finite element analysis results – 
DIAPHRAGM 
TYPE 
Type VBO 
(voided) 
Type VB1 
(voided) 
Type VB2 
(voided) 
Type VB3 
(voided) 
Type SB0 
(solid) 
Concrete Grade C40 C30 C50 C60 C40 
Yield Moment 
(My) [kNm] 
52,200 52,200 52,200 52,200 52,200 
Ultimate 
Moment (Mu) 
[kNm] 
62,000 58,700 62,400 63,600 62,800 
Curvature at 
Yield (Φy) [/m] 
3.35E-4 4.59E-4 3.34E-4 3.27E-4 3.26E-4 
Ultimate 
Curvature (Φu) 
[/m]  
2.06E-3 1.17E-3 2.21E-3 2.43E-3 2.54E-3 
Curvature 
Ductility  
(Φu / Φy) 
6.15 2.55 6.62 7.43 7.79 
Steel Strain at 
Failure (εx) 
1.80% 0.98% 2.00% 2.20% 2.20% 
Flexural 
Rigidity at Yield  
(My) / (Φy) 
[kNm2] 
1.56E+8 1.14E+8 1.56E+8 1.60E+8 1.60E+8 
Ultimate 
Flexural 
Rigidity  
(Mu) / (Φu) 
[kNm2] 
0.301E+8 0.502E+8 0.282E+8 0.262E+8 0.247E+8 
Failure Mode Ductile 
Low 
Ductile 
Ductile Ductile Ductile 
 
Chapter 6 Nonlinear Transient Dynamic Analysis of Diaphragm Seismic 
Response 
  
 
Page 203 
The configuration and steel reinforcement ratio of HS diaphragm (VB0-C40) shows, 
from Table 6-3, that the higher concrete grade C60, compensates for the higher 
concrete stress, due to the reduced volume of concrete, in the spherically voided 
diaphragm web. Table 6-3 shows that HS diaphragm (VB3-C60) at 12% less mass, 
attains practically the same levels of ultimate moment, bending rigidity, steel strain at 
failure and curvature ductility as the corresponding SS diaphragm (SB0-C40).  
 
6.2.4  HS Diaphragm Type VC0 (C40) and Variants 
 
RC HS diaphragm VC0 (C40) (Figure 6.10) has a central, 6m high, spherically voided 
web and 2m high solid, reinforced concrete, chords at the top and bottom edges of the 
diaphragm reinforced with a total of 2438mm2/m, which is 0.75% of the solid chord 
section. Table 6-4 shows that the configuration of HS diaphragm VC0 (C40) and the 
corresponding SS diaphragm SC0 (C40) results in the higher curvature ductility (φu 
/φy) values respectively at (6.69) and (13.66) compared to all the other diaphragms 
considered in Tables (6-1, 6-2, 6-3). At a (φu /φy) of (6.69) the HS diaphragm VC0 
(C40) is in the region of a fully ductile response (Paulay et al. 1992). At a (φu /φy) of 
(13.66) the SS diaphragm SC0 (C40) is in the region of ductility beyond usable limit 
response as defined by Paulay et al. (1992). The (φu /φy) of the SS diaphragm SC0 
(C40) being twice that of the corresponding HS diaphragm VC0 (C40) is corroborated 
by the 70% higher steel strain at failure and the 40% lower (Mu /φu) of the SS 
diaphragm SC0 (C40).The 100% higher (φu /φy) in the SS diaphragm SC0 (C40), in 
a seismic loading context, translates into twice the diaphragm deformation capacity 
after yielding and twice the diaphragm’s ultimate ability to dissipate energy 
(Buyukozturk, 2004) compared to the corresponding HS diaphragm VC0 (C40). The 
properties of SS diaphragm SC0 (C40) are partially counterbalanced by the 9% less 
mass of the HS diaphragm VC0 (C40). The (φu /φy) and the steel tensile strain at 
failure (εx) in HS diaphragm VC0 (C40) improve by 45% and (Mu /φu) decreases by 
25% at the higher concrete grades (C50, C60). The higher-grade concrete 
compensates for the higher concrete stress in the diaphragm web due to presence of 
the spherical void formers. This higher concrete compressive stress capacity allows 
the tensile steel reinforcement to develop further into the plastic region, increasing 
the diaphragm ductility and reducing the diaphragm ultimate flexural rigidity. 
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Table 6-4 HS diaphragm (VC0) and variants  
– 2D-SNLMCA finite element analysis results – 
DIAPHRAGM 
TYPE 
Type VCO 
(voided) 
Type VC1 
(voided) 
Type VC2 
(voided) 
Type VC3 
(voided) 
Type SC0 
(solid) 
Concrete Grade C40 C30 C50 C60 C40 
Yield Moment 
(My) [kNm] 
43,500 43,500 43,500 43,500 43,500 
Ultimate 
Moment (Mu) 
[kNm] 
51,700 51,200 53,700 54,400 54,400 
Curvature at 
Yield (Φy) [/m] 
3.26E-4 3.73E-4 2.99E-4 3.09E-4 2.73E-4 
Ultimate 
Curvature (Φu) 
[/m] 
2.18E-3 2.23E-3 2.79E-3 3.03E-3 3.73E-3 
Curvature 
Ductility  
(Φu / Φy) 
6.69 5.98 9.33 9.80 13.66 
Steel Strain at 
Failure (εx) 
1.93% 1.91% 2.50% 2.80% 3.26% 
Flexural 
Rigidity at Yield  
(My) / (Φy) 
[kNm2] 
1.33E+8 01.17E+8 1.45E+8 1.40E+8 1.59E+8 
Ultimate 
Flexural 
Rigidity  
(Mu) / (Φu) 
[kNm2] 
0.237E+8 0.23E+8 0.191E+8 0.18E+8 0.146E+8 
Failure Mode Ductile Ductile Ductile Ductile Ductile 
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Figures 6.11 and 6.12 respectively display the maximum principal strain contour plot 
of HS diaphragm (VC0-C40) and the corresponding SS diaphragm (SA0-C40) at the 
last nonlinear analysis increment of the 2D-SNLMCA. Similar to the observations in 
Figures 6.7 and 6.8 it can be observed from Figures 6.11 and 6.12 that the tensile 
cracking, at failure, in the HS diaphragm (VC0-C40) is diffused over half the 
diaphragm model area. The failure crack pattern in the HS diaphragm (VC0-C40) 
shows a clear distinction between the lower order of cracking in the solid chords area 
and the adjacent higher order of cracking in the spherically-voided web area. Figure 
6.11 hints at the conception of diagonal shear cracks at the left-hand side of the HS 
diaphragm, adjacent to the support. The failure crack pattern in the corresponding SS 
diaphragm (SC0-C40) is localised in one-fourth of the solid diaphragm model area. 
The diffusion of the damage to a larger diaphragm area, through the formation of 
smaller cracks over a larger area, justifies the higher ultimate flexural rigidity (Mu 
/φu) of the HS over the SS diaphragm at the final increment.  
 
 
 
 
Figure 6.10 – Moment-Curvature graphs for HS diaphragm (VC0) and variants 
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Figure 6.11 – 2D-SNLMCA finite element analysis of HS diaphragm (VC0) showing the 
Maximum Principal Strain contours (EMax, Tensile=6.26%) at the final increment  
 
 
 
Figure 6.12 – 2D-SNLMCA finite element analysis of HS diaphragm (VC0) showing the 
Maximum Principal Strain contours (EMax, Tensile=7.66%) at the final increment  
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6.2.5  Material Utilisation Factors 
 
Figures 6.13 and 6.14 show the material utilisation factor for concrete and steel 
reinforcement to the diaphragm in-plane bending moment capacity. The graphs are 
plotted for the SVBS diaphragm (VD0), the three HS diaphragms (VC0, VB0, VA0) 
and for the corresponding SS diaphragms (SD0, SC0, SB0, SA0). The material 
utilisation factor graphs display a middle region, predominantly between the 
diaphragm bending moment capacity values of 15,000kNm to 35,000kNm, where the 
disparity between the utilisation factor of the SVBS/HS and the corresponding SS 
diaphragms is significant.  
 
The diaphragm moment curvature capacity graphs in Figure 6.15 give an insight into 
the reasons for this utilisation factor discrepancy between the SVBS/HS and the SS 
diaphragms. From Figure 6.15 one can observe that the moment-curvature response 
of the SVBS / HD / SS diaphragms is similar in the initial uncracked-linear response 
region of the graph as well as in the post-yield response region of the graph. From 
Figure 6.15 one can observe that in the middle region of the graphs, corresponding to 
the cracked-linear response region, the moment-curvature response of the SVBS/HS 
and SS diaphragms follow distinct paths. In the cracked-linear response region in 
Figure 6.15, all the SVBS/HS diaphragm types, demand a larger diaphragm curvature 
to accommodate the same bending moment level as the corresponding SS diaphragm. 
This additional curvature in the SVBS/HS diaphragms translates into additional steel 
reinforcement extension in the diaphragm tension zone and additional concrete 
compression in the diaphragm compression zone. These additional material demands 
by the SVBS/HS diaphragm form the justification for the reduction of the diaphragm 
material utilisation factor in the middle region (M=15,000kNm to M=35,000kNm) of 
the utilisation factor graphs in Figure 6.13, 6.14. 
 
The seismic implications of the material utilisation factor graphs in Figures 6.13 and 
6.14 are discussed for the diaphragm at the third-floor level of the analytical NLTDA 
of the idealised-test-building-model, of the experimental test structure, described in 
Chapter 4. The full detailed results of the analytical NLTDA are shown in Section 
6.4. 
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Figure 6.13 – Diaphragm material utilisation factor for concrete  
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Figure 6.14 – Diaphragm material utilisation factor for steel reinforcement 
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From the material utilisation factor graphs in Figures 6.13 and 6.14 three particular 
regions of interest can be identified. 
 
i) Moment Demand Region of 15,000kNm 
The material utilisation factor graphs (Figure 6.13, 6.14) for concrete and steel 
reinforcement in the 15,000kNm diaphragm in-plane bending moment region 
revealed a modest average of 33% higher utilisation factor for the SS diaphragm over 
the SVBS/HS diaphragm. The demand for diaphragm seismic-induced bending-
moments in the 15,000kNm region is required when the NLTDA model is subjected 
to a seismic event having a peak ground acceleration (PGA) in the region of (0.32g) 
(Section 6.4). From the NLTDA results in Section 6.4 the peak demand for the in-
plane third floor level diaphragm bending moment at a PGA of (0.32g) varied from 
the lowest at 13,300kNm (SVBS diaphragm VD0) to the highest at 18,400kNm (for 
hybrid diaphragm VB0) (Figure 6.23). 
 
 
  
Figure 6.15– Moment-Curvature graphs for the SVBS / HS / SS diaphragms  
(Note: SVBS/HS diaphragms-solid lines, SS diaphragms-dashed lines) 
 (diaphragm 34.05m span, 0.325m high, 10.05m deep) 
Graphs for SVBS/HS and SS diaphragms shown separately in Figures 6.1 and 6.2 respectively) 
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ii) Moment Demand Region of 30,000kNm 
The material utilisation factor graphs (Figure 6.13, 6.14) for concrete and steel 
reinforcement in the 30,000kNm diaphragm in-plane bending moment region show a 
significant average of 120% higher material utilisation factors for the SS diaphragm 
over the SVBS/HS diaphragms. The demand for diaphragm seismic-induced bending-
moments in the 30,000kNm region is required when NLTDA model is subjected to a 
seismic event having a PGA in the region of (0.64g) (Section 6.4). From the NLTDA 
results in Section 6.4 the peak demand for the in-plane third floor level diaphragm 
bending moment at a PGA of (0.64g) varied from the lowest at 27,800kNm (SVBS 
diaphragm VD0) to the highest at 38,100kNm (SS diaphragm Type SA0) (Figure 
6.25). 
 
iii) Moment Demand Region of 45,000kNm 
The material utilisation factor graphs (Figure 6.13, 6.14) for concrete and steel 
reinforcement in the 45,000kNm diaphragm in-plane bending moment region show 
an average of 30% higher utilisation factors for the SS diaphragm over the SVBS/HS 
diaphragm. The demand for diaphragm seismic-induced bending-moments in the 
45,000kNm region is required when the experimental test structure is subjected to a 
seismic event having a PGA in the region of (0.96g). From the NLTDA model results 
in Section 6.4 the peak demand for the in-plane diaphragm bending moment at the 
third-floor level diaphragm at a PGA of 0.96g varied from the lowest at  28,000kNm 
(SVBS diaphragm VD0) to the highest at 48,900kNm (HS diaphragm VA0) (Figure 
6.27). 
 
From the material utilisation factor graphs in Figures 6.13 and 6.14 it can be 
concluded that the difference in the material utilisation factors between the SS and 
the SVBS/HS diaphragm types is the more significant for the SVBS diaphragm 
(VD0). SVBS diaphragm (VD0) is at the lowest, and flexible end, of the diaphragm 
in-plane bending moment capacity from the eight diaphragm types investigated 
(Figure 6.15). 
 
The investigation of the material utilisation factor established that the most significant 
utilisation factor disparity between the SVBS/HS diaphragm and SS diaphragm, is in 
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the middle of the cracked-linear response region up to and including the onset of 
yielding in the moment-curvature graphs (Figure 6.15). In this bending moment 
region, the SVBS/HS diaphragms show a deficiency of 120% material utilisation 
factor when compared to the SS diaphragm counterpart. The seismic implication for 
the NLTDA three-storey idealised-test-building-model, of the experimental test 
structure, described in Chapter 4, was that this moment-curvature graph region is the 
most detrimental during earthquakes having a PGA in the region of (0.64g). This 
implies that during earthquakes of this magnitude (PGA=0.64g) the SS diaphragm at 
the third-floor diaphragm level of the NLTDA test structure will be responding with 
a 120% larger material utilisation factor compared to the corresponding SVBS/HS 
diaphragm. 
 
 
6.3 THE NONLINEAR FINITE ELEMENT MODELS 
 
6.3.1 The El Centro (1940) Ground Motion Record 
 
Figure 6.16 shows the North-South component of the ground motion recorded at a 
site in El Centro, California during the Imperial Valley, California earthquake of the 
18th May 1940 (NISEE, 2016). This version of the record is used for all the nonlinear 
transient dynamic analysis in this Chapter. The record includes 1559 acceleration data 
points in units of (g), the acceleration due to gravity, at equal time intervals of 0.02 
seconds for a total record duration of 31.18 seconds. The El-Centro earthquake record 
has a PGA of (0.32g) as shown in Figure 6.16. The NLTDA used the original El-
Centro earthquake record at a PGA of (0.32g) and two scaled versions of the record. 
The El-Centro ground motion record was scaled, using scaling based on peak ground 
parameters (Elnashai et al., 2008) to a PGA of (0.64g) and a PGA of (0.96g) prior to 
their application respectively in the response history analysis in NLTDA models.  
 
The North-South component of the El-Centro 1940 earthquake record is often used in 
many studies which employ a single input time-history for the earthquake analysis 
(Douglas, 2006). The values of Peak Ground Velocity (PGV) and Peak Ground 
Displacement (PGD) from the El-Centro 1940 earthquake record are slightly 
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conservative and less than would be expected for the associated magnitude (7.1 
Richter scale) and distance (70km) of this record (Douglas, 2006). The El-Centro 
1940 NS component has a high utility for seismic analysis due to the comprehensive 
frequency characteristics of the acceleration record (Bub-Gyu et al., 2014).  
 
 
 
The strong motion in the El-Centro 1940 is located between the 1.5th second up to the 
5.5th second of the record and the record has dominant frequencies in the range of 
0.39Hz to 6.39Hz (Mortezaei et al., 2009). The dominant frequencies of the El-Centro 
1940 record are equivalent to a period (T) in the interval from 0.156s up to 2.56s. This 
period interval (T=0.156s to T=2.56s) corresponds to the natural period range of the 
NLTDA three-storey models in Section 6.4. The El-Centro earthquake acceleration 
changes rapidly with time and the earthquake includes a considerable duration of 
strong shaking (Dowrick, 1987). The consideration for the use of the El-Centro 1940 
earthquake record was mainly due to its characteristics. The El-Centro 1940 record 
was also chosen because it is a well-known accelerogram and its use, as a common 
strong motion record, is firmly embedded within the earthquake engineering practice 
(Douglas, 2006). 
 
 
Figure 6.16 – North-South component of the ground motion recorded at a site in El Centro, 
California during the Imperial Valley Earthquake of May 18, 1940 (NISEE, 2016) 
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6.3.2 Nonlinear Transient Dynamic Analysis Models 
 
The NLTDA in Section 6.4 were conducted using nonlinear, three-dimensional, 
numerical models of the idealised-test-building-model, of an experimental test 
structure, described in Chapter 4. The transmutation methodology proposed in 
Chapter 5 was used to design the 3D Kirchhoff thin beam elements to emulate, and 
replicate explicitly, the finite element moment-curvature response of the three main 
reinforced concrete structural elements namely; the diaphragm floor elements, the 
pinned columns and the end shear walls. NLTDA1 model is shown in its undeformed 
state in Figure D1.1 in Appendix D1 and is shown deformed, by a scale factor, at the 
maximum bending moment demand, for a PGA=0.32g, for SS diaphragm (SD0), in 
Figure 6.17. 
 
 
 
Three nonlinear models (NLTDA 1, NLTDA 2 and NLTDA 3) were assembled with 
distinct shear walls and pinned columns having increasing stiffness to sustain 
increasing seismic demands. Model NLTDA 1 was designed to sustain the original El 
 
 
Figure 6.17 – The deformed 3D Model (NLTDA 1) with SS diaphragm (SD0) showing the 
maximum demand moment contour plots when subject to the El Centro 1940 seismic 
excitation (PGA=0.32g, Bending Moment Demands in Nm) 
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Centro (1940) ground acceleration record at a PGA of (0.32g). Models NLTDA 2 and 
NLTDA 3 were respectively designed to sustain the scaled El Centro (1940) record at 
a PGA of 0.64g and 0.96g. A fourth nonlinear model (NLTDA 4) was assembled to 
sustain the seismic demands from seven artificial seismic records of Eurocode 8 
spectrum-compatible time-histories having an average PGA of 0.34g. The properties 
of the nonlinear models (NLTDA 1, NLTDA 2, NLTDA 3 and NLTDA 4) are 
respectively shown in Tables D1-1, D1-2, D1-3 and D1-4 in Appendix D1. Figure 
D1.2 in Appendix D1 shows the nonlinear moment-curvature response of the pinned 
nonlinear double columns (Type PCA, PCB, PCB) assembled in the nonlinear models. 
Figures D1.3, D1.4, D1.5 in Appendix D1 respectively display the nonlinear moment-
curvature response of the reinforced concrete shear walls assembled in the nonlinear 
models. 
 
6.3.3 Diaphragm Lumped Masses 
 
Figure 6.18 shows the location of the lumped masses at the one-third position of each 
diaphragm span and at the column support centrelines. The lumped masses were 
provided in the direction of excitation only. The three-dimensional NLTDA included 
one component of excitation, in the direction of the transverse diaphragm axis for 
diaphragm in-plane behaviour. The effects of out-of-plane actions, including gravity 
loads and imposed rotations at the vertical elements of the lateral force resisting 
system have been considered for the diaphragm acceleration magnification factor 
(ΩM) and the diaphragm bending moment utilisation factor (BMUF) in Sections 6.4 
and 6.6 respectively. These out-of-plane actions however add a level of complexity 
to the study and, if one is not overtly cautious, could confuse the needed 
understanding of the in-plane diaphragm behaviour (Fleischman et al., 2005b).  
 
Table 6-5 lists the diaphragm seismic masses for the eight diaphragms analysed in the 
NLTDA in Section 6.4; one SVBS diaphragm (VD0), three HS diaphragms (VA0, 
VB0 and VC0) and four corresponding SS diaphragms (SA0, SB0, SC0 and SD0). The 
SS diaphragms (SA0, SB0, SC0 and SD0) are the heaviest with a total mass of the 34m 
long by 10m deep solid diaphragms of 544 tonnes; this mass has been assigned a 
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benchmark (100%) in Table 6-5 for comparison to the other diaphragm types. The 
SVBS diaphragm (VD0) is the lightest at 461 tonnes (85%). HS diaphragms (VA0, 
VB0) having 1m deep solid chords weighs 477 tonnes (88%); a minimal increase of 
3% weight over the SVBS diaphragm. HS diaphragm Type (VC0) having 2m deep 
solid chords weighs 494 tonnes (91%). 
 
  
 
Table 6-5: SVBS / HS / SS diaphragm masses  
- reference Figure 6.18 (Including a superimposed load 7.5kN/sq.m.) 
DIAPHRAGM 
TYPE 
Mass 
M1 
Mass 
M2, M3 
Mass 
M4 
Mass M5, 
M6, M7 
TOTAL MASS  
 kg kg kg kg kg 
(SA0, SB0, 
SC0, SD0) 
19,452 38,903 45,307 51,711 543,685 (100%) 
(VD0) 16,485 32,969 38,396 43,823 460,753 (85%) 
(VA0, VB0) 17,075 34,150 39,771 45,393 477,257 (88%) 
 (VC0)  17,665 35,331 41,147 46,963 493,763 (91%) 
 
Figure 6.18 – NLTDA model showing the position of the floor diaphragm lumped masses 
(with blue discs) Note: Supports are shown in green arrows and prescribed ground accelerations 
are shown in red arrows 
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From Table 6-5, and the graphs in Figures 6.1 and 6.2, one can observe that HS 
diaphragm (VA0), having 1m deep solid chords, can sustain 96% of the ultimate 
moment of resistance that can be sustained by the corresponding solid diaphragm 
(SA0) at a 12% reduction in seismic mass. This reduction in weight between the HS 
and SS diaphragms builds up to 18% for a superimposed load of 2.5kN/m2.  
 
6.3.4 Earthquake Response Spectra Corroborated with the Modal Analysis of the 
NLTDA Models. 
 
Tables 6-6, 6-7 and 6-8 show the modal analysis results for the first 100 modes for 
the nonlinear models NLTDA 1, NLTDA 02 and NLTDA 03 respectively. The first 100 
modes capture a mass participation factor exceeding 90% in the Y-Direction for the 
three models (NLTDA 1, NLTDA 02 and NLTDA 03). Tables 6-6, 6-7 and 6-8 also 
show the response spectra for the undamped time-history record of the El-Centro 
(1940) earthquake having respectively a PGA of 0.32g (Scaling Factor, SF=1), a PGA 
of 0.64g (SF=2) and at a PGA of 0.96g (SF=3) which were used respectively on 
nonlinear models NLTDA 1, NLTDA 02 and NLTDA 03. The Tables corroborate the 
spectral acceleration (Sa) from the response spectrum of the earthquake time histories 
to the frequencies of the Y-direction relevant mass-participating modes of the 
respective nonlinear model. 
 
From Table 6-7 it can be observed that the scaling of the PGA of the El-Centro (1940) 
earthquake by a scaling factor of two doubles the spectral acceleration (Sa) of the 
higher modes (modes 32, 50, 56 and 86) in model NLTDA 2 compared to the (Sa) in 
model NLTDA 1 in Table 6-6. Comparing the first and second lower modes in Tables 
6-6 and 6-7 it can however be observed that, despite the doubling of the PGA, the (Sa) 
of these two lower modes only increases by an average of 15%. This implies that 
whereas the (Sa) of the lower modes in model NLTDA 2 increased by an average of 
15% over that of model NLTDA 1, the (Sa) of the higher modes in model NLTDA 2 
increased by 100%. This shows that the doubling of the PGA increased the (Sa) for 
the higher modes in model NLTDA 2 by more than six times the increase in the (Sa) 
for the lower modes. This relative increased response of model NLTDA 2 to the 
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higher modes translates into a difference in sensitivity of the model between the 
displacement and force responses.  
 
The displacement response is dominated by the lowermost modes which are 
significantly modified by ductility (Priestley et al., 1999). Higher modes, on the other 
hand, remain elastic and the displacement response is very small because of their large 
stiffness resulting in high floor force levels (Priestley et al., 1999). The high floor 
force levels generated in model NLTDA 02 at the higher modes have significant 
implications on the diaphragm acceleration magnification factor (ΩM) as shall be seen 
in Section 6.4.1. 
 
From Table 6-8 it can be observed that the scaling of the PGA of the El-Centro (1940) 
earthquake by a factor of three trebles the spectral acceleration (Sa) of the higher 
modes and doubles the (Sa) of the lowermost mode. This shows that the trebling of 
the PGA increased the (Sa) for the higher modes in model NLTDA 3 by only two times 
the increase in the (Sa) for the lower modes. This is relatively low compared to the 
six-fold difference between the (Sa) values for the higher and lower modes in model 
NLTDA 2. 
 
Chapter 6 Nonlinear Transient Dynamic Analysis of Diaphragm Seismic 
Response 
  
 
Page 218 
Table 6-6: Response spectrum of El Centro 1940 (scaling factor = 1) corroborated with the 
modal analysis of model NLTDA01 
 
El-Centro 1940 (Scaling Factor = 1) Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.273 3.66 3.476 0.66 
08 0.111 8.98 1.694 0.22 
15 0.076 13.15 0.945 0.01 
22 0.050 19.87 0.834 0.02 
33 0.030 33.52 0.402 0.02 
46 0.022 46.35 0.325 0.02 
56 0.017 59.92 0.324 0.01 
87 0.011 94.15 0.322 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA01 
0.97 
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Table 6-7: Response spectrum of El Centro 1940 (scaling factor = 2) corroborated with the 
modal analysis of model NLTDA02 
 
El-Centro 1940 (Scaling Factor = 2) Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.155 6.45 4.117 0.69 
10 0.080 12.54 1.894 0.12 
18 0.054 18.54 1.668 0.01 
20 0.046 21.69 0.805 0.04 
27 0.034 29.34 0.759 0.02 
32 0.027 37.20 0.703 0.03 
50 0.018 57.09 0.649 0.03 
56 0.014 70.49 0.646 0.01 
86 0.009 110.28 0.643 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA02 
0.96 
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Table 6-8: Response spectrum of El Centro 1940 (scaling factor = 3) corroborated with the 
modal analysis of model NLTDA03 
 
El-Centro 1940 (Scaling Factor 03) Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.131 7.66 7.089 0.69 
10 0.068 14.77 2.501 0.08 
20 0.041 24.45 1.207 0.05 
27 0.029 34.56 1.079 0.01 
33 0.025 40.57 1.029 0.03 
50 0.015 67.15 0.970 0.02 
57 0.013 75.30 0.969 0.01 
68 0.011 94.31 0.966 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA03 
0.90 
 
Model NLTDA 4, shown in Table D1-4 in Appendix D, was assembled with distinct 
shear walls and pinned columns having a stiffness designed to sustain the seismic 
demands from the seven Eurocode 8 spectrum-compatible time-histories shown in 
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Appendix D2. The program SeismoArtif was used for generating seven different 
spectrum-compatible accelerograms matched to a specific target response by 
following Eurocode 8 rules. Different spectrum-compatible time histories may 
however give rise to quite different structural responses, and so it is necessary to 
perform several analyses to be sure of achieving representative results (Elghazouli, 
2017). Eurocode 8 (BS EN 1998-1, 2013) specifies that a minimum of three analysis 
under different accelerograms must be performed, but seven is the minimum set size 
to consider the mean structural response as the design value (Elghazouli, 2017). 
 
Appendix D2, Tables D2-2, D2-3, D2-4, D2-5, D2-6, D2-7 and D2-8 show 
respectively the response spectra of the seven Eurocode-8 spectrum-compatible 
accelerograms corroborated with the modal analysis results, through the Y-direction 
spectral acceleration (Sa),  for the first 100 modes for the nonlinear model NLTDA 4. 
Table 6-9 shows the summary properties of the seven generated artificial 
accelerograms. The Arias Intensity (IA), shown in the third column of the Table, is a 
ground motion parameter that captures the potential destructiveness of an earthquake 
as the integral of the square of the acceleration-time history (Travasarou et al., 2003). 
 
Table 6-9: Summary properties for the seven generated artificial earthquake accelerograms 
matched to Eurocode 8 target spectrum  
(reference Appendix D2, Tables D2-2, D2-3, D2-4, D2-5, D2-6, D2-7 and D2-8) 
TIME 
HISTORY 
RECORD 
PGA 
Arias 
Intensity
(IA) 
(Sa) on model 
NLTDA04 at a 
Participation 
Factor of 0.65 
(Mode 2) 
(Sa) on model 
NLTDA04 at a 
Participation 
Factor of 0.16 
(Mode 10) 
 (g) cm/s (g) (g) 
EC8-01 0.388 2.151 1.174 0.614 
EC8-02 0.330 1.890 0.834 0.584 
EC8-03 0.283 1.991 0.807 0.553 
EC8-04 0.368 1.693 0.855 0.586 
EC8-05 0.336 2.047 0.816 0.617 
EC8-06 0.319 1.928 0.821 0.580 
EC8-07 0.357 1.949 0.753 0.559 
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6.4 DIAPHRAGM ACCELERATION MAGNIFICATION FACTOR 
(ΩM)  
 
The determination of floor accelerations is required for obtaining in-plane forces for 
the design of diaphragms and their connections to the primary lateral force resisting 
systems. The floor acceleration magnification factor (ΩM) is hereby being defined as 
the ratio of the maximum floor acceleration to the PGA. It has been reported 
(Fleischman et al, 1998) that damage to diaphragms, and their connections, was a 
major cause of poor building behaviour, and even collapse, during the 1994 
Northridge earthquakes. Nine parking structures that suffered severe damage during 
the Northridge earthquake were investigated by Fleischman et al. (1998). The 
observations by Fleischman et al. (1998) indicated that the damage to the parking 
structures may have been caused by failure of the gravity load system due to large 
displacements (drifts) of the floors at regions away from the shear walls.  Records 
obtained during the Northridge earthquake in multi-storey buildings, other than base-
isolated buildings, showed that floor peak horizontal accelerations were generally 
greater than those recorded at ground level. The maxima floor acceleration 
magnification (ΩM), during the 1994 Northridge earthquake ranged between 1.1 and 
4.6 (Restrepo et al., 2002). 
 
Diaphragm amplification due to flexibility was also recorded in response to the 1984 
Morgan Hill earthquake. The investigations were carried out by Celebi et al. (1989) 
on a reinforced concrete shear-walled, 44m x 34m, single storey, gymnasium roof 
diaphragm, instrumented with accelerometers. Celebi et al. (1989) observed that at a 
PGA of 0.1g and 0.04g in the N-S and E-W directions respectively, the accelerometers 
recorded a respective mid-span floor peak diaphragm acceleration of 0.42g and 0.20g. 
These observations result in floor acceleration magnifications of (4.2) and (5.0) in the 
N-S and E-W directions respectively. Average floor acceleration magnifications of 
(1.4) and (1.7) were reported at the diaphragm ends in the N-S and E-W directions 
respectively. Although the gymnasium roof was not a reinforced concrete diaphragm, 
the observations are consistent with the expectation that diaphragm flexibility in 
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structures with reinforced concrete shear walls can result in significant floor 
acceleration magnification. 
 
Large floor accelerations have been also observed in experimental work. In the 
pseudo-dynamic test of large-scale five-storey precast building reported by Priestly et 
al. (1999). It was found that higher mode force levels at a PGA of 1.0g, resulted into 
in-plane floor forces that were significantly higher than those estimated with the 
Uniform Building Code (ICBO, 1988).  In fact, Priestly et al. (1989) reported that the 
most substantial difference between experiment and design levels were in the floor 
force levels. The experimental floor force levels greatly exceeded the design building 
code values at all heights of the building. At a PGA of 1.0g, the experimental 
diaphragm forces at the 5th floor (725kN) and the 1st floor (600kN) were respectively 
240% and 1200% of the Uniform Building Code (ICBO, 1988) design floor force 
values at the 5th floor (300kN) and the 1st floor (50kN). 
 
The Diaphragm Seismic Design Methodology project (DSDM) (2008) tested, the 3-
storey experimental-test-building-model, described in Chapter 4. Fleischman et al. 
(2009) measured the roof peak floor accelerations using accelerometers mounted on 
the roof diaphragm and scaled up the results to present the full-scale prototype 
structure demands. The experimental test structure was subject to different seismic 
excitations varying from a PGA of 0.22g up to a PGA of 0.61g. Fleischman et al. 
(2009) reported peak roof acceleration magnifications, measured at the centre of the 
third-floor level diaphragm, ranging from a value of 2.54 for a PGA of 0.22g to a 
value of 1.59 for the final earthquake test carried out at a PGA of 0.61g. The 
acceleration magnification value of 1.59 from the final earthquake test is 
conservatively low because, at the final test, the experimental structure had already 
been subject to sixteen significant earthquakes. This considerable amount of relevant 
seismic excitations will have substantially degraded, and softened, the response of the 
concrete structure thereby attenuating the diaphragm acceleration magnification. 
 
The maximum floor acceleration at the centre of the diaphragm at third floor level is 
calculated from the bending moment demands extracted from the NLTDA models 
when subject to the El Centro (1940) record scaled to different PGA levels. The ex-
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traction of the diaphragm peak floor acceleration from the diaphragm seismic bending 
moment demands at the diaphragm centre is based on Newton’s second law of motion 
in (6.1): 
 ( )( )Peak Seismic diaphragm Peak DiaphragmF mass acceleration=   (6.1) 
 
The total uniformly distributed peak in-plane seismic force (FPeak Seismic) acting on the 
diaphragm is obtained from the peak bending moment demand (M Peak Diaphragm) at the 
centre of the third-floor diaphragm measured from the NLTDA models during the 
seismic excitation. The NLTDA showed that the third-floor diaphragm captures the 
largest earthquake demands from the three diaphragm levels during the seismic 
excitations at all PGA levels. The 3D Kirchhoff thin beam elements for the shear walls 
are rigidly connected to the diaphragms. Nevertheless, considering the large 
diaphragm span and the absence of torsional rigidity in the shear wall Kirchhoff beam 
finite elements the diaphragm end supports are assumed to be simple supports. 
 
The maximum mid-span, in-plane bending moment (MPeak Diaphragm) in a simply 
supported diaphragm span subject to a total, in-plane, maximum, uniform seismic line 
load (FPeak Seismic) is (Reynolds et al., 2008): 
 
 
8
Peak Seismic Diaphragm
Peak Diaphragm
F L
M
 
= 
 
  (6.2) 
  
The parameter (LDiaphragm) is the length of the diaphragm at 34m. Expression (6.2) is 
expressed in terms (FPeak Seismic) 
 
 
( )8Peak Diaphragm
Peak Seismic
Diaphragm
M
F
L
 
=  
 
  (6.3) 
 
The expression for the total uniformly distributed peak in-plane seismic force (FPeak 
Seismic) in (6.3) is inserted into Newton’s second law of motion in expression (6.1) 
resulting in an expression for the peak diaphragm floor acceleration (accelerationPeak 
Diaphragm) in (6.4). 
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( )
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  (6.4)  
 
The acceleration magnification factor (ΩM) is equal to the ratio of the 
(accelerationPeak Diaphragm) from expression (6.4) to the PGA (or to the scaled PGA) as 
shown in the relationship (6.5): 
 
( )
( )
Peak Diaphragm
M
Acceleration
Acceleration Magnification Factor
PGA
 =            (6.5) 
  
The peak diaphragm floor acceleration (accelerationPeak Diaphragm), for SVBS 
diaphragm (VDO), at mid-span of the third floor level (12m model height) having a 
peak bending moment demand (M Peak Diaphragm) of 13,300kNm (Table 6-6) at the 
diaphragm mid-span, at a PGA of 0.32g and a diaphragm mass of 460,753kg (Table 
6-6) for a 34m span diaphragm using expression (6.4) is shown in expression (6.6) 
 
( )( )
( )
2
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6.79
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−
  
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  = =
 
 
  
             (6.6)
   
 
The acceleration magnification factor (ΩM) for a seismic excitation having a PGA of 
0.32g (3.14m/s2) is obtained using expression (6.5) 
 
( )
2
2
6.79
2.16
3.14
M
ms
Acceleration Magnification Factor
ms
−
−
 = =   (6.7) 
 
 
From expression (6.7) it can be observed that the maximum floor acceleration of 
SVBS diaphragm (VDO), at mid-span of the third-floor level, shown in Figure 6.19a 
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when subject to the El Centro 1940 ground motion at a PGA of 0.32g is slightly more 
than twice the PGA (216% of PGA). 
 
Figure 6.19 shows the plots of the acceleration magnification factor (ΩM) for the 
SVBS diaphragm (VD0) and the three HS diaphragms (VC0, VB0, VA0) at three levels 
of PGA measured from the NLTDA model at the centre of the diaphragm at Level 
+3. In Figure 6.19a for a PGA of 0.32g, (ΩM) varied from (2.1) for the HS diaphragm 
(VC0) to (2.9) for HS diaphragm (VB0). In Figure 6.19b for a PGA of 0.64g, (ΩM) 
varied from (2.3) for the SVBS diaphragm (VD0) to (2.6) for HS diaphragm (VA0). 
In Figure 6.19c for a PGA of 0.96g, (ΩM) varied from (1.5) for the SVBS diaphragm 
(VD0) to (2.6) for HS diaphragm (VB0). These results for the three PGA levels are of 
the same order and magnitude as the results recorded by Fleischman et al. (2009) on 
the DSDM, 3-storey experimental-test-building-model, described in Chapter 4. 
 
The three graphs in Figure 6.19, for the three PGA levels (0.32g, 0.64g, 0.96g), drawn 
to the same x-axis scale show that the SVBS/HS diaphragms attain distinct (ΩM) 
responses at a PGA of (0.32g, 0.96g) and very similar (ΩM) responses at a PGA of 
0.64g. Part of the justification for this observation can be found in the diaphragm 
moment-curvature capacity graphs in Figure 6.15.  
 
At the lowest PGA of 0.32g the different diaphragm masses in Newton’s second law 
expression in (6.1) contribute to the difference in (ΩM) even though the moment 
curvature response of the different diaphragms is similar in the linear-elastic response 
region.  
 
At the middle PGA of 0.64g the considerably high acceleration overshadows the 
difference in the diaphragm masses in expression (6.1) and the similar moment 
curvature response at the outset of the cracked-linear region results in similar 
diaphragm (ΩM). The high floor acceleration at the at the PGA level of 0.64g is 
attributable to the higher sensitivity of model NLTDA 2 to the higher modes which 
results in high floor force levels as described in Section 6.3.4.  
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Figure 6.19: Diaphragm acceleration magnification factor (ΩM) – Types VA0, VB0, VC0, VD0 
 
6.19a Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) 
 
6.19b Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.64g) 
 
6.19c Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) 
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At the highest PGA of 0.96g the distinct diaphragm (ΩM) is due to moment-curvature 
response at the upper portion of the cracked linear response region where the response 
varies from near-elastic for the stiffer diaphragms up to short post-yield excursions in 
the more flexible diaphragms; this results in the distinct diaphragm behaviours at this 
upper end of the seismic moment demands. 
 
Figures 6.20, 6.21 and 6.22 show the graphs of the acceleration magnification factor 
(ΩM), respectively at PGA of 0.32g, 0.64g and 0.96g for the eight diaphragms; one 
SVBS diaphragm (VD0), three HS diaphragms (VA0, VB0 and VC0) and four 
corresponding SS diaphragms (SA0, SB0, SC0 and SD0). From Figures 6.20, 6.21 and 
6.22 it can be observed that the SVBS diaphragm (VD0) responds with a lower (ΩM) 
than the corresponding SS diaphragm (SD0) at all levels of PGA. The figures also 
show that the two higher reinforced HS diaphragms (VA0, VB0) respond with higher 
(ΩM) than the corresponding SS diaphragms (SA0, SB0) at all the three levels of the 
PGA. Figures 6.20, 6.21 and 6.22 show that the lower reinforced HS-diaphragm 
(VC0) responds with a lower (ΩM) at the lower PGA levels (0.32g, 0.64g) and 
responds with a higher (ΩM) at the higher PGA of 0.96g.  
 
It can be observed that the acceleration magnification factor (ΩM) graphs (Figures 
6.20, 6.21, 6.22) mirror the diaphragm bending moment utilisation factor graphs in 
Section 6.4.3. The stiffer diaphragms, responding to the seismic excitation with the 
higher acceleration magnification factor (ΩM), attain a low bending moment 
utilisation factor in Section 6.4.3, capturing additional seismic bending moment due 
to the higher (ΩM). 
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Figure 6.20 – Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) for the 
SVBS / HS / SS diaphragms analysed 
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Figure 6.21 – Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.64g) for the 
SVBS / HS / SS diaphragms analysed 
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The graphs in Figures D3.1, D3.2, D3.3 and D3.4 in Appendix D3 respectively display 
the individual diaphragm floor acceleration magnification factors (ΩM) for each 
SVBS/HS diaphragm and the corresponding SS diaphragm at a PGA of 0.32g, 0.64g 
and 0.96g.  
 
6.4.1  Diaphragm ΩM Output Comparison and Critique - Mean ΩM Results of 
Seven EC8 Spectrum-Compatible Time-Histories (Damping and Gravity 
Deactivated) 
 
Sections 6.4.1.1 to 6.4.1.5 compare the (ΩM) output for each diaphragm analysed 
using model NLTDA 4 described in Table D1-4 in Appendix D1. A total of eight 
diaphragm types were analysed, namely one SVBS diaphragm (Type VD0), three HS 
diaphragms (Types VC0, VB0, VA0) and the four corresponding SS diaphragms 
(Types SD0, SC0. SB0, SA0). The mean value of (ΩM) for each diaphragm type are 
obtained from the nonlinear transient dynamic analysis of model NLTDA 4 when 
subject to seven artificially generated earthquake accelerograms of EC8 spectrum-
   
Figure 6.22 – Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) for the 
SVBS / HS / SS diaphragms analysed 
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compatible time-histories. The response spectra of the seven artificially generated 
earthquake accelerograms corroborated with the modal analysis of model NLTDA 4 
are shown in Appendix D2. The output in Figures 6.23 to 6.30 is compared and 
critiqued through the frequency content of the spectra of the seven synthetic EC8 
spectrum-compatible time-histories.   
 
6.4.1.1 SVBS Diaphragm Type VD0 and SS Diaphragms Type SC0, SB0, SA0 
 
Figures 6.23, 6.24, 6.25 and 6.26 show the ΩM results for SVBS diaphragm Type 
VD0 and SS Diaphragms Type SC0, SB0 and SC0. The highest ΩM response is from 
time-history record EC8-06 and the lowest ΩM response is from time-history record 
EC8-04.  
 
 
 
At the first significant mode the spectral acceleration of record EC8-06 (Sa-EC8-
06=0.820g)(mode 2) is lower than the spectral acceleration of record EC8-04 (Sa-EC8-
04=0.855g)(mode 2). At the higher modes, however, (Sa-EC8-06=0.486g)(mode 15) and (Sa-
EC8-06=0.414g)(mode 20)  of record EC8-06 are higher than (Sa-EC8-04=0.417g)(mode 15) and 
   
Figure 6.23 – (ΩM) for the SVBS diaphragm type VD0 when subject to seven EC8 
spectrum-compatible time-histories 
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(Sa-EC8-04=0.394g)(mode 20)  of record EC8-04 resulting in high floor force levels which 
generate higher ΩM levels, as shown in Section 6.3.4. The higher ΩM results from 
time-history record EC8-06 compared to record EC8-04 are also attributable to the 
higher Arias Intensity of record EC8-06 (IA(EC8-06)=1.928cm/s) from Table 6-9. 
 
 
 
6.4.1.2 HS Diaphragm Type VC0  
 
Figure 6.27 shows the ΩM results for HS diaphragm Type VC0. The highest ΩM 
response is from time-history record EC8-06 and the lowest ΩM response is from 
time-history record EC8-07. It is interesting to note that despite the PGA of time 
history record EC8-06(PGA=0.319g) being lower that the PGA of record EC8-
07(PGA=0.357g) the spectral acceleration of record EC8-06 (Sa-EC8-06=0.821g)(Mode 2) and 
(Sa-EC8-06=0.580g)(Mode 10) are higher than for record EC8-07 (Sa-EC8-07=0.753g)(Mode 2) 
and (Sa-EC8-07=0.559g)(Mode 10) resulting in higher ΩM results for time-history record 
EC8-06. 
 
   
Figure 6.24 – (ΩM) for the SS diaphragm type SC0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.25 – (ΩM) for the SS diaphragm type SB0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.26 – (ΩM) for the SS diaphragms type SA0 when subject to seven EC8 spectrum-
compatible time-histories 
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6.4.1.3 SS Diaphragm Type SD0 and HS Diaphragm Types VA0, VB0 
 
Figures 6.28, 6.29 and 6.30 show the ΩM results for SS diaphragm Type SD0 and HS 
Diaphragm Types VA0, VB0. The highest ΩM response is from time-history record 
EC8-03 and the lowest ΩM response is from time-history record EC8-07. It is 
interesting to note that despite the PGA of time history record EC8-03(PGA=0.283g) being 
lower that the PGA of record EC8-07(PGA=0.357g) the spectral acceleration at the 
lowermost significant vibration mode (Sa-EC8-03=0.807g)(mode 2) is higher than (Sa-EC8-
07=0.753g)(mode 2) resulting in higher ΩM results for time-history record EC8-03. The 
higher ΩM results for time-history record EC8-03 are also justified due to the higher 
Arias Intensity parameter of time-history record EC8-03 (IA(EC8-03)=1.991cm/s) 
compared to the Arias Intensity of time-history record EC8-07 (IA(EC8-
073)=1.949cm/s). 
 
   
Figure 6.27 – (ΩM) for the HS diaphragm type VC0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.28 – (ΩM) for the SS diaphragm type SD0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.29 – (ΩM) for the HS diaphragm Type VB0 when subject to seven EC8 spectrum-
compatible time-histories 
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6.4.1.4 SVBS and HS Diaphragms 
 
Figure 6.31 shows the mean diaphragm acceleration magnification factor (ΩM) for the 
SVBS diaphragm (VD0) and the three HS diaphragms (VC0, VB0 and VA0) when 
analysed using model NLTDA 4 described in Table D1-4 in Appendix D1. Figure 
6.31 shows that the mean (ΩM) results from the seven artificially generated EC8 
spectrum-compatible time-histories corroborate the results in Table 6.19 from the 
nonlinear transient dynamic analysis carried out on models NLTDA 1, NLTDA 2 and 
NLTDA 3 when subject to the time history record of the El-Centro 1940 earthquake 
at a scaling factor (SF) of (SF=1), (SF=2) and (SF=3) respectively.  
 
From Figure 6.31 it can be observed that the more flexible SVBS (Type VD0) 
diaphragm in the moment-curvature graph in Figure 6.15 attains the lowest (ΩM). The 
(ΩM) in the HS diaphragms (Types VC0, VB0, VA0) increases correlative to their 
stiffness hierarchy in the moment-curvature graph in Figure 6.15 with diaphragm VC0 
having the lower (ΩM) and diaphragm VA0 having the highest (ΩM). 
   
Figure 6.30 – (ΩM) for the HS diaphragm type VA0 when subject to Seven EC8 spectrum-
compatible time-histories 
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6.4.1.5 SVBS, HS and SS Diaphragms 
 
Figure 6.32 shows the mean diaphragm acceleration magnification factor (ΩM) for the 
eight diaphragms analysed using model NLTDA 4 described in Table D1-4 in 
Appendix D1. The results in Figure 6.32 corroborate the results from the nonlinear 
transient dynamic analysis carried out on models NLTDA 1, NLTDA 2 and NLTDA 
3 when subject to the time history record of the El-Centro 1940 earthquake at a scaling 
factor (SF) of (SF=1), (SF=2) and (SF=3) which are shown respectively in Figures 
6.20, 6.21 and 6.22. The stiffest HS diaphragms (VB0, VA0) attain the highest (ΩM) 
and the more flexible diaphragms (SD0, SC0, VD0) attain the lowest (ΩM). 
 
 
 
   
Figure 6.31 – (ΩM) for the SVBS / HS diaphragms from the mean results of seven EC8 
spectrum-compatible accelerograms 
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6.4.2  ΩM mean results of Seven EC8 Spectrum-Compatible Time-Histories - 
Damping and Gravity Activated 
 
Four diaphragm types namely SVBS diaphragm Type VD0, HS diaphragm Type VC0 
and the respective corresponding SS diaphragm Types SD0 and SC0 were analysed 
with gravity activated and including 5% Rayleigh damping. The mean (ΩM) for each 
diaphragm type were obtained from the nonlinear transient dynamic analysis of model 
NLTDA 3, described in Table D1-3 in Appendix D1, when subject to the seven 
artificially generated earthquake accelerograms of EC8 spectrum-compatible time-
histories, shown in Appendix D2. The analysis was carried out using model NLTDA 
3, due to model NLTDA 3 being the strongest model out of the four NLTDA models, 
in order to withstand the additional bending moment demands from the P-Δ effects 
present due to the activation of gravity in the model. Rayleigh damping parameters 
(α) and (β) have been assigned values to retain the effect of the higher modes up to 
90%, Y-direction, mass participation in model NLTDA 3. The higher modes are 
significant in the calculation of (ΩM) due to the high floor force levels generated by 
these higher modes as shown in Section 6.3.4.  
   
Figure 6.32 – (ΩM) for the SVBS / HS / SS diaphragms from the mean results of seven EC8 
spectrum-compatible accelerograms 
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Figures 6.33, 6.34, 6.35 and 6.36 show the (ΩM) respectively for SVBS diaphragm 
Type VD0, HS diaphragm Type VC0 and the respective corresponding SS diaphragm 
Types SD0 and SC0 diaphragms. The Figures show the (ΩM) for each of the three 
analysis configurations for each diaphragm namely: 
 
 i) Diaphragm gravity and damping activated 
 ii) Diaphragm gravity and damping deactivated 
 iii) Diaphragm gravity only activated. 
 
 
 
 
From the Figures it is evident, in all the four cases analysed, that the activation of 
gravity without the activation of damping notably increases the value of the 
diaphragm (ΩM). The activation of gravity induces P-Δ effects which refers to the 
additional actions induced by an axial force (P) when there is a horizontal 
displacement (Δ) on a vertical element. P-Δ is a nonlinear second order effect that 
occurs in every structure where elements are subject to axial loads. Consideration of 
P-Δ effects in nonlinear transient dynamic analysis significantly increases the values 
  
Figure 6.33 – Diaphragm Type VD0 mean (ΩM) results of seven EC8 spectrum-compatible 
time-histories – Damping and Gravity Activated 
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of displacements, axial forces, bending moments and storey shears (Harsoor et al., 
2016).  
 
If a P-Δ affected member is subjected to lateral load then it will respond with 
increased lateral deflections which may significantly reduce the flexural capacity of a 
structure (Harsoor et al., 2016). The increased lateral deflections of the structure 
induce additional in-plane diaphragm curvatures consequentially generating 
additional in-plane diaphragm bending moments which increase the peak diaphragm 
in-plane bending moment demand.  
 
The increase in the value of (ΩM) when considering the P-Δ effects is justified from 
the peak diaphragm acceleration equation (6.4) where the peak diaphragm 
acceleration is directly proportional to the peak diaphragm in-plane bending moment. 
The peak diaphragm bending moments, which are increased by the P-Δ effects, 
consequentially increases, in direct proportion, the diaphragm (ΩM) in accordance 
with equation (6.4). The results in Figures 6.33, 6.34, 6.35 and 6.36 corroborate the 
findings by Harsoor et al. (2016). 
 
From Figures 6.33, 6.34, 6.35 and 6.36 it can also be observed that the application of 
5% Rayleigh damping partially mitigates the increase in the diaphragm (ΩM) 
instigated by the additional bending moment demands due to the P-Δ effects. Figure 
6.33 moreover shows that in the SVBS diaphragm (VD0) the 5% Rayleigh damping 
practically balances out the increase in diaphragm (ΩM) generated by the P-Δ effects. 
The justification for the P-Δ effects on (ΩM) being balanced by the Rayleigh damping 
in the case of the SVBS diaphragm is due to the lowest mass of diaphragm VD0. The 
lower mass of the SVBS diaphragm consequentially generates the lowest P-Δ effects, 
from the four diaphragms analysed, which are evened out by the 5% Rayleigh 
damping. 
 
 
Chapter 6 Nonlinear Transient Dynamic Analysis of Diaphragm Seismic 
Response 
  
 
Page 241 
 
 
 
 
 
  
Figure 6.34 – Diaphragm Type VC0– Mean (ΩM) results of Seven EC8 Spectrum-
Compatible Time-Histories – Damping and Gravity Activated 
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Figure 6.35 – Diaphragm Type SD0 – Mean (ΩM) results of Seven EC8 Spectrum-
Compatible Time-Histories – Damping and Gravity Activated 
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6.5  DIAPHRAGM PEAK BENDING MOMENT AND CURVATURE 
DEMAND 
 
6.5.1 NLTDA1 response (PGA=0.32g) 
 
Figure 6.37 shows the moment-curvature demands on the eight diaphragms analysed 
using model NLTDA1 (Table D1-1 Appendix D1) at a PGA of 0.32g. From Figure 
6.37 it can be observed that at a PGA of 0.32g the bending moment demand is in the 
range 13,000kNm to 20,000kNm and the curvature demand is below 3.0E-5/m. Figure 
6.38 shows a detail of the diaphragm moment-curvature (capacity) graphs from Figure 
6.15 for the moment and curvature values of interest at this PGA of 0.32g. Figure 6.38 
shows that at these moment-curvature values the diaphragm response is in the 
uncracked-linear region except for SVBS diaphragm (VD0-C30) which response is 
just transitioning into the cracked-linear response region. From Figure 6.37 it can be 
observed that SVBS Diaphragm (VD0-C30) and HS diaphragm (VB0-C40) achieve 
the maximum curvatures. SVBS Diaphragm (VD0-C30) and HS diaphragm (VB0-
  
Figure 6.36 – Diaphragm Type SC0– Mean (ΩM) results of Seven EC8 Spectrum-
Compatible Time-Histories – Damping and Gravity Activated 
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C40) moreover achieve respectively the lowest and the highest bending moment 
demand out of the eight diaphragms analysed (Figure 6.37).  
 
The low bending moment captured by SVBS Diaphragm (VD0-C30) can be justified 
by the diaphragm having the lowest seismic mass out of the eight diaphragms 
analysed (Table 6-5). Figure 6.38 shows that SVBS Diaphragm (VD0-C30) has the 
lowest stiffness and at the lowest moment demand (Figure 6.37) still deforms at the 
maximum curvature compared to the other diaphragms. This behaviour is 
corroborated by the peak moment demand to curvature graph in Figure 6.37 where it 
can be observed that, for the same seismic excitation at a PGA of (0.32g), the SVBS 
diaphragm (VDO-C30) attains a lower peak moment demand but a higher curvature 
demand than the corresponding SS diaphragm (SD0-C30).  
 
 
 
The justification for the highest bending moment demand in HS diaphragm (VB0-
C40) is in Figure 6.20 which shows that the diaphragm responds with the highest 
acceleration magnification (ΩM) from the eight diaphragms analysed. This shows that 
despite HS diaphragm (VB0-C40) being 12% lighter than the corresponding SS 
    
Figure 6.37 – Plot of diaphragm peak bending moment to curvature demand from model 
(NLTDA 1) results for a PGA of (0.32g) 
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diaphragm (VB0-C40) the lighter HS diaphragm captures 15% additional moment due 
to the higher (ΩM) which induced additional bending moments into diaphragm (VB0-
C40).  
 
 
 
From Figure 6.37 it can also be observed that the heaviest and most highly reinforced 
diaphragm (SA0-C50) captures the lowest curvature and a lower moment than the 
corresponding HS diaphragm (VA0-C50). The justification for this behaviour is 
shown in Figure 6.20 were SS diaphragm (SA0-C50) responds with the lowest (ΩM) 
from the eight diaphragms. Despite SS diaphragm (SA0-C50) being the heaviest 
(Table 6-5) and the stiffest (Figure 6.38) it captures a lower bending moment level 
(Figure 6.37) due to the low (ΩM) demands.  
 
6.5.2 NLTDA2 response (PGA=0.64g) 
 
Figure 6.39 shows the moment-curvature demands on the eight diaphragms analysed 
using model NLTDA2 (Table D1-2 Appendix D1) at a PGA of 0.64g. From Figure 
   
Figure 6.38 – The linear-elastic region in the diaphragm moment-curvature capacity graph 
in Figure 6.15  
(Note: SVBS/HS diaphragms-solid lines, SS diaphragms-dashed lines)  
 
(Note: SVBS/HS diaphragms-solid lines, SS diaphragms-dashed lines)  
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6.39 it can be observed that at a PGA of 0.64g the bending moment demand is in the 
region 25,000kNm to 40,000kNm and the curvature demand is in the region of 4.0E-
5/m to 7.5E-5/m. Figure 6.40 shows a detail of the diaphragm moment-curvature 
(capacity) graphs from Figure 6.15 for the moment-curvature values of interest at this 
PGA of 0.64g. From Figure 6.40 it can be observed that at these moment-curvature 
values the diaphragm response is in the cracked-linear region. 
 
Figure 6.39 shows that SVBS diaphragm (VD0-C30) captures the highest curvature 
and the lowest bending moment. This curvature is justified from Figure 6.40 which 
shows that the response of SVBS diaphragm (VD0-C30) is at the upper end of the 
cracked-linear response region, precisely in the strain-hardening final region, and the 
SVBS diaphragms achieves a high level of curvature even for the relatively low 
diaphragm moment demand. SVBS diaphragm (VD0-C30) captures a low bending 
moment demand due to its relatively lower mass (Table 6-5) and due to the low (ΩM) 
demands as can be observed in Figure 6.21. 
 
 
 
     
Figure 6.39 – Plot of diaphragm peak bending moment to curvature demand from NLTDA 
model (NLTDA 2) results for a PGA of (0.64g) 
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Figure 6.39 shows that the heaviest and the highest reinforced SS diaphragm (SA0-
C50) captures the highest bending moment at a relatively low curvature. Figure 6.40 
shows that at the 38,000kNm moment level, SS diaphragm (SA0-C50) is in the upper 
end of the linear-elastic region which justifies the stiff, low curvature, response. 
Figure 6.21 shows that at a PGA of 0.64g, SS diaphragm (SA0-C50) responds with 
the highest acceleration magnification (ΩM) which, together with its highest mass, 
justifies the highest bending moment demand level in this diaphragm. 
 
Figure 6.39 shows that HS diaphragm (VA0-C50) which is the highest reinforced HS 
diaphragm achieves the lowest deformation level. Figure 6.40 shows that at the 
32,000kNm bending moment level the diaphragm response is at the onset of the 
cracked-linear response region and correspondingly exhibits a stiff behaviour. At a 
PGA of 0.64g, HS diaphragm (VA0-C50) responds with a high (ΩM), however the 
bending moment demand levels are nevertheless partially controlled by the lower 
mass of the diaphragm.  
 
 
 
    
 
Figure 6.40 – The cracked-linear response region in the diaphragm moment-curvature 
capacity graph in Figure 6.15  
(Note: SVBS/HS diaphragms-solid lines, SS diaphragms-dashed lines)  
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6.5.3 NLTDA3 response (PGA=0.96g) 
 
Figure 6.41 shows the moment-curvature demands on the eight diaphragms analysed 
using model NLTDA3 (Table D1-3 Appendix D1) at a PGA of 0.96g. From Figure 
6.41 it can be observed that at a PGA of 0.96g the bending moment demand is in the 
region 25,000kNm to 50,000kNm and the curvature demand is in the region of 5.0E-
5/m to 1.4E-4/m. From Figure 6.40 it can be observed that at these moment-curvature 
demands the diaphragm response is in the cracked-linear region with excursions into 
the plastic region. 
 
 
 
Figure 6.41 shows that HS Diaphragm (VA0-C50), which is the highest reinforced 
and stiffest HS Diaphragm, captures the highest bending moment demand. This is 
justified in Figure 6.22 which shows that at a PGA of 0.96g HS Diaphragm (VA0-
C50) responds with the highest diaphragm acceleration magnification (ΩM) which 
corroborates the high diaphragm bending moment demands. Figure 6.41 also shows 
that SVBS Diaphragm (VD0-C30) captures the lowest bending moment demand. The 
reasons for the lowest bending moment demand in SVBS Diaphragm (VD0-C30) are 
     
Figure 6.41 – Plot of diaphragm peak bending moment to curvature demand from NLTDA 
model (NLTDA 3) results for a PGA of (0.96g) 
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the lowest mass (Table 6-5) and the lowest acceleration magnification (ΩM) response 
(Figure 6.22). 
 
From Figure 6.41 it can be observed that SS diaphragm (SA0-C50), which is the 
stiffest from the eight diaphragms analysed, responds with the lowest curvature. The 
justification for this response can be found in Figure 6.40 which shows that at a 
43,800kNm bending moment level SS diaphragm (SA0-C50) is at the onset of the 
cracked-linear response region of the moment curvature graph. The low curvature 
response of SS diaphragm (SA0-C50) is compatible with the high-stiffness, low-
curvature response at this moment level.    
 
Figure 6.41 shows that SS diaphragm (SBO-C40) captures the largest curvature 
demand at a bending moment demand of 44,700kNm. Figure 6.40 shows that at this 
moment level SS diaphragm (SBO-C40) is at the end of the cracked-linear response 
region where bending moment demand levels correspond to relatively large 
curvatures. 
 
6.5.4  Mean Results of Seven EC8 Spectrum-Compatible Time-Histories - 
Damping and Gravity Deactivated 
 
Figure 6.42 shows the moment-curvature demands for each diaphragm analysed using 
model NLTDA 4 described in Table D1-4 in Appendix D1. A total of eight diaphragm 
types were analysed, namely one SVBS diaphragm (Type VD0), three HS diaphragms 
(Types VC0, VB0, VA0) and the four corresponding SS diaphragms (Types SD0, 
SC0. SB0, SA0). The mean value of the moment-curvature demand for each 
diaphragm type is obtained from the nonlinear transient dynamic analysis of model 
NLTDA 4 when subject to seven artificially generated earthquake accelerograms of 
EC8 spectrum-compatible time-histories. The response spectra of the seven 
artificially generated earthquake accelerograms corroborated with the modal analysis 
of model NLTDA 4 are shown in Appendix D2. 
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From Figure 6.42 it can be observed that the bending moment demand is in the range 
21,000kNm to 27,000kNm and the curvature demand is below 4.6E-5/m. Figure 6.40 
shows a detail of the diaphragm moment-curvature (capacity) graphs from Figure 6.15 
for the moment-curvature values of interest. Figure 6.40 shows that at these moment-
curvature values the diaphragm response is in the cracked-linear region except for SS 
diaphragms (SA0, SB0, SC0) which response is in the uncracked linear elastic region 
and just transitioning into the cracked-linear response region. From Figure 6.42 it can 
be observed that SVBS Diaphragm (VD0-C30) attains the highest curvature demand 
and the lowest bending moment demand out of the eight diaphragms analysed.  
 
The low bending moment captured by SVBS Diaphragm (VD0-C30) can be justified 
by the diaphragm having the lowest seismic mass out of the eight diaphragms 
analysed (Table 6-5). Figure 6.40 shows that SVBS Diaphragm (VD0-C30) has the 
lowest stiffness and at the lowest moment demand of 21,000kNm (Figure 6.42) still 
deforms at the maximum curvature exceeding the curvature of the other seven 
diaphragms. This behaviour is corroborated by the peak moment demand to curvature 
graph in Figure 6.42 where it can be observed that, for the same seismic excitations, 
  
Figure 6.42 – Plot of diaphragm peak bending moment to curvature demand from model 
(NLTDA 4) – Mean results of seven EC8 spectrum-compatible time-histories –  
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the SVBS diaphragm (VDO-C30) attains a lower peak moment demand but a higher 
curvature demand than the corresponding SS diaphragm (SD0-C30). 
 
Figure 6.42 shows that the heaviest and the highest reinforced SS diaphragm (SA0-
C50) captures the highest bending moment at the lowest curvature. Figure 6.40 shows 
that at the 27,000kNm moment level, SS diaphragm (SA0-C50) is in the uncracked 
linear response elastic region which justifies the stiff, low curvature, response. Figure 
6.32 shows that SS diaphragm (SA0-C50) responds with a relatively high acceleration 
magnification (ΩM) which, together with its highest mass, justifies the highest 
bending moment demand level in this diaphragm. 
 
The results in Figure 6.42, obtained from model NLTDA 4 when subject to seven 
artificially generated earthquake accelerograms of EC8 spectrum-compatible time-
histories corroborate the results from models NLTDA 1, NLTDA 2 and NLTDA 3 
when subject to the time history record of the El-Centro 1940 earthquake at a scaling 
factor (SF) of (SF=1), (SF=2) and (SF=3) which are shown respectively in Figures 
6.37, 6.39 and 6.41. 
 
 
6.6  DIAPHRAGM BENDING MOMENT UTILISATION FACTOR 
 
The diaphragm bending moment utilisation factor (BMUF) is defined as: 
 
Ultimate Bending Moment Capacity
Diaphragm BMUF
Peak Moment Demand from NLTDA
=
                   (6.8)
   
The peak bending moment demand for SVBS diaphragm (VDO) at mid-span of the 
third-floor level (12m model height), from the NLTDA is 13,300kNm as shown in 
Table 6-10. The bending moment capacity (supply) for SVBS diaphragm (VDO) 
obtained from the 2D-SNLMCA is 42,000kNm as shown in Figure 6.44. The ultimate 
bending moment capacity (42,000kNm) and the peak moment demand (13,300kNm) 
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for SVBS diaphragm (VD0) are inserted into expression (6.8) as shown in expression 
(6.9). 
 
( 0)
42,000
3.15
13,300
SVBS DIAPHRAGM VD
kNm
Bending Moment UF
kNm
= =
  (6.9) 
Table 6-10: NLTDA 3rd floor level mid-span results for SVBS / SS diaphragm VD0 / SD0  
– BMUF, ΩM and SBMPD – 
 
VDO 
 
SD0 
 
VDO 
 
SD0 
 
VDO 
 
SD0 
 
 BMUF (ΩM) SBMPD (kNm) 
PGA 
(0.32g) 
3.15 
(111%) 
2.85 
(100%) 
2.17 
(98%) 
2.22 
(100%) 
13,300 
(83%) 
16,100 
(100%) 
PGA 
(0.64g) 
1.51 
(107%) 
1.42 
(100%) 
2.26 
(100%) 
2.26 
(100%) 
27,800 
(85%) 
32,600 
(100%) 
PGA 
(0.96g) 
1.50 
(121%) 
1.24 
(100%) 
1.52 
(89%) 
1.70 
(100%) 
28,100 
(76%) 
37,100 
(100%) 
 
 
The bending moment utilisation factor for the SVBS diaphragm (VD0) at third floor 
level of the NLTDA model when subject to the El-Centro 1940 seismic ground motion 
at a PGA of 0.32g amounts to 3.15 as shown in Figure 6.43a. 
 
The ultimate bending moment capacity at the diaphragm centre (supply) was 
calculated in Section 6.2 using two-dimensional static nonlinear moment-curvature 
analysis (2D-SNLMCA) on the SS, SVBS and HS diaphragm models (Figure 6.1, 
6.2). The diaphragm bending moment peak demand at the centre of the third-floor 
diaphragm is obtained from the maximum bending-moment and curvature demand 
results from the models NLTDA 1, NLTDA 2, NLTDA 3 and NLTDA 4 (Tables D1-1, 
D1-2, D1-3, D1-4 Appendix D1). 
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6.6.1  SVBS diaphragm (Type VD0) and SS diaphragm (Type SD0) 
 
Figure 6.43 shows the NLTDA model results for the diaphragm BMUF for the SVBS 
diaphragm (VD0) and for the corresponding SS diaphragm (SD0). From Table 6-10 it 
can be observed that SVBS diaphragm (VDO) consistently shows a higher level of 
BMUF at the three PGA levels (0.32g, 0.64g, 0.96g) compared to the corresponding 
SS diaphragm (SD0). The Seismic Bending Moment Peak Demand (SBMPD) of the 
SVBS diaphragm (VDO) is less than the demand of the corresponding SS (SD0) 
diaphragm respectively for the three PGA levels (0.32g, 0.64g, 0.96g) (Table 6-10).  
 
At a PGA of 0.32g the SBMPD (Table 6-10) of the SVBS diaphragm (VDO) and the 
SS diaphragm (SDO) is in the linear elastic portion of the moment curvature capacity 
graph (Figure 6.44). At these moment levels SVBS diaphragm (VDO) and the SS 
diaphragm (SDO) respectively show the same level of curvature deformation (Figure 
6.44, 6.38) confirming the markedly lower stiffness of the SVBS diaphragm (VD0). 
The reduced SBMPD of SVBS diaphragm (VDO) compared to SS diaphragm (SDO) 
at a PGA of 0.32g (Table 6-10) is due to the lower mass (Table 6-5) of SVBS 
diaphragm (VDO) compared to SS diaphragm (VDO). 
 
At a PGA of (0.64g, 0.96g) the SBMPD of SVBS diaphragm (VDO) and SS 
diaphragm (SDO) (Table 6-10) corresponds to the cracked-linear response region of 
the moment-curvature capacity graph (Figure 6.44). At this SBMPD level, SVBS 
(VDO) diaphragm responds with a higher curvature compared to diaphragm SS (SDO) 
for the same applied moment. The reduced SBMPD in the SVBS diaphragm (VDO) 
at a PGA of (0.64g, 0.96g) is partly due to the SVBS (VDO) diaphragm 
accommodating part of the bending moment demand into diaphragm curvature 
deformation. The lower SVBS diaphragm (VD0) mass also partially reduces the 
moment demands in the diaphragm. 
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Figure 6.43: Diaphragm bending moment utilisation factor – Diaphragms (VD0) and (SD0) 
 
6.43a Diaphragm bending moment utilisation factor at a PGA of (0.32g) 
 
6.43b Diaphragm bending moment utilisation factor at a PGA of (0.64g) 
 
6.43c Diaphragm bending moment utilisation factor at a PGA of (0.96g) 
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The justification for the relatively higher BMUF of the SVBS diaphragm (VDO), 
compared to SS diaphragm (SDO), at a PGA of 0.96g (Table 6-10) is due to the higher 
(ΩM) response (Table 6-10) of the SS diaphragm, which generates additional moment 
demands in the SS diaphragm. This adds to the reduced-mass and curvature-
deformation advantages of the SVBS diaphragm (VDO). 
 
Figures 6.45 and 6.46 show the shear wall moment utilisation factor and the pinned 
columns moment utilisation factor respectively in the (NLTDA 1) model with the 
SVBS diaphragm (VD0) and the corresponding SS diaphragm (SD0) at a PGA of 
(0.32g). Figure 6.45 confirms the low shear wall utilisation factor, slightly above 1, 
which was used in order to encourage a flexible shear wall response and allow the 
floor diaphragms to capture a portion of the seismic-induced bending moment and 
curvature demands on the NLTDA model. The shear wall bending moment utilisation 
factor in the SVBS diaphragm model is marginally higher due to the lower seismic 
moments generated in the model due to the lower diaphragm mass (Table 6-5).  
 
 
 
Figure 6.44 – Moment-Curvature graph for SVBS diaphragm (VD0) and corresponding SS 
diaphragm (SD0) 
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Figure 6.45 – Shear wall BMUF graph for the (NLTDA 1) model with the SVBS diaphragm 
(Type VD0) and the corresponding SS diaphragm (Type SD0) at a PGA of (0.32g) 
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Figure 6.46 – Pinned columns BMUF graph for the (NLTDA 1) model with the SVBS 
diaphragm (Type VD0) and the corresponding SS diaphragm (Type SD0) at a PGA of 
(0.32g) 
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Figure 6.46 shows the BMUF in the pinned columns which is the lowest at the third-
floor level due to the higher diaphragm bending moment demands at this level. It can 
be observed (Figure 6.46) that the profile of the pinned columns utilisation factor 
curves observes the profile of the diaphragm moment utilisation factor curves in 
Figure 6.43a. This is expected since the columns are pinned to their bases and have a 
low stiffness, to minimise their influence on the diaphragm response, and therefore 
the column curvatures follow the diaphragm deformations during the seismic loading.  
 
6.6.2  HS diaphragm (Type VC0) and SS diaphragm (Type SC0) 
 
Figure 6.47 shows the NLTDA model results for the diaphragm BMUF for the HS 
diaphragm (VC0) and for the corresponding SS diaphragm (SC0). From Table 6-11 it 
can be observed that HS diaphragm (VCO) shows a higher level of BMUF at a PGA 
of (0.32g, 0.64g) compared to the corresponding SS diaphragm (SC0). The HS and 
SS diaphragms have an equal BMUF at a PGA of 0.96g (Table 6-11). From Table 6-
11 it can be observed that the seismic bending moment peak demand (SBMPD) of the 
HS diaphragm (VCO) is less than the demand of the corresponding SS (SC0) 
diaphragms respectively for the three PGA levels (0.32g, 0.64g, 0.96g). 
 
At a PGA of 0.32g the SBMPD (Table 6-11) of the HS diaphragm (VCO) and the SS 
diaphragm (SCO) is in the linear elastic portion of the moment curvature capacity 
graph (Figure 6.48, 6.38) where the stiffness of the HS diaphragm (SCO) is marginally 
lower than the corresponding SS diaphragm (SCO). The reduced SBMPD of HS 
diaphragm (VCO) compared to SS diaphragm (SCO) at a PGA of 0.32g (Table 6-11) 
is due to the lower mass (Table 6-11) and the lower (ΩM) response (Table 6-11) of 
HS diaphragm (VCO) compared to SS diaphragm (SCO).  
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Figure 6.47: Diaphragm bending moment utilisation factor – Diaphragms Types (VC0) and (SC0) 
 
6.47a Diaphragm bending moment utilisation factor at a PGA of (0.32g) 
 
6.47b Diaphragm bending moment utilisation factor at a PGA of (0.64g) 
 
6.47c Diaphragm bending moment utilisation factor at a PGA of (0.96g) 
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Table 6-11: NLTDA 3rd floor level mid-span results for HS / SS diaphragm VC0 / SC0  
– BMUF, ΩM and SBMPD – 
 
VCO 
 
SC0 
 
VCO 
 
SC0 
 
VCO 
 
SC0 
 
 BMUF (ΩM) SBMPD (kNm) 
PGA 
(0.32g) 
3.76 
(113%) 
3.32 
(100%) 
2.09 
(92%) 
2.26 
(100%) 
13,700 
(84%) 
16,400 
(100%) 
PGA 
(0.64g) 
1.61 
(106%) 
1.52 
(100%) 
2.44 
(99%) 
2.47 
(100%) 
32,100 
(89%) 
35,900 
(100%) 
PGA 
(0.96g) 
1.47 
(100%) 
1.47 
(100%) 
1.78 
(107%) 
1.67 
(100%) 
35,200 
(97%) 
36,300 
(100%) 
 
 
At a PGA of (0.64g, 0.96g) the SBMPD of HS diaphragm (VCO) and SS diaphragm 
(SCO) (Table 6-11) corresponds to the cracked-linear response region of the moment-
curvature capacity graph in Figure 6.48. At these SBMPD levels HS (VCO) 
diaphragm shows a higher curvature deformation compared to diaphragm SS (SCO) 
for the same applied moment. The reduced SBMPD in the HS diaphragm (VCO) at a 
PGA of (0.64g, 0.96g) is partly due to the HS (VCO) diaphragm accommodating part 
of the bending moment demand into diaphragm curvature deformation (Figure 6.48). 
The lower HS diaphragm (VC0) mass also partially reduces the SBMPD. 
 
The justification for the equivalent BMUF of the HS diaphragm (VCO), compared to 
SS diaphragm (SCO), at a PGA of 0.96g (Table 6-11) is due to the lower (ΩM) 
response of the SS diaphragm (Table 6-11), which generates lower SBMPD in the SS 
diaphragm (SC0) which balances out the mass and curvature advantages of the 
corresponding HS diaphragm (VCO).   
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6.6.3  HS diaphragm (Type VB0) and SS diaphragm (Type SB0) 
 
Figure 6.59 shows the NLTDA model results for the diaphragm BMUF for the HS 
diaphragm (VB0) and for the corresponding SS diaphragm (SB0). From Table 6-8 it 
can be observed that HS diaphragm (VBO) shows a lower level of BMUF at a PGA 
of 0.32g compared to the corresponding SS diaphragm (SB0). Diaphragm (VBO) 
shows a higher level of BMUF to the corresponding SS diaphragm (SB0) at a PGA of 
(0.64g, 0.96g) (Table 6-12). The SBMPD of the HS diaphragm (VBO) is higher than 
the corresponding SS (SB0) diaphragm at a PGA of 0.32g (Table 6-12). The SBMPD 
of the HS diaphragm (VBO) is lower than for the corresponding SS (SB0) diaphragms 
respectively for the PGA levels of (0.64g, 0.96g) (Table 6-12).  
 
 
 
 
  
 
 
  
Figure 6.48 – Moment-Curvature graph for HS diaphragm (VC0) and corresponding SS 
diaphragm (SC0) 
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Figure 6.49: Diaphragm bending moment utilisation factor – Diaphragms Types (VB0) and (SB0) 
 
6.49a Diaphragm bending moment utilisation factor at a PGA of (0.32g) 
 
6.49b Diaphragm bending moment utilisation factor at a PGA of (0.64g) 
 
6.49c Diaphragm bending moment utilisation factor at a PGA of (0.96g) 
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At a PGA of 0.32g the SBMPD of HS diaphragm (VBO) and SS diaphragm (SBO) 
(Table 6-12) is in the linear elastic portion of the moment curvature capacity graph 
(Figure 6.50, 6.38). The lower BMUF of HS diaphragm (VBO) compared to SS 
diaphragm (SBO) at a PGA of 0.32g (Table 6-12) is due to the higher (ΩM) response 
(Table 6-12) of the HS diaphragm (VB0) compared to the SS diaphragm (SB0). The 
substantially higher (ΩM) response generates additional moment demands in the HS 
diaphragm (VBO) completely neutralising the beneficial lower stiffness and lower 
mass contributions of diaphragm (VBO). 
 
Table 6-12: NLTDA 3rd floor level mid-span results for HS / SS diaphragm VB0 / SB0  
– BMUF, ΩM and SBMPD – 
 
VBO 
 
SB0 
 
VBO 
 
SB0 
 
VBO 
 
SB0 
 
 BMUF (ΩM) SBMPD (kNm) 
PGA 
(0.32g) 
3.37 
(84%) 
3.99 
(100%) 
2.89 
(133%) 
2.17 
(100%) 
18,400 
(117%) 
15,700 
(100%) 
PGA 
(0.64g) 
1.97 
(115%) 
1.72 
(100%) 
2.48 
(98%) 
2.52 
(100%) 
31,500 
(86%) 
36,500 
(100%) 
PGA 
(0.96g) 
1.49 
(106%) 
1.41 
(100%) 
2.17 
(106%) 
2.05 
(100%) 
41,500 
(93%) 
44,700 
(100%) 
 
At a PGA of (0.64g, 0.96g) the SBMPD of HS diaphragm (VBO) and SS diaphragm 
(SBO) (Table 6-12) corresponds to the mid-section of the cracked-linear response 
region of the moment-curvature capacity graph (Figure 6.50) where the HS (VBO) 
diaphragms shows the highest curvature positive difference from SS (SBO) 
diaphragm for the same applied moment. The reduced seismic moment demand in the 
HS diaphragm (VBO) at a PGA of (0.64g, 0.96g) is due to the HS (VBO) diaphragm 
additional curvature deformation and the lower diaphragm mass (Table 6-12).  
 
The BMUF in the HS diaphragm (VBO) is 15% and 6% higher than the corresponding 
SS (SBO) diaphragm for a PGA of (0.64g, 0.96g) respectively (Table 6-12). The 
justification for the lower difference in the BMUF of diaphragm VB0 compared to 
diaphragm SB0 at a PGA of 0.96g is in the higher (ΩM) response (Table 6-12) of the 
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HS (VBO) diaphragm compared to the SS diaphragm (SBO) at a PGA of 0.96g. This 
additional (ΩM) response in HS (VBO) diaphragm generated additional bending 
moment demands which reduce the BMUF in diaphragm HS (VBO), albeit remaining 
above the BMUF of SS diaphragm (SBO) at a PGA of 0.96g. 
 
 
 
 
6.6.4  Hybrid diaphragm (Type VA0) and SS diaphragm (Type SA0) 
 
Figure 6.51 shows the NLTDA model results for the diaphragm BMUF for the HS 
diaphragm (VA0) and for the corresponding SS diaphragm (SA0). From Table 6-13 it 
can be observed that HS diaphragm (VAO) shows a lower level of BMUF at a PGA 
of (0.32g, 0.96g) respectively compared to the corresponding SS diaphragm (SA0). 
Diaphragm (VAO) shows a higher level of BMUF at a PGA of 0.64g (Table 6-13). 
The SBMPD of the HS diaphragm (VAO) is higher than the corresponding SS (SA0) 
diaphragm at a PGA of (0.32g, 0.96g) respectively (Table 6-13). The SBMPD of the 
HS diaphragm (VAO) is less than the moment demand on the corresponding SS (SA0) 
diaphragms for the PGA level of 0.64g (Table 6-13).  
 
  
Figure 6.50 – Moment-curvature graph for HS diaphragm (VB0) and corresponding SS 
diaphragm (SB0)  
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Figure 6.51: Diaphragm bending moment utilisation factor – Diaphragms Types (VA0) and (SA0) 
 
6.51a Diaphragm bending moment utilisation factor at a PGA of (0.32g) 
 
6.51b Diaphragm bending moment utilisation factor at a PGA of (0.64g) 
 
6.51c Diaphragm bending moment utilisation factor at a PGA of (0.96g) 
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Table 6-13: NLTDA 3rd floor level mid-span results for HS / SS diaphragm VA0 / SA0 
– BMUF, ΩM and SBMPD – 
 
VAO 
 
SA0 
 
VAO 
 
SA0 
 
VAO 
 
SA0 
 
 BMUF (ΩM) SBMPD (kNm) 
PGA 
(0.32g) 
4.66 
(88%) 
5.27 
(100%) 
2.44 
(123%) 
1.98 
(100%) 
15,600 
(108%) 
14,400 
(100%) 
PGA 
(0.64g) 
2.24 
(113%) 
1.99 
(100%) 
2.55 
(97%) 
2.63 
(100%) 
32,400 
(85%) 
38,100 
(100%) 
PGA 
(0.96g) 
1.48 
(86%) 
1.73 
(100%) 
2.56 
(127%) 
2.01 
(100%) 
48,900 
(112%) 
43,800 
(100%) 
 
 
 
At a PGA of 0.32g the SBMPD of HS diaphragm (VAO) and SS diaphragm (SAO) is 
in the linear elastic portion of the moment curvature capacity graph (Figure 6.52, 
6.38). The lower BMUF of HS diaphragm (VAO) compared to SS diaphragm (SAO) 
at a PGA of 0.32g (Table 6-13) is due to the higher (ΩM) response (Table 6-13) of the 
HS diaphragm compared to the SS diaphragm. The substantially higher (ΩM) response 
generates additional moment demands in the HS diaphragm (VAO) completely 
neutralising the beneficial lower stiffness and lower mass contributions of diaphragm 
(VAO). 
 
At a PGA of (0.64g, 0.96g) the SBMPD of HS diaphragm (VAO) and SS diaphragm 
(SAO) (Table 6-13) is at the moment level corresponding to the mid-section of the 
cracked-linear response region of the moment-curvature capacity graph in Figure 6.52 
where the HS (VAO) diaphragms shows the highest curvature positive difference from 
SS (SAO) diaphragm for the same applied moment.  
 
The increased SBMPD in the HS diaphragm (VAO) at a PGA of 0.96g is due to the 
considerably high (ΩM) response (Table 6-13) of the HS diaphragm compared to the 
SS diaphragm. The behaviour at a PGA of 0.96g is similar to the behaviour at a PGA 
of 0.32g where the substantially higher (ΩM) response generates additional moment 
demands in the HS diaphragm (VAO) completely neutralising the beneficial higher-
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curvature deformation characteristics and lower mass contributions of diaphragm 
(VAO). 
 
 
 
 
 
6.6.5  BMUF of SVBS / HS / SS Diaphragms  
(VD0, SD0, VC0, SC0, VB0, SB0, VA0 and SA0) 
 
 
Figures (6.53, 6.54, 6.55) shows the (BMUF) graphs of the SVBS diaphragm, the 
three HS diaphragms and the corresponding four SS diaphragms at level+3 of the 
NLTDA model, at the three PGA levels (0.32g, 0.64g, 0.96g). The third-floor level 
captures the highest Seismic Bending Moment Peak Demand (SBMPD) from all the 
three floors levels in the NLTDA at the three PGA (0.32g, 0.64g, 0.96g) analysed.  
 
From Figure (6.53, 6.54, 6.55) and Tables (6-10, 6-11, 6-12, 6-13) it can be observed 
that the BMUF in the SVBS/HS/SS diaphragms varied from the highest at (5.27) (SS 
diaphragm SA0) at a PGA of 0.32g to the lowest at (1.24) (SS diaphragm SD0) at a 
PGA of 0.96g. The highest BMUF in SS diaphragm SA0 is justified due to this being 
   
Figure 6.52 – Moment-curvature graph for HS diaphragm (VA0) and corresponding SS 
diaphragm (SA0)  
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the diaphragm with the highest bending moment capacity (Figure 6.2, 6.52) and 
responded with a substantially lower (ΩM) (Table 6-13) than the corresponding HS 
diaphragm VA0 which captured additional (SBMPD) due to a higher floor 
acceleration (244% of the PGA) (Table 6-13). The lowest BMUF in SS diaphragm 
SD0 was expected due to this diaphragm being the least reinforced from the SS 
diaphragms and has a higher mass, a higher stiffness and responds with a higher (ΩM) 
(Table 6-10) than the corresponding SVBS diaphragm (VD0). 
 
Figure 6.53 and Tables 6-13, 6-12 show that at a PGA of 0.32g HS diaphragms VA0 
and VB0 captured additional SBMPD, despite their both being 12% lighter than their 
corresponding SS diaphragms SA0 and SB0 respectively. The justification for the 
behaviour of HS diaphragms VA0 and VB0 is that at a PGA of 0.32g the diaphragms 
respectively respond with a floor acceleration of 244% and 289% of the PGA (Table 
6-13, 6-12). This shows that the better performance of SVBS/HS diaphragms during 
a seismic event, compared to a SS diaphragm, is not by default due to their lighter 
mass, as sometimes claimed in the literature, but is conditional on the SVBS/HS 
diaphragm stiffness, floor acceleration magnification and reinforcement levels. 
 
 
    
Figure 6.53 – Diaphragm bending moment utilisation factor (BMUF) at PGA of 0.32g 
(SVBS / HS diaphragms and corresponding SS diaphragms) 
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Figure 6.54 – Diaphragm bending moment utilisation factor (BMUF) at PGA of 0.64g 
(SVBS / HS diaphragms and corresponding SS diaphragms) 
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Figure 6.55 – Diaphragm bending moment utilisation factor (BMUF) at PGA of 0.96g 
(SVBS / HS diaphragms and corresponding SS diaphragms) 
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6.6.6 Mean BMUF Results of Seven EC8 Spectrum-Compatible Time-Histories - 
Damping and Gravity Deactivated 
 
Sections 6.6.6.1 to 6.6.6.4 show the mean and the individual NLTDA model BMUF 
results for the level+3 diaphragm. The mean BMUF for each diaphragm, is obtained 
from the nonlinear transient dynamic analysis of model NLTDA 4 when subject to 
seven artificially generated earthquake accelerograms of EC8 spectrum-compatible 
time-histories shown in Appendix D2. 
 
6.6.6.1 SVBS diaphragm (VD0) and SS diaphragm (SD0).  
 
Figure 6.56 and Figure 6.57 show respectively the mean and the individual NLTDA 
model results for the level+3 diaphragm BMUF for the SVBS diaphragm (VD0) and 
for the corresponding SS diaphragm (SD0). Figure 6.56 shows that the mean BMUF 
results from the seven records corroborate the results in Figure 6.43 from the 
nonlinear transient dynamic analysis carried out on models NLTDA 1, NLTDA 2 and 
NLTDA 3 when subject to the time history record of the El-Centro 1940 earthquake 
at a scaling factor (SF) of (SF=1), (SF=2) and (SF=3) respectively. 
 
 
   
Figure 6.56 – Diaphragm BMUF mean results of seven EC8 spectrum-compatible time-
histories – Diaphragms Types (VD0) and (SD0) 
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Figure 6.57: Diaphragm BMUF results of seven EC8 spectrum-compatible time-histories  
Diaphragm Types (SD0) and (VD0) 
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Figure 6.57 shows the individual NLTDA 4 model results of the diaphragm BMUF 
for the SVBS diaphragm (VD0) and for the corresponding SS diaphragm (SD0) when 
subject to the seven artificially generated EC8 spectrum-compatible time-histories. 
Figure 6.57 shows that in time-history records EC8-02 and EC8-06 the SS diaphragm 
SD0 attains a marginally higher BMUF than the corresponding SVBS diaphragm. 
 
6.6.6.2 HS diaphragm (VC0) and SS diaphragm (SC0). 
 
Figure 6.58 and Figure 6.59 show respectively the mean and the individual NLTDA 
model results for the level+3 diaphragm BMUF for the HS diaphragm (VC0) and for 
the corresponding SS diaphragm (SC0).  
 
 
 
The graphs in Figure 6.58 show that the BMUF for the level +3 SS diaphragm (SC0) 
is marginally higher than the BMUF for the HS diaphragm (VC0) at the same level. 
This is in mild contrast to the results in Figure 6.47 from the nonlinear transient 
dynamic analysis carried out on models NLTDA 1, NLTDA 2 and NLTDA 3 
respectively which show a higher BMUF in the HS diaphragm (VC0). 
 
     
 Figure 6.58 – Diaphragm BMUF mean results of seven EC8 spectrum-compatible time-
histories – Diaphragms Types (VC0) and (SC0) 
0
2
4
6
8
10
12
14
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
M
O
D
E
L
 H
E
IG
H
T
 (
m
)
UTILISATION FACTOR
DIAPHRAGM BENDING MOMENT UTILISATION FACTOR
Mean Results of Seven EC8 Spectrum-Compatible Time-Histories
SOLID DIAPHRAGM TYPE SCO - (Grade 40) HYBRID DIAPHRAGM TYPE VCO - (Grade 40)
Chapter 6 Nonlinear Transient Dynamic Analysis of Diaphragm Seismic 
Response 
  
 
Page 271 
Figure 6.59: Diaphragm BMUF results of seven EC8 spectrum-compatible time-histories  
Diaphragm Types (SC0) and (VC0) 
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The higher BMUF in the solid diaphragm (SC0) is more evident in Figure 6.59 where 
time-history record EC8-02 particularly shows a definitive higher BMUF in the SS 
diaphragm (SC0) compared to the HS diaphragm (VC0). The low BMUF in HS 
diaphragm (VC0) when subject to the time-history record EC8-02 is justified due to 
the high acceleration magnification factor (ΩM) in HS diaphragm (VC0) as shown in 
Figure 6.27. A marginal, but measurable, higher BMUF in the SS diaphragm is 
observed in Figure 6.59 in time-history records EC8-01, EC8-04, EC8-05 and EC8-
06. The general higher BMUF at Level +3 in SS diaphragm SC0 is corroborated by 
the higher (ΩM) in HS diaphragm VC0, compared to SS diaphragm SC0 as shown in 
Figure 6.32.  
 
The BMUF results in Figure 6.59 for the HS diaphragm VC0 and corresponding SS 
diaphragm SC0 shows that the better performance of SVBS/HS diaphragms during a 
seismic event, compared to a SS diaphragm, is not by default due to their lighter mass, 
as sometimes claimed in the literature, but is conditional on the SVBS/HS diaphragm 
stiffness, floor acceleration magnification and reinforcement levels. This corroborates 
the similar conclusion reached from the results of the nonlinear transient dynamic 
analysis carried out on models NLTDA 1, NLTDA 2 and NLTDA 3 when subject to 
the time history record of the El-Centro 1940 earthquake at a scaling factor (SF) of 
(SF=1), (SF=2) and (SF=3) respectively in Section 6.6.5. 
 
6.6.6.3 HS diaphragm (VB0) and SS diaphragm (SB0). 
 
Figure 6.60 and Figure 6.61 show respectively the individual and the mean NLTDA 
model results for the level+3 diaphragm BMUF for the HS diaphragm (VB0) and for 
the corresponding SS diaphragm (SB0). Figure 6.61 shows that the mean BMUF 
results from the seven artificially generated EC8 spectrum-compatible time-histories 
corroborate the results, for the higher PGA events, in Figure 6.49 from the nonlinear 
transient dynamic analysis carried out on models NLTDA 1, NLTDA 2 and NLTDA 
3 when subject to the time history record of the El-Centro 1940 earthquake at a scaling 
factor (SF) of (SF=1), (SF=2) and (SF=3) respectively.  
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Figure 6.60: Diaphragm BMUF results of seven EC8 spectrum-compatible time-histories  
Diaphragm Types (SB0) and (VB0) 
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EC8 – 03 - PGA = 0.283g 
 
EC8 – 04 - PGA = 0.368g 
 
EC8 – 05 - PGA = 0.336g 
 
EC8 – 06 - PGA = 0.319g 
 
EC8 – 07 - PGA = 0.357g 
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The graph for time-history record EC8-03 in Figure 6.60 shows a higher BMUF for 
the SS diaphragm which is justified by the highest ΩM in HS diaphragm VB0 for time 
history record EC8-03, as shown in Figure 6.29, which increases the bending moment 
diaphragm demands thereby reducing the BMUF.    
 
 
 
 
6.6.6.4 HS diaphragm (VA0) and SS diaphragm (SA0). 
 
Figure 6.62 and Figure 6.63 show respectively the individual and the mean NLTDA 
model results for the level+3 diaphragm BMUF for the HS diaphragm (VA0) and for 
the corresponding SS diaphragm (SA0). Figure 6.63 shows that the mean BMUF 
results from the seven artificially generated EC8 spectrum-compatible time-histories 
corroborate the results, for the PGA=0.64g event, in Figure 6.51 from the nonlinear 
transient dynamic analysis carried out on model NLTDA 2 when subject to the time 
history record of the El-Centro 1940 earthquake at a scaling factor (SF) of (SF=2).  
 
 
 
   
Figure 6.61 – Diaphragm BMUF mean results of seven EC8 spectrum-compatible time-
histories – Diaphragms Types (VB0) and (SB0) 
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Figure 6.62: Diaphragm BMUF results of seven EC8 spectrum-compatible time-histories  
Diaphragm Types (SA0) and (VA0) 
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The graph for time-history records EC8-03 and EC8-04 in Figure 6.62 shows a 
markedly higher BMUF for the SS diaphragm. This is justified by the highest ΩM in 
HS diaphragm VA0, as shown in Figure 6.30, for time history records EC8-03 and 
EC8-04, which increases the bending moment diaphragm demands thereby reducing 
the BMUF. 
 
 
 
 
6.6.7 Diaphragm BMUF Output Comparison and Critique - Mean BMUF Results 
of Seven EC8 Spectrum-Compatible Time-Histories (Damping and Gravity 
Deactivated). 
 
Sections 6.6.7.1 to 6.6.7.3 compare the BMUF output for each diaphragm analysed 
using model NLTDA 4 described in Table D1-4 in Appendix D1. A total of eight 
diaphragm types were analysed, namely one SVBS diaphragm (Type VD0), three HS 
diaphragms (Types VC0, VB0, VA0) and the four corresponding SS diaphragms 
(Types SD0, SC0. SB0, SA0). The mean value of BMUF for each diaphragm type are 
obtained from the nonlinear transient dynamic analysis of model NLTDA 4 when 
subject to seven artificially generated earthquake accelerograms of EC8 spectrum-
   
Figure 6.63 – Diaphragm BMUF mean results of seven EC8 spectrum-compatible time-
histories – Diaphragms Types (VA0) and (SA0) 
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compatible time-histories. The response spectra of the seven artificially generated 
earthquake accelerograms corroborated with the modal analysis of model NLTDA 4 
are shown in Appendix D2. The output in Figures 6.64 to 6.71 is compared and 
critiqued through the frequency content of the spectra of the seven synthetic EC8 
spectrum-compatible time-histories.   
 
6.6.7.1 SVBS Diaphragm Type VD0, HS Diaphragm Type VC0 and SS 
Diaphragms Type SC0. SB0 and SA0. 
 
Figures 6.64, 6.65, 6.66, 6.67 and 6.68 show respectively the BMUF results for SVBS 
Diaphragm Type VD0, HS Diaphragm Type VC0 and SS Diaphragms Type SC0. 
SB0 and SA0 at level +3. The highest BMUF result is from time-history record EC8-
03 and the lowest BMUF result is from record EC8-01.  
 
The higher bending moment demands from record EC8-01 are justified because, at 
the first significant mode, the spectral acceleration of record EC8-01 (Sa-EC8-
01=1.174g)(mode 2) is the highest from the set of seven records. The lower BMUF results 
from record EC8-01, is also attributable to the higher Arias Intensity of record EC8-
01 (IA(EC8-01)=2.151cm/s) compared to record EC8-03 (IA(EC8-03)=1.991cm/s).  
 
The highest BMUF result from time-history record EC8-03 is justified due to record 
EC8-03 having a lower spectral acceleration, at the first significant mode (Sa-EC8-
03=0.807g)(mode 2). Time history record EC8-03 moreover has a lower (Sa) on all the 
higher modes compared to record EC8-01. 
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Figure 6.64 – BMUF for the SVBS diaphragm type VD0 when subject to seven EC8 
spectrum-compatible time-histories 
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Figure 6.65 – BMUF for the SVBS diaphragm type VC0 when subject to seven EC8 
spectrum-compatible time-histories 
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Figure 6.66 – BMUF for the SS diaphragm type SC0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.67 – BMUF for the SS diaphragm type SB0 when subject to seven EC8 spectrum-
compatible time-histories 
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6.6.7.2 SS Diaphragm Type SD0  
 
Figure 6.69 shows the BMUF results for SS diaphragm Type SD0 at level +3. The 
highest BMUF result is from time-history record EC8-07 and the lowest BMUF result 
is from time-history record EC8-01. The higher bending moment demands from time-
history record EC8-01 are justified because, at the first significant mode, the spectral 
acceleration of record EC8-01 (Sa-EC8-01=1.174g)(mode 2) is the highest from the set of 
seven records. The highest BMUF result from time-history record EC8-07 is justified 
due to record EC8-07 having the lowest spectral acceleration (Sa-EC8-07=0.753g)(mode 
2) and a lower Arias Intensity (IA(EC8-07)=1.949cm/s) compared to time-history record 
EC8-01 (IA(EC8-01)=2.151cm/s). Time history record EC8-07 moreover has a lower 
(Sa), compared to record EC8-01, on most of the higher modes corroborated by the 
lowest ΩM result for SS diaphragm type SD0 in Figure 6.28. 
 
    
Figure 6.68 – BMUF for the SS diaphragm type SA0 when subject to seven EC8 spectrum-
compatible time-histories 
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6.6.7.3 HS Diaphragm Types VB0, VA0 
 
Figures 6.70 and 6.71 show respectively the BMUF results for HS diaphragm Types 
VB0 and VA0 at level +3. The highest BMUF result is from time-history record EC8-
07 and the lowest BMUF result is from record EC8-03. It is interesting to note that 
despite the PGA of time history record EC8-03(PGA=0.283g) being lower that the PGA 
of record EC8-07(PGA=0.357g) the (Sa-EC8-03=0.807g)(Mode 2) is higher than (Sa-EC8-
07=0.753g)(Mode 2) resulting in a higher BMUF results for time-history record EC8-07. 
The lower BMUF results from record EC8-03, compared to record EC8-07, is also 
attributable to the higher Arias Intensity of record EC8-03 (IA(EC8-03)=1.991cm/s) 
compared to record EC8-07 (IA(EC8-07)=1.949cm/s). These results are corroborated by 
the ΩM in Figures 6.29 and 6.30, respectively for HS diaphragms VB0 and VA0, 
where time-history record EC8-03 has the highest ΩM, increasing the diaphragm 
bending moment demands and reducing the BMUF. Conversely record EC8-07 has 
the lowest ΩM in Figures 6.29 and 6.30, respectively for HS diaphragms VB0 and 
VA0, which translate into lower diaphragm bending moment demands resulting in 
higher diaphragm BMUF. 
    
Figure 6.69 – BMUF for the SS diaphragm type SD0 when subject to seven EC8 spectrum-
compatible time-histories 
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Figure 6.70 – BMUF for the SVBS diaphragm type VB0 when subject to seven EC8 
spectrum-compatible time-histories 
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Figure 6.71 – BMUF for the SVBS diaphragm type VA0 when subject to seven EC8 
spectrum-compatible time-histories 
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6.6.8 BMUF mean Results of Seven EC8 Spectrum-Compatible Time-Histories – 
Damping and Gravity Activated 
 
Four diaphragm types namely SVBS diaphragm Type VD0, HS diaphragm Type VC0 
and the respective corresponding SS diaphragm Types SD0 and SC0 were analysed 
with gravity activated and including 5% Rayleigh damping. The mean BMUF for 
each diaphragm type were obtained from the nonlinear transient dynamic analysis of 
model NLTDA 3, described in Table D1-3 in Appendix D1, when subject to the seven 
artificially generated earthquake accelerograms of EC8 spectrum-compatible time-
histories, shown in Appendix D2. 
 
Figures 6.72, 6.73, 6.74 and 6.75 respectively show the BMUF results respectively 
for SVBS diaphragm Type VD0, HS diaphragm Type VC0 and the respective 
corresponding SS diaphragm Types SD0 and SC0 diaphragms. The Figures show the 
BMUF for each of the three analysis configurations for each diaphragm namely: 
 
 i) Diaphragm gravity and damping activated 
 ii) Diaphragm gravity and damping deactivated 
 iii) Diaphragm gravity only activated. 
 
From the Figures it is evident, in all the four cases analysed, that the activation of 
gravity without the activation of damping notably reduces the diaphragm BMUF. The 
activation of gravity in nonlinear transient dynamic analysis induces P-Δ effects 
which significantly increases the values of displacements, axial forces, bending 
moments and storey shears (Harsoor et al., 2016).  
 
The reduction of the diaphragm BMUF by the activation of gravity in a NLTDA 
corroborates the findings by Harsoor et al. (2016) that if a P-Δ affected member is 
subjected to lateral load then it will respond with increased lateral deflections which 
may significantly reduce the flexural capacity of a structure. The increased lateral 
deflections of the structure induce additional in-plane diaphragm curvatures 
consequentially generating additional in-plane diaphragm bending moments which 
increase the peak diaphragm in-plane bending moment demand. The increase on the 
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diaphragm peak bending moment demand translates into a reduction in the diaphragm 
BMUF from equation (6.8) which is used for the calculation of the diaphragm BMUF. 
 
From Figures 6.72, 6.73, 6.74 and 6.75 it can also be observed that the application of 
5% Rayleigh damping mitigates the decrease in the diaphragm BMUF instigated by 
the additional bending moment demands due to the P-Δ effects. Figures 6.73, 6.74 
and 6.75 show that the application of 5% Rayleigh damping together with the 
application of gravity, the diaphragm response exceeds the decrease in the diaphragm 
BMUF generated by the P-Δ effects resulting in a net increase in diaphragm BMUF.  
 
Figure 6.72 differently shows that with the application of 5% Rayleigh damping 
together with the application of gravity, the SVBS diaphragm response is nevertheless 
short of balancing out the decrease in the diaphragm BMUF generated by the P-Δ 
effects. This results in a net decrease of the diaphragm BMUF in SVBS diaphragm 
(VD0). The justification for the net decrease in the BMUF in SVBS diaphragm (VD0) 
due to the damped P-Δ effects is due to the effect of the lower mass and lower stiffness 
of diaphragm (VD0) which results in a lower value of the damping matrix of the 
structure [C]. The damping matrix of the structure [C] is the linear combination of the 
mass [M] and stiffness [K] matrixes of a Rayleigh damping model by the relationship: 
 
      C M K = +   (6.10) 
   
where (α) and (β) respectively represent the mass and stiffness proportional Rayleigh 
damping coefficients (Cook et al., 2002). 
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Figure 6.72 – Diaphragm type VD0 BMUF mean results of seven EC8 spectrum-compatible 
time-histories – Damping and Gravity Activated 
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Figure 6.73 – Diaphragm type VC0 BMUF mean results of seven EC8 spectrum-compatible 
time-histories – Damping and Gravity Activated 
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Figure 6.74 – Diaphragm type SD0 BMUF mean results of seven EC8 spectrum-compatible 
time-histories – Damping and Gravity Activated 
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Figure 6.75 – Diaphragm type SC0 BMUF mean results of seven EC8 spectrum-compatible 
time-histories – Damping and Gravity Activated 
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6.7  DIAPHRAGM BENDING RIGIDITY UTILISATION FACTOR (BRUF) 
 
 
The bending rigidity of a cracked rectangular section is defined by HSU et al. (2010) 
as the bending moment per unit curvature (M /φ) as shown in Section 6.2. The 
diaphragm bending rigidity utilisation factor (BRUF) is hereby defined, as the ratio 
of the peak bending rigidity demand to the ultimate diaphragm bending rigidity. The 
peak bending rigidity demand is acquired from the ratio of the peak bending moment 
demand value to the corresponding peak curvature demand value from the NLTDA. 
The ultimate diaphragm bending rigidity is obtained, for each diaphragm type, from 
the 2D-SNLMCA moment-curvature graphs in Figure 6.1 and 6.2 and from Tables 6-
1, 6-2, 6-3 and 6-4. The diaphragm bending rigidity utilisation factor can be described 
by the relationship: 
 
( )
Peak Demand
Peak Demand
Ultimate Capacity
Ultimate Capacity
M
Bending Rigidity Utilisation Factor BRUF
M
 
   =
 
   
 (6.11) 
 
The ultimate bending rigidity Ultimate Capacity
Ultimate Capacity
M 
   
 is the lowest available (supply) 
bending   rigidity at the end of the moment-curvature graph at the nonlinear increment 
before failure. The ultimate bending rigidity describes the final state of degradation 
of the flexural element before failure. The low value for the ultimate bending rigidity 
is justified by the degradation in the flexural member just before failure. The ultimate 
curvature (ΦUltimate) is the largest diaphragm curvature capacity attained before 
diaphragm failure. The peak bending rigidity demand Peak Demand
Peak Demand
M 
   
, is acquired from 
the NLTDA, and is a higher value of diaphragm bending rigidity reflective of the 
reduced level of diaphragm degradation at the applied bending moment values falling 
below the ultimate bending moment value. The bending rigidity utilisation factor is a 
measure of the peak bending rigidity diaphragm demand requested during the 
NLTDA seismic excitation as a multiple of the lowest, or ultimate, diaphragm 
bending rigidity before failure. A higher bending rigidity utilisation factor, at the peak 
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NLTDA demand, implies that at the peak demand the diaphragm still includes 
working stiffness. A low (close to unity) bending rigidity utilisation factor implies a 
low diaphragm bending rigidity where the diaphragm degradation level is close to the 
diaphragm ultimate degradation capacity at failure state. 
 
The BRUF is hereby calculated for SVBS diaphragm (VDO), at mid-span of the third-
floor level (12m model height) using nonlinear transient dynamic analysis model 
NLTDA1 (Table D1-1 Appendix D1). The ultimate diaphragm bending rigidity 
(supply) is calculated using the values of the ultimate bending moment (MUltimate) and 
the ultimate curvature (ΦUltimate) from Table 6-1 into expression (6.12): 
 
 
242,000 21.3 6
1.97 3 /
Ultimate Capacity
Ultimate Capacity
M kNm
E kNm
E m
   
= = +     −  
  (6.12) 
 
The peak diaphragm bending rigidity (demand) is calculated using the values of the 
peak bending moment demand (MPeak Demand) and the peak curvature demand (ΦPeak 
Demand) (Figure 6.23) using model NLTDA1 into expression (6.13): 
 
 
213,300 505.7 6
2.63 5 /
Peak Demand
Peak Demand
M kNm
E kNm
E m
   
= = +     −  
  (6.13) 
 
The bending rigidity utilisation factor is arrived at by inserting the values from 
expressions (6.12) and (6.13) into expression (6.11) to obtain :  
 
505.7 6
24
21.3 6
Peak Demand
Peak Demand
Ultimate Capacity
Ultimate Capacity
M
E
Bending Rigidity Utilisation Factor
EM
 
   + = = =
+ 
   
  (6.14) 
 
The resulting BRUF of (24) implies that SVBS diaphragm (VDO), at third floor level, 
when subject to the EL-Centro 1940 ground motion at a PGA of 0.32g using model 
NLTDA1 has a reserve of bending rigidity which is equivalent to twenty-four times 
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the bending rigidity demand from the NLTDA. This is justified due to the bending 
moment demand of 13,300kNm of SVBS diaphragm (VDO) being accommodated at 
the initial uncracked-linear response, high-gradient region of the moment-curvature 
(capacity) graph in Figure 6.29. 
 
It is interesting to associate the individual diaphragm curvatures in the moment-
curvature capacity graphs in Figure 6.76 (reproduced from Figure 6.15) to the BRUF 
values of the individual diaphragms in Figure 6.77 for a PGA of 0.32g. The diaphragm 
with the largest BRUF (Figure 6.41), namely SS diaphragm (SD0), which is the least 
reinforced solid diaphragm, attains the highest diaphragm curvature in Figure 6.41. 
Conversely the diaphragm with the lowest BRUF (Figure 6.42), namely HS 
diaphragm (VA0), which is the highest reinforced HS diaphragm, has the shortest 
plastic excursion in Figure 6.41. The diaphragms with intermediate values of BRUF 
can be correlated, sequentially, from the ultimate curvatures in Figure 6.41 to the 
individual diaphragm BRUF values in Figure 6.42. This correlation between the 
BRUF values in Figure 6.42 to the ultimate diaphragm curvatures in Figure 6.41 is 
justified from expression (6.11) which is shown rearranged in expression (6.15) 
 
 
( )( )
( )Peak Demand Ultimate Capacity
Peak Demand Ultimate Capacity
M
BRUF
M
 
 = 
  
  (6.15) 
 
Figures (6.42, 6.43, 6.44) show the graphs for the BRUF for the SVBS / HS and their 
corresponding SS diaphragms for the three PGA values (0.32g, 0.64g, 0.96g). It can 
be observed that the SVBS/HS diaphragms have consistently a lower BRUF than their 
corresponding SS diaphragms at the three PGA levels of (0.32g, 0.64g, 0.96g). This 
is expected from Tables (6-1, 6-2, 6-3, 6-4) which show that the SS diaphragms 
consistently achieve an average higher plasticity levels, attaining an average of 70% 
lower bending rigidity before diaphragm failure. The higher concrete stress levels, 
due to the presence of the voids, hindered the SVBS/HS diaphragms from achieving 
the same post yield behaviour, and therefore the low ultimate bending rigidity values, 
achieved by the corresponding SS diaphragms.  
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Figure 6.76 - Moment-Curvature graphs for the SVBS/HS/SS diaphragms showing linear 
relationship between ultimate values  
(Symbols denote the ultimate curvature for the respective diaphragm) 
 (Reproduced from Figure 6.15) 
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Figure 6.77 – Diaphragm SBMPD to BRUF graph from model NLTDA 1 results for a PGA 
of (0.32g) 
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Hybrid diaphragm Type VA0 (C50), having 1m solid chords reinforced with 2% 
reinforcement, displays the lowest bending rigidity utilisation factor for all the three 
PGA levels of (0.32g, 0.64g, 0.96g). The justification for this is that diaphragm Type 
VA0 (C50), despite being the strongest HS diaphragm, has the smallest curvature 
ductility. The low curvature ductility translates into a relatively low post-yield 
excursion with a correspondingly high (low ductile) bending-rigidity at failure.  
 
From Figures (6.42, 6.43, 6.44) it can be observed that SVBS diaphragm (VD0) has 
the same order of BRUF as the three HS diaphragms (VA0, VB0, VC0) for all the three 
PGA levels of (0.32g, 0.64g, 0.96g). This implies that the SVBS diaphragm (VD0), 
despite not being stiffened with solid reinforced concrete chords as the HS 
diaphragms (VA0, VB0, VC0) maintains the same level of BRUF.  
 
Figure 6.45 shows the diaphragm bending rigidity demand to the BRUF from the 
results of model NLTDA1 at a PGA of 0.32g. From Figure 6.45 it can be observed 
that the peak bending rigidity demand in the SVBS diaphragm and the three HS 
diaphragms is always lower than the corresponding SS diaphragms. This is justified 
by the fact that each seismic bending moment demand in the transient dynamic 
analysis is accommodated by the SVBS/HS diaphragms by a larger curvature than the 
corresponding SS diaphragms. This justifies the lower bending rigidity demand in 
SVBS/HS diaphragms due to higher curvature deformation and low moment demand 
compared to the corresponding SS diaphragms.  
 
The lowest BMUF value from Figures (6.38, 6.39, 6.40) respectively for the three 
PGA levels of (0.32g, 0.64g, 0.96g) is a utilisation factor of (1.2). The lowest BRUF 
value from Figures (6.42, 6.43, 6.44) for the same three PGA levels is a utilisation 
factor of (12). This suggests that diaphragm bending rigidity is of a secondary 
importance in diaphragm design compared to the diaphragm bending moment.  
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Figure 6.78 – Diaphragm SBMPD to BRUF graph from model NLTDA 2 results for a PGA 
of (0.64g) 
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Figure 6.79 – Diaphragm SBMPD to BRUF graph from model NLTDA 3 results for a PGA 
of (0.96g) 
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6.8  DIAPHRAGM STRAIN ENERGY DISSIPATION 
 
The sum of the strain energy dissipation per unit length of diaphragm during each of 
the 1559 acceleration data points of the El Centro (1940) seismic excitation record is 
(Kelly, 2006): 
 
1559
( / )
1
1
2Diaphragm Total m n
U M
=
=    (6.16) 
  
 
Where (M) is the seismic induced bending moment at the centre of the diaphragm at 
third floor level and (Φ) is the corresponding seismic induced diaphragm curvature. 
The third-floor level captures the highest Seismic Bending Moment Peak Demand 
(SBMPD) from all the three floor levels in the NLTDA at the three PGA (0.32g, 
0.64g, 0.96g) analysed.  
 
  
Figure 6.80 – Diaphragm bending rigidity demand to BRUF graph model NLTDA 1 results 
for a PGA of (0.32g) 
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Figure 6.46 presents the moment-curvature graphs for the SVBS diaphragm, the three 
HS diaphragms and the corresponding SS diaphragms for the El-Centro (1940) 
seismic excitation at a PGA of 0.32g. The graphs are plotted for the moment-curvature 
responses induced by each of the 1559 acceleration points of the seismic event. The 
total strain energy dissipation per unit length of diaphragm is summed up, using 
expression (6.16), for each diaphragm. The diaphragm type with the highest strain 
energy dissipation per unit length, for each PGA, has been assigned a benchmark 
(100%). The other seven diaphragms in the set are assigned corresponding 
percentages to allow comparison. The absence of hysteresis loops in the moment-
curvature graphs in Figure 6.46 corroborates the observations in the previous Section 
6.4.2 that the diaphragm response at a PGA of 0.32g is in the uncracked-linear elastic 
stage. It can be observed that the highest three strain energy dissipating diaphragms 
at a PGA of 0.32g (Figure 6.46) namely diaphragms (VC0, VD0, SD0) are at the 
flexible end of the moment-curvature capacity graphs in Figure 6.41. This is expected 
because the flexible diaphragms accommodate the same moment level by a larger 
curvature thereby increasing the total strain energy in equation (6.16). 
 
Figure 6.47 shows that the highest strain energy dissipating diaphragm at a PGA of 
0.64g was SS diaphragm (SD0). The justification for the high strain energy dissipation 
in SS diaphragm (SD0) is due to its flexible response at the flexible end of the 
moment-curvature graph in Figure 6.41. This justification for SS diaphragm (SD0) is 
similar to the justification for the high strain energy diaphragms at a PGA of 0.32g 
above. 
 
At a PGA of 0.64g the moment demand level of diaphragm (VA0) (Table 6-9) is at 
the initial portion of the uncracked-linear response region (Figure 6.37). In this region 
moment demands in HS diaphragm (VA0) are accommodated by higher curvatures 
than in the corresponding SS diaphragm (SA0). The high energy dissipation in HS 
diaphragm (VA0) is also justified by Figure 6.21 and Table 6-9 which show that at a 
PGA of 0.64g the diaphragm responds with a (ΩM) which is 255% of the PGA of 
0.64g. This higher (ΩM) response correspondingly increases the moment demands, 
and energy dissipation levels to diaphragm (VA0). 
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Figure 6.81: Diaphragm strain energy dissipation per metre length for the complete EL-Centro 
seismic event at a PGA of (0.32g) 
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Figure 6.82: Diaphragm strain energy dissipation per metre length for the complete EL-Centro 
seismic event scaled to a PGA of (0.64g) 
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Figure 6.83: Diaphragm strain energy dissipation per metre length for the complete EL-Centro 
seismic event scaled to a PGA of (0.96g) 
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From Figure 6.48 one can observe that the highest strain energy dissipating 
diaphragms at a PGA of 0.96g were HS diaphragms (VA0) and (VB0). The moment 
demands, at this PGA level (Tables 6-9, 6-8) in HS diaphragms (VA0) and (VB0) 
correspond to the middle of the cracked-linear response region respectively in Figures 
6.37 and 6.35. The curvatures of the HS diaphragms (VA0, VB0) in this region are 
more than twice those of the corresponding SS diaphragms.  
 
The high energy dissipation in HS diaphragms (VA0, VB0) at a PGA of 0.96g was due 
to the diaphragm’s high (ΩM) (Tables 6-9, 6-8) response. The (ΩM) for HS 
diaphragms (VA0, VB0) are 256% and 217% of the PGA of 0.96g (resulting in 
respective floor accelerations of 2.46g and 2.08g). HS diaphragms (VA0) and (VB0) 
respond with the highest (ΩM) by a noticeable margin, at a PGA of 0.96g. The high 
(ΩM) increases the diaphragm moment demand in expression (6.16) and 
consequentially the strain energy dissipation. 
 
From Figure 6.48 it can be observed that at a PGA level of 0.96g the SVBS diaphragm 
(VD0) dissipates 50% of the strain energy dissipated by the corresponding SS 
diaphragm (SD0). The seismic moment demands on the SVBS diaphragm (VD0) at a 
PGA of 0.96g (Table 6-6), are in the upper, high gradient, segment of the cracked 
linear response region of the moment-curvature graph (Figure 6.29). The seismic 
moment demands on the SS diaphragm (SD0) at a PGA of 0.96g (Table 6-6), are in 
the moment-curvature graph yield moment region (Figure 6.29), at the low-gradient 
upper-end of the cracked linear response segment. The SS diaphragm (SD0) 
experiences much larger deformations, and consequentially higher energy dissipation 
levels, at this bending moment level (Figure 6.29) than the corresponding SVBS 
diaphragm (VD0).  
 
Figure 6.48 shows that at a PGA of 0.96g the three HS diaphragms practically all 
dissipate twice the strain energy compared to their corresponding SS diaphragms. The 
seismic moment demands levels for the three HS diaphragms (VA0, VB0, VC0) 
respectively from Tables (6-9, 6-8, 6-7) correspond to the middle of the cracked linear 
response region of each respective moment-curvature graph (Figure 6.37, 6.35, 6.33). 
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The curvature discrepancy, for the same moment level, between the SS and the HS 
diaphragms are at their highest in the middle of the cracked-linear response segment 
of the moment curvature graphs (Figure 6.37, 6.35, 6.33). This implies that for the 
same bending moment demand level, the HS diaphragms deform at more than twice 
the curvature of their corresponding SS diaphragms. This additional HS diaphragm 
deformation translates into additional energy dissipation during the seismic event.  
 
The NLTDA enables the calculation of the strain energy dissipation in an individual 
diaphragm subject to different ground motion records and intensities. The diaphragm 
stiffness characteristics can be modified in the 2D-SNLMCA according to the results 
from the NLTDA to iteratively optimise the diaphragm strain energy dissipation at 
the earthquake intensity required.  
 
 
6.9  CONCLUSIONS 
 
This Chapter demonstrates the use of the proposed transmutation of the in-plane 
flexural behaviour of SVBS / HS diaphragms into 3D Kirchhoff beam elements to 
facilitate the examination of the diaphragm seismic response. The 3D Kirchhoff beam 
elements, when assembled into a nonlinear transient dynamic analysis (NLTDA) 
model and applied with a seismic record, emulate and replicate explicitly the in-plane 
diaphragm flexural behaviour. The Kirchhoff beam elements output the results for the 
diaphragm-bending-moment seismic demands and the diaphragm-curvature seismic 
demands at each time step of the earthquake record. The diaphragm floor acceleration 
magnification factor, peak moment and curvature demand, diaphragm bending 
moment utilisation factor, bending rigidity utilisation factor and the diaphragm strain 
energy dissipation were obtained from the NLTDA. The results reflected the distinct 
characteristics of each diaphragm type. The computationally efficient NLTDA is 
robust and was able to capture the variations in the diaphragm flexural and in-plane 
response between SVBS / HS and SS diaphragms. 
 
The ultimate curvature-ductility, which translates into the diaphragm capacity to 
develop post-elastic deformations, was found to be consistently lower in the SVBS / 
Chapter 6 Nonlinear Transient Dynamic Analysis of Diaphragm Seismic 
Response 
  
 
Page 300 
HS diaphragms than in the corresponding SS diaphragms. The moment-curvature of 
SS diaphragms develops further into the plastic stage reaching a higher steel 
reinforcement strain and a lower bending rigidity than the corresponding SVBS/HS 
diaphragms at the ultimate stage preceding diaphragms failure. This behaviour is 
justified by the higher concrete compressive stress in the SVBS/HS diaphragms due 
to the presence of the void formers which reduce the volume of the diaphragm 
compression zone. The iterative optimisation of concrete grade, steel reinforcement 
density and SVBS solid chord configuration in the 2D-SNLMCA improves the 
SVBS/HS curvature ductility. 
 
A diaphragm bending rigidity utilisation factor (BRUF) was defined in this thesis to 
calculate the bending rigidity demand from the NLTDA as a factor of the lowest 
ultimate bending rigidity of the diaphragm at the degraded state before failure. It was 
found that the diaphragm bending rigidity utilisation factor was lower for the 
SVBS/HS diaphragm compared to the SS diaphragm even though the SVBS/HS 
showed a lower bending rigidity demand from the NLTDA. The low bending rigidity 
demand in SVBS/HS diaphragms was justified due to the SVBS/HS diaphragms 
accommodating the diaphragm force demand from the NLTDA by lower diaphragm 
bending moments and higher curvature deformations. The lower bending rigidity 
utilisation factor in SVBS/SS diaphragms, compared to the corresponding SS 
diaphragms, was due to the SVBS/SS diaphragms attaining lower ultimate curvatures 
in the 2D-SNLMCA. This was due to the post yield excursion in SVBS/SS 
diaphragms being limited by the higher concrete compressive stresses in the 
diaphragm’s voided compressive zone instigating a concrete compressive failure at 
lower steel strains. 
 
The amount of diaphragm energy dissipation is a function of the diaphragm peak 
bending moment and curvature demand which is obtained from the NLTDA. It was 
found that diaphragm seismic moment demands corresponding to the end portion of 
the cracked-linear segment, and possibly extending into the plastic segment, of the 
diaphragm moment-curvature (supply) graph generate substantial energy dissipation. 
The diaphragm energy dissipation optimisation is possible in diaphragm design by 
iterating the NLTDA demands with the diaphragm 2D-SNLMCA moment-curvature 
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capacity response to adjust to the desired energy dissipation levels. This optimisation 
approach could be used to increase energy dissipation and therefore reduce structural 
damage. 
 
The NLTDA confirmed the observations by Fleischman et al, (1998) and Restrepo et 
al. (2002) that diaphragm floor peak horizontal accelerations were generally greater 
than those recorded at ground level. The maxima floor acceleration magnification 
(ΩM) were recorded for the two higher reinforced HS diaphragms (VB0, VA0) which 
recorded (ΩM) of 289% and 244% of the PGA which exceed the (ΩM) of the 
corresponding SS diaphragms (SB0, SA0) by 33% and 23% respectively. The higher 
(ΩM) in the HS diaphragms (VB0, VA0) translated into additional bending moment 
demand levels and lower bending moment utilisation factors in the HS diaphragms 
compared to the corresponding SS diaphragms. The higher (ΩM) response generated 
additional moment demands in the HS diaphragms completely neutralising their 
beneficial lower-moment/higher-curvature response and their favourable lower mass 
contributions compared to the corresponding SS diaphragms. This shows that the 
better performance of SVBS/HS diaphragms during a seismic event, compared to a 
SS diaphragm, is not by default due to their lighter mass, as sometimes claimed in the 
literature, but is conditional on the SVBS/HS diaphragm stiffness, floor acceleration 
magnification and reinforcement levels. 
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CHAPTER 7 CONCLUSIONS 
 
 
7.1  SUMMARY 
 
This thesis presents an innovative structural approach towards the analysis of 
spherically voided biaxial slab (SVBS) diaphragms when subject to seismic induced 
ground motion. The main contribution of this work can be divided into three 
components. The first component (Chapters 3 and 4), focused on the verification and 
validation of static and dynamic, finite element tools. The work on these numerical 
tools were a mandatory precursor to the extensive numerical analysis parametric 
simulations carried out further into the research project. The second component, 
(Chapter 5), forms the core of the thesis, and presents a novel transmutation 
(modelling idealisation), of the in-plane nonlinear diaphragm flexural response into 
3D Kirchhoff beams. The SVBS diaphragm in-plane flexural response was captured 
using a novel adaptation of the 2D static-nonlinear moment-curvature analysis (2D-
SNLMCA) procedure on partially-perforated reinforced concrete diaphragms. A 
method was devised for the 2D-plane stress (2D-PS) models to directly emulate the 
3D-SVBS diaphragm behaviour by converting, using geometric-volumetric 
considerations, their 3D anatomy into a 2D-PS diaphragm configuration without 
using 3D-Solid-Continuum NLFEA. The third component of the thesis (Chapter 6) 
implements the proposed method from Chapter 5 into a 3D nonlinear transient 
dynamic analysis (3D-NLTDA) model subject to seismic induced ground motion. The 
nonlinear model captures the global diaphragm demands in terms of force, 
deformation and ductility levels which are compared to the diaphragm 2D-SNLMCA 
capacity levels. This approach facilitates an iterative structural, and dynamic analysis, 
optimisation process. The conclusions and main contributions of this works are 
summarised in the following sections. 
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7.1.1 First Component: Verification and validation 
 
A two-staged approach for the verification and validation procedures was adopted in 
this research project. The first stage presented in Chapter 3, was the verification of 
the time-integration algorithm. The time-integration algorithms in LUSAS 
engineering analysis software were verified using a theoretically based approach by 
using the closed-form differential equation of motion for a dynamic system. The 
Hilber-Hughes-Taylor (HHT) algorithm, used in LUSAS, was investigated in both its 
dissipative and non-dissipative forms at varied time-steps. The principal focus of the 
investigation was on the transient response portion of the vibratory motion due to its 
direct relevance to the transient seismic dynamic analysis work in the Chapter 6. It 
was found that the most stable algorithm in the transient stage of the vibratory motion 
was the non-dissipative algorithm suggested by Fox-Goodwin (1949), with the 
parameter (β=1/12) in the HHT algorithm. The displacement predictions obtained 
numerically were almost identical to the analytical results during the transient portion 
of the vibratory response and therefore the Fox-Goodwin algorithm was adopted in 
LUSAS for all the NLTDA in Chapter 6.  
     
The second stage in the finite element verification and validation procedures in 
Chapter 4 involved the validation, against test data from Albrecht (2014), of the 
flexural response of reinforced concrete structures modelled using 3D solid-
continuum and discrete 3D structural-bar assemblies. The investigation showed that 
the model with a 3D-solid continuum mesh discretization density of 125,000 linear 
tetrahedral elements per cubic metre, achieved a satisfactory level of accuracy. The 
computed peak load and deflection values varied marginally, by fractions of a percent, 
from the experimental values. The major-principal strain plots at the final increment 
of the nonlinear analysis demonstrate that the finite element model captures the 
failure-crack-propagation pattern, and distribution, of the laboratory test specimen 
with considerable accuracy. 
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7.1.2 Second Component: Transmutation (modelling idealisation) of the SVBS 
Diaphragms into 3D Kirchhoff Beams 
 
The core of the thesis, presented in Chapter 5, is the novel transmutation, of the in-
plane nonlinear diaphragm flexural response into 3D Kirchhoff beams. The 
transmutation is implemented by designing the nonlinear hardening convention of 3D 
Kirchhoff thin beam elements to accurately emulate, and replicate explicitly, the 
nonlinear in-plane SVBS diaphragm behaviour. The SVBS diaphragm in-plane 
flexural response was captured using a novel adaptation of the 2D static-nonlinear 
moment-curvature analysis (2D-SNLMCA) procedure on partially-perforated 
reinforced concrete diaphragms. The 2D-SNLMCA procedure was validated using 
control 3D solid-continuum diaphragms modelled with discrete 3D structural bar 
reinforcement; the 3D solid-continuum finite element modelling was validated in 
Chapter 4. 
 
The in-plane bending-stress to bending-strain graphs for the SVBS diaphragms, 
acquired from the 2D-SNLMCA, displayed a distinct transitional behaviour between 
the initial linear-elastic region and the final inelastic-plastic region. This transitional 
behaviour is reflective of the diffused crack pattern in the SVBS diaphragms in the 
cracked-linear response region. The maximum compressive stress recorded at the 
final increment was comparable for both the solid slab (SS) and SVBS diaphragms 
respectively. The ultimate strain at failure registered in the tension steel reinforcement 
bars, of the SVBS diaphragm was however less than half of that registered in the solid 
diaphragm. This implies that, for any given diaphragm curvature, the concrete in the 
SVBS diaphragm, due to the presence of the voids, is stressed at a higher level than 
in the solid diaphragm, consequently releasing lower steel plastic deformations. It was 
also found that the post-elastic deformation and ductility was consistently lower in 
the SVBS diaphragms and hybrid slab (HS) diaphragms than in the corresponding SS 
diaphragms. The moment-curvature relationship of the SS diaphragm develops 
further into the plastic stage reaching a higher steel reinforcement strain and a higher 
curvature. This translates into a lower bending rigidity for the SS diaphragm than the 
corresponding SVBS and HS diaphragm preceding diaphragms failure. 
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The steel reinforcement and concrete utilisation factor of the SVBS and HS 
diaphragms, acquired from the 2D-SNLMCA, was consistently lower than the 
corresponding SS diaphragms (the solid diaphragm higher self-weight is not a 
disadvantage in the static in-plane diaphragm loading). This difference in the material 
utilisation factors is accentuated in the middle of the cracked linear response region 
of the moment-curvature graphs. It is therefore advised that this material deficiency 
is taken into account in the design of the SVBS and HS diaphragms by correlating the 
seismic moment demands from the 3D-NLTDA to the diaphragm material utilisation 
factor graphs acquired from the 2D-SNLMCA. 
 
The finite element transmutation of SVBS, HS and SS 2D-PS continuum diaphragms 
into 3D Kirchhoff thin-beam elements requires the correction of the discrepancy in 
the material stiffness between the realistic 2D-PS continuum finite element models, 
which engage the nonlinear numerical concrete model, and the stiffer thin-beam 
models which adopt a Von-Mises material model. This discrepancy is recognized by 
LUSAS (LUSAS Technical Support, 2018) who are at present developing new finite 
element technology for thick cross-section beams that incorporate the nonlinear 
numerical concrete model. The variable stiffness between the 2D-PS continuum 
numerical-concrete models and the 3D Kirchhoff thin-beam models can be effectively 
addressed however, using the present-available finite element technology, through the 
compensatory modification of the nonlinear hardening convention in the Von Mises 
material model. 
 
Examination of the out-of-plane nonlinear behaviour of SVBS and SS showed that 
the SS sustains higher bending moment levels at the lower strain levels, before the 
onset of cracking. At the higher stress levels however, the SS is only marginally 
stronger, and generates slightly lower bending stress levels than the SVBS for the 
same bending strain deformation. The moment-curvature response of the SVBS and 
the SS is convergent at the onset of steel yielding. The lower stiffness of the SVBS is 
compensated by the heavier SS where part of the moment-carrying-capacity of the 
SS, and an equivalent amount of curvature, is being employed to cater for the heavier 
self-weight of the solid slab. It was found that for the same superimposed loading, the 
voided slab had an additional reserve of strength in the concrete and steel 
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reinforcement material over and above the solid slab; this being partly consequential 
to SVBS being lighter than the SS. The results confirmed that the SVBS is more 
structurally efficient than the solid slab because it can sustain a higher load, multiple 
of its own weight, than the equivalent solid slab. Out-of-plane failure of the solid slab 
occurs by the accumulation of tensile cracks concentrated near the slab centre 
indicating a localized failure of the slab. The failure crack pattern in the SVBS shows 
a quasi-evenly distributed tensile cracking area starting from the slab centre up to 
quarter-span suggesting a distributed failure crack pattern. 
 
7.1.3 Third Component: 3D-Nonlinear Transient Dynamic Analysis 
 
The assembly of the transmuted 3D Kirchhoff beam-diaphragms into a 3D-NLTDA 
model subject to seismic induced ground motion in Chapter 6 showed the feasibility 
of the method proposed in Chapter 5. The Kirchhoff beam-diaphragm elements 
provided systematic predictions of the diaphragm bending-moment, and curvature, 
seismic demands at each time step of the earthquake record. The diaphragm bending 
moment demand utilisation factor, bending rigidity utilisation factor, the diaphragm 
in-plane acceleration magnification factor and the diaphragm strain energy dissipation 
were also obtained for each time-step from the 3D-NLTDA. The computationally 
efficient 3D-NLTDA is robust and captures the unique characteristics of each 
individual diaphragm distinctively. 
 
The NLTDA confirmed the observations by Restrepo et al. (2002) that diaphragm 
floor peak horizontal accelerations were generally greater than those recorded at 
ground level. The maxima floor acceleration magnification (ΩM) were recorded for 
the higher reinforced HS diaphragms which recorded (ΩM) of up to 289% of the PGA 
exceeding the (ΩM) of the corresponding SS diaphragm by 33%.  
 
The diaphragm seismic bending moment demand utilisation factor graphs reveal a 
higher utilisation factor for the more flexible voided diaphragms namely the SVBS 
diaphragm and the least reinforced HS diaphragm compared to the corresponding SS 
diaphragm. The lower seismic demands in the SVBS/HS diaphragm was due to their 
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lighter mass, which generates less seismic forces. This was coupled with the 
SVBS/HS diaphragms accommodating the in-plane seismic forces with a higher 
curvature deformation and a lower bending moment. The higher reinforced HS 
diaphragms registered a lower bending moment utilisation factor than the 
corresponding SS diaphragm. This was due to the higher (ΩM) response in the HS 
diaphragms which translated into additional bending moment demand levels. This 
resulted in lower bending moment utilisation factors in the HS diaphragms compared 
to the corresponding SS diaphragms. The higher (ΩM) response generated additional 
moment demands in the HS diaphragms completely neutralising their beneficial 
lower-moment/higher-curvature response and their favourable lower mass 
contributions compared to the corresponding SS diaphragms. 
 
The diaphragm bending rigidity utilisation factor (BRUF) was lower for the 
SVBS/HS diaphragm compared to the SS diaphragm even though the SVBS/HS 
showed a lower bending rigidity demand (M /φ) from the NLTDA. The low bending 
rigidity demand in SVBS/HS diaphragms was justified due to the SVBS/HS 
diaphragms accommodating the diaphragm in-plane force demand from the NLTDA 
by lower diaphragm bending moments and higher curvature deformations. The lower 
BRUF for the SVBS/HS diaphragms, compared to the SS diaphragm, is justified since 
the SS diaphragm, being heavier and stiffer, captures a larger moment at a smaller 
curvature than the corresponding SVBS/HS diaphragms. The higher BRUF in the SS 
diaphragm, is moreover due to the lower ultimate bending rigidity in the SS 
diaphragm. The SS diaphragms consistently achieve a larger ultimate curvature at 
failure compared to the SVBS/HS diaphragms. The lower BRUF in SVBS/HS 
diaphragms is due to their attaining lower ultimate curvatures in the 2D-SNLMCA. 
This was due to the post yield plastic deformation in SVBS/HS diaphragms being 
limited by the higher concrete compressive stresses. SVBS/HS diaphragms generate 
high concrete stresses in the diaphragm’s voided compressive zone instigating a 
concrete compressive failure at lower steel strains. The iterative optimisation of 
concrete grade, steel reinforcement density and SVBS solid chord configuration in 
the 2D-SNLMCA improves the SVBS/HS curvature ductility. 
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The SVBS/HS diaphragms accommodate the seismic demands corresponding to the 
cracked-linear response region by a larger curvature, which translates to a higher 
deformation and energy dissipation, than the corresponding SS diaphragms.  
Diaphragm seismic moment demands corresponding to the end portion of the 
cracked-linear segment, with controlled excursions into the post-yield segment, of the 
diaphragm moment-curvature (supply) graph generate substantial energy dissipation. 
This is relevant towards reducing structural damage during earthquakes in SVBS and 
HS diaphragms.   
 
It was concluded that SVBS diaphragm energy dissipation optimisation is possible 
through an iterative calibration of the seismic demands using the 3D-NLTDA with 
the diaphragm designed moment-curvature response from the 2D-SNLMCA. This 
shows that the proposed methodology could be adopted in design towards reducing 
structural damage. The higher (ΩM) response in HS diaphragms neutralised their 
beneficial lower-moment/higher-curvature response and their favourable lower mass 
contributions compared to the corresponding SS diaphragms. This concludes that the 
better performance of SVBS/HS diaphragms during a seismic event, compared to a 
SS diaphragm, is not by default due to their lighter mass, as sometimes claimed in the 
literature, but is conditional on the SVBS/HS diaphragm stiffness, floor acceleration 
magnification and reinforcement levels. 
 
 
7.2  SUGGESTIONS FOR FUTURE WORK 
 
The thesis presented an innovative structural modellisation approach towards the 
analysis of spherically voided biaxial slab diaphragms when subject to seismic 
induced ground motion. The innovative transmutation of the in-plane nonlinear 
diaphragm flexural response into 3D Kirchhoff beams facilitates their examination 
using nonlinear transient dynamic analysis (NLTDA). To build on these contributions 
the cases presented below are suggested for future work. 
 
Chapter 7 Conclusions 
  
 
Page 309 
• Experimental validation of the seismic performance of SVBS and HS 
diaphragms on large scale structural systems, similar to the PRESSS and 
DSDM calibration projects, to fully confirm and refine the findings from this 
work. The experimental work on SVBS and HS diaphragms would provide a 
valuable finite element validation tool that would facilitate further parametric 
studies to examine other future SVBS/HS diaphragm installation 
configurations 
 
• Further studies on the in-plane shear behavior on SVBS/HS diaphragms and 
investigate the diaphragm anchorages to the shear walls. Capacity design 
philosophy can be implemented to produce a hierarchy of design strengths 
among the diaphragm reinforcement groups. A capacity design approach 
protects the diaphragm anchorages, and diaphragm shear reinforcement, in 
favour of more ductile yielding of the diaphragm chord flexural 
reinforcement. 
 
• Investigate the use of post tensioning rocking walls, which include energy 
dissipating bar reinforcement, for the LFRS in the NLTDA model. The self-
centering capabilities of rocking walls are beneficial, from a diaphragm 
numerical dynamic analysis point of view, because they allow a more accurate 
calibration of the seismic forces captured by the floor diaphragms. 
 
• The implementation of a transmutation approach in design tools to be used in 
structural engineering design offices. 
 
• Application of proposed methods to diaphragms with irregular shapes in order 
to further enable SVBS design and construction in seismically active 
countries. 
 
The above-described future work should be industrially driven since it will enable the 
further proliferation of this form of construction in different parts of the world and 
improve confidence in its use. 
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APPENDIX A VALIDATION OF THE TIME INTEGRATION 
ALGORITHMS 
 
 
APPENDIX A1 SDOF FREE UNDAMPED VIBRATIONS 
 
A1.1 Test-Model for a Free Undamped SDOF System/ 
 
A test-model for a free undamped single degree of freedom (SDOF) system has been 
devised for the numerical evaluation of the time-integration algorithms and the 
closed-form differential equations of motion in Section 3.3. The relative magnitudes 
of the system properties and the initial prescribed values have been selected to 
encourage an observable response upon the activation of the time-integration 
algorithms. The model SDOF system in Table A1-1 was applied to the entire 
numerical analysis experiments in Section 3.3.  
 
Table A1-1: Properties of the model single degree of freedom system used for the free-
undamped experimental work in Section 3.3 
Variable Description Value 
x0 Prescribed (Initial) Displacement 0.15m 
ẋ0 Initial Velocity 0.22ms-1 
ẍ0 Initial Acceleration (x0)(k)/(m) -3.00ms-2 
m Mass 350000Ns2m-1 (or kg) 
k Stiffness 7000000Nm-1 
ωn Natural Circular Frequency (k/m)½ 4.47rad/s 
uo Maximum Amplitude (Chopra, 
2001)            
2
2 0
0 0
n
x
u x

=
 
+  
 
 
0.16m 
Tn Natural Period of Vibration 
(2π/ωn) of the System 
1.4s 
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A1.2 Newmark Algorithm: Case of (β=0) and (γ=½) 
 
The validity of the statement by Stejskal et al. (2001) in Section 3.3.6 is hereby 
verified for the free undamped case, by using the values of (β=0), (γ=½), (c=0) and 
(Rn=0) in the Newmark difference relations (3.17) and (3.18) which respectively 
transform into: 
 
 
2
1
2
n
n n n
t x
x x t x+

= +  +  (A.1) 
and 
 1
1
2 2
n n
n n
t x t x
x x ++
 
= + +  (A.2) 
 
 
These transformed Newmark difference relations should be equivalent to the 
corresponding Classical Central Difference equations (A.3) and (A.4) for linear 
(Rn=kDn), free undamped response (Cook et al., 2002). 
 
Figure A1.1 – Plot of the theoretical displacement and the theoretical velocity  
(from the equation (3.8) using the properties in Table A1-1) 
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( )1 1
1
2
n n nx x x
t
+ −= −

  (A.3) 
 
  ( )1 12
1
2n n n nx x x x
t
+ −= − +

 (A.4) 
 
It is hereby shown that the form of the classical central difference equations (A.3) and 
(A.4) can be transformed, by successive mathematical steps, until the central 
difference displacement equation is finally identical to the Newmark Difference 
displacement equation (A.1). Expression (A.5) is formulated for the term (xn+1), for 
the displacement at the next time step using the classical difference relation (A.4)  
 
 
2
1 12n n n nx x t x x+ −=  + −   (A.5) 
 
The classical central difference equation (A.3) is solved for the term (xn-1) in 
expression (A.6). 
 
1 1
2
n n n
x x t x
− +
= −    (A.6) 
 
This expression for (xn-1) is inserted into equation (A.5), resulting in equation (A.7). 
 
 
2
1
2
n n n n
t
x x t x x+

= +  +  (A.7) 
 
The Classical Central Difference displacement equation (A.7) is identical to the 
Newmark difference displacement equation (A.1) for the case of (β=0) which proves 
that the statement of Stejskal et al. (2001) is correct. 
 
A1.3 Newmark Difference Algorithm: Significance of (γ) 
 
The Newmark displacement difference relation (3.17) is hereby reproduced in (A.8). 
 
 ( ) 2 211 12n n n n nx x x t x t x t + += +  + −  +    (A.8) 
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Decreasing the displacement equation (A.8) by one time step we obtain expression 
(A.9). 
 
 ( ) 2 211 1 12n n n n nx x x t x t x t − − −= +  + −  +   (A.9) 
 
The Newmark velocity difference relation (3.18) is hereby reproduced in (A.10). 
 
 
 ( )1 11n n n nx x x t x t + += + −  +    (A.10) 
 
Decreasing the velocity difference relation by one time step we obtain expression 
(A.11). 
           
 ( )1 11n n n nx x x t x t − −= + −  +   (A.11) 
  
Equation (A.11) can be rearranged to obtain equation (A.12). 
 
 ( )1 11n n n nx x x t x t − −− = −  +   (A.12) 
 
Deducting (A.9) from the Newmark displacement difference relation (A.8) we obtain 
expression (A.13). 
 
( ) ( ) ( ) ( ) ( )
1
2 21
1 1 1 12
n n
n n n n n n n n
x x
x x t x x t x x t x x 
+
− − − +
− =
− + − + −  − +  −
      (A.13) 
 
Inserting equation (A.12) in equation (A.13), to replace the velocity difference term 
(ẋn - ẋn-1) on the right hand side, results in equation (A.14), which contains only 
displacement and acceleration terms (Newmark, 1952). 
 
 
( ) ( )
( ) ( ) ( )
1 1 1
2 21
1 12
1n n n n n n
n n n n
x x x x t x t x t
t x x t x x
 
 
+ − −
− +
− = − + −  +   
+ −  − +  −
  (A.14) 
 
 
Rearranging all the terms to the left-hand side of equation (A.14) we obtain expression 
(A.15). 
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2 2 2
1 1 1 1
2 2 2 2 2 21 1
1 1 12 2
2
0
n n n n n n
n n n n n n
x x x t x t x x t
t x t x t x t x t x t x
 
   
+ − − −
− − +
− + −  +  − 
−  +  +  −  −  +  =
 (A.15) 
 
Equation (3.35), valid for the free, undamped case is reproduced in (A.16). 
 ( ) 2
1
n n n nx k x x
m
= − = −   (A.16) 
 
 
Equation (A.16) is used to replace the acceleration terms with displacement terms in 
equation (A.15) to obtain expression (A.17). 
 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
2 2 2 2 2 2
1 1 1 1
2 2 2 2 2 21 1
12 2
2 2 2 2 2 2
1 1
2
0
n n n n n n
n n n
n n n
x x x t x t x t x
t x t x t x
t x t x t x
    
   
     
+ − − −
−
− +
− + − − +  − −  −
−  − +  − +  −
−  − −  − +  − =
  (A.17) 
 
 
Regrouping of like terms in expression (A.17), results in displacement difference 
equation (A.18). 
 
( ) ( ) ( )
( ) ( )
2 2 2 2 2 2
1 1
2 2 2 21 1
12 2
1 2 1 1
0
n n n
n n
x t x t x t
x t x t
     
   
+ −
−
+  − +  + + 
+  + +  − =
 (A.18) 
 
The fourth term on the left-hand-side of equation (A.18), [xn Δt2ω2(γ+½)] is split into 
two parts to allow the grouping of the terms containing (γ): 
 
 
( ) ( ) ( )
( ) ( )
2 2 2 2 2 2
1 1
2 2 2 2 2 21 1
12 2
1 2 1 1
1 0
n n n
n n n
x t x t x t
x t x t x t
     
    
+ −
−
+  − +  + + 
+  + − +  −  − =
 (A.19) 
 
Rearranging and grouping the (γ) terms in equation (A.19) we acquire expression 
(A.20). 
 
( ) ( ) ( )
( ) ( )
2 2 2 2 2 2 2 2
1 1
2 21
12
1 2 1 1
0
n n n n
n n
x t x t x t x t
t x x
      
 
+ −
−
+  − +  +  + + 
+ −  − =
  (A.20) 
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After dividing throughout by ( )2 21 t +  and adding (Δt) to the numerator and 
denominator to the last term containing (γ), the relationship takes the final form of  
difference equation (A.21). 
 
( )
( )
( )
( )
2 2
1 2 2
2 2
11
1 2 2 2
2
1
0
1
n n n
n n
n
t
x x x
t
x xt
x t
tt

 


 
+
−
−
 
 − + +
 +  
  −
 +  − =
  +  
 (A.21) 
 
 
A1.4 LUSAS Finite Element Model for Free Undamped Vibrations 
 
The finite element simulation was carried out using a simple model built up of a 
single, two-dimensional, joint element, having no rotational stiffness. Table A1-2 
displays the mesh attributes for the joint finite element model of a free undamped 
SDOF system. A transient dynamic analysis, also called a time-history analysis, was 
activated in LUSAS to determine the dynamic response of a structure subject to the 
action of any general initial-prescribed loading or time-dependent loads, where 
loading changes with time. The structural loading in the form of, a prescribed 
displacement, an initial velocity and an initial acceleration was assigned to the model 
at the outset of the transient dynamic analysis.  
 
A1.5 Algorithm Accuracy: Distinct Time-Steps 
 
In Table 3-2, Table 3-3 and Table 3-4, the x-axis position of the first and third 
intersection of each function with the x-axis was interpolated from the immediately 
adjacent time-step y-axis values on either side of the x-axis.  
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Table A1-2: Finite element analysis model of a free undamped SDOF system 
 
Mesh Attributes 
Element Name: JNT3  
 
Element 
Description: 
2D Joint Element for 
Bars, Plane Stress and 
Plane Strain 
Structural 
Element Type: 
Joint with no 
rotational stiffness 
Dimensions: Two Dimensional 
Geometric 
Attributes: 
Zero Joint Eccentricity 
Material General Properties 
Degrees of Freedom  2 Translational DOF at each Node: (u), (v) 
Mass Position: At first node (P1) 
Elastic Spring Stiffness 
(Node P1): 
DOF u:7000000N/m DOF v: 0N/m 
Mass (Node P1): DOF u: 350000kg DOF v: 0kg 
Supports 
Node P2: Fully Fixed in All Loadcases 
Node 1: Fully Fixed in Load Case 1 and Free in Load Case 2 
Loading Attributes (Implicit Dynamics) 
Structural x0 Prescribed Displacement 0.15m 
Dynamic ẋ0 Initial Velocity 0.22ms
-1 
Dynamic ẍ0 Initial Acceleration -3.0ms
-2 
Algorithm Implicit Time Integration 
Load Curves x0, ẋ0, ẍ0 applied at time interval 0s to 0.0001s 
Load Case 1 Supports:  Both Nodes Fixed 
Initial Time Step Initial ∆t: 0.0001s 
Total Response Time 0.0001s 
Load Case 2 Supports:  Node 1 Fixed; Node 2 Free 
Variables  Hilber-Hughes-Taylor  (α, β, ϒ); Time Step ∆t  
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The period of each function was arrived at by deducting the interpolated x-axis 
position of the displacement-time function at the third intersection from the x-axis 
position of the first intersection. The period elongation, or contraction, was arrived at 
by working out the difference from the period of the numerical-integration function 
to the natural period of the system. In each case the period error was verified with the 
result obtained from the equation (Cook et al., 2002): 
 
 
1
1
2 2
4
tan
4
n n
n
t n
t
period error t
t
 

 
−
−

 
= =   
−  
  (A.22) 
 
 
 
The difference in amplitude, between the analytical and algorithmic value is 
calculated by deducting the amplitude of the second peak of the difference function, 
measured from the respective plot, to the peak amplitude (U0) from Table A1-1.  
 
A1.6 Finite Element Accuracy: Non-Dissipative Algorithms 
 
Definition of consistent variations of acceleration in the time interval for three values 
of the parameter (β); namely for (β=¼), (β=⅙) and (β=⅛) (Newmark, 1962).  
 
(β=¼)  Uniform acceleration over the time-step, equivalent to the average of the 
initial and final acceleration in the time step.  
 
(β= ⅙)  Linear acceleration along the time step increasing linearly from the initial 
acceleration to the final acceleration in the time step. 
 
(β=⅛)  A step-function with the first half of the time-step having the initial 
acceleration, and the second half of the function having the value of the final 
acceleration at the end of the time step. 
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APPENDIX A2 SDOF FREE DAMPED VIBRATIONS 
 
A2.1 Analytical (Classical) Solution 
 
 
 
A2.2 Test-Model for a Free Damped SDOF System 
 
A test-model for a free damped SDOF system has been devised for the numerical 
evaluation of the time-integration algorithms and the closed-form differential 
equations of motion in Section 3.4. The relative magnitudes of the system properties 
and the initial prescribed values have been selected to encourage an observable 
response upon the activation of the time-integration algorithms. The model SDOF 
system in Table A3-1 was applied to the entire numerical analysis experiments in 
Section 3.4 in Chapter 3.  
 
 
 
 
Figure A2.1 – Free-damped analytical displacement (xt), velocity (ẋt) and acceleration (ẍt) 
(from equations in (3.39), (3.40) and (3.41) and using the values in Table A2-1) 
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Table A2-1: Properties of the single degree of freedom system used for the free damped 
investigative work in Section 3.4 
Variable Description Value 
x0 Prescribed (Initial) Displacement 0.11m 
ẋ0 Initial Velocity 0.89ms-1 
m Mass 350,000Ns2m-1 (kg) 
k Stiffness 7,000,000Nm-1 
ωn Natural Circular Frequency (k/m)½ 4.47 rad/s 
Tn System’s Natural Period of Vibration (2π/ωn)  1.40s 
C Damping Coefficient (Referred to as the 
Viscous Damping Coefficient) 
500000 N·s/m 
Ccr Critical Damping Coefficient [2√(km)] 3130498.17 N·s/m 
ζ Damping Ratio (C/Ccr) 0.16 
ωd Damped Frequency [ωn√(1-ζ2)] 4.41 rad/s 
 
ρ 
2
2 0 0
0
n
d
x x
x



 +
= +  
 
 
0.25m 
θ 
1 0 0
0
tan n
d
x x
x



−  += −  
 
 
-1.11 rad 
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A2.3 Possible Values of the Damping Ratio (ζ) 
 
There are four possible values, or ranges, for the damping ratio (ζ) which can be used 
in the equations (3.39), (3.40) and (3.41) (Satsangi, 2003). Tables A2-2, A2-3, A2-4 
and A2-5 respectively describe the four possible values for the damping ratio (ζ) 
namely (ζ=0), (0 < ζ < 1), (ζ=1) and (ζ > 1), which can be rendered operative in the 
analytical equations (3.39), (3.40) and (3.41). Figure A2.2 shows the analytical 
displacement plots for the four values of (ζ) namely [ζ=0], [ζ=0.2 for (0 < ζ < 1)], 
[ζ=1.0] and [ζ=2 for (ζ > 1)]. 
 
 
 
Table A2-2: Value of the damping ratio (ζ=0) 
ζ = 0 
This refers to the undamped condition where ζ=0 and therefore ωd=ωn 
and the damped free vibration equation (A.23) then becomes equivalent 
to the free vibration equation(A.24). 
 
 
 
 
Figure A2.2 – Analytical SDOF Displacement for the first 1.5 seconds of the vibratory 
response for the four possible values of the damping ratio (ζ) 
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Table A2-3: Value of the damping ratio (0 < ζ < 1) 
0 < ζ 
< 1 
This is equivalent to the damped condition corresponding to the range, 
0<ζ<1, which is the range of light damping where damped vibrations 
occur. 
 
 
Table A2-4: Value of the damping ratio (ζ = 1) 
ζ = 1 The value of the damped frequency (ωd) becomes equal to zero hence the 
Cosine term becomes equal to 1 in the damped free vibration equation 
(Satsangi, 2003): 
( ) ( ) ( )0 00 cos sinn
t n
d d
d
x x
x t e x t t
  

−  += + 
 
. The Sine term in the 
equation, namely ( )0 0 sinn d
d
x x
t



+
 becomes equivalent to 
( )0 0nx x t+  due to the fact that 
( )
0
sin
lim 1
d
d
d


→
=  (Spiegel, 1987). The 
equation then becomes: ( ) ( )0 0 01
nt
nx t e x x x t


−
=
= + +   . 
The displacement term for (ζ=1) includes no Sin or Cos term and only the 
exponential decay term. The system will therefore switch from oscillatory 
motion to non-oscillatory motion with a value of (ζ=1) 
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Table A2-5: Value of the damping ratio (ζ > 1) 
ζ > 1 In the case when (ζ>1) the square root term in the damped frequency term 
(ωd) becomes negative and takes the following form: 
 ( ) ( )2 21 1 1d n n    = − = − −  and using 1i = −  we obtain: 
 ( ) 2 1d n i  = −  and using 
\ 2 1d n  = −  results in: 
\
d di =  and the damped free vibration equation (Satsangi, 2003) 
becomes: 
 ( ) ( ) ( )\ \0 00 \1 cos sinn
t n
d d
d
x x
x t e x i t i t
i



 

−

 +
= + 
 
   
We can use the standard relationships between hyperbolic and 
trigonometric functions (Bostock et al., 1986) namely, cos ix=cosh x and 
sin ix =sinh x in the equation to finally obtain: 
 ( ) ( ) ( )\ \0 00 \1 cosh sinhn
t n
d d
d
x x
x t e x t t



 

−

 +
= + 
 
   
The equation is made up of only hyperbolic terms. It is important to note 
that Hyperbolic terms are non-oscillatory and therefore the displacement 
function for (ζ > 1) is an exponentially decaying function, with no 
vibration, where the displacement decays to zero in the first cycle of the 
vibratory motion. 
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APPENDIX A3 SDOF UNDAMPED FORCED VIBRATIONS 
 
A3.1 Test-Model for a Forced Undamped SDOF System 
 
A test-model for a forced undamped single degree of freedom system has been 
devised for the numerical evaluation of the time-integration algorithms and the 
closed-form differential equations of motion in Section 3.5. The relative magnitudes 
of the system properties and the initial prescribed values have been selected to 
encourage an observable response upon the activation of the time-integration 
algorithms. The model SDOF system in Table A3-1 was applied to the entire 
numerical analysis experiments in Section 3.5 in Chapter 3.  
 
 
Table A3-1: Properties of the single degree of freedom system used for the forced undamped 
experimental work in Section 3.5 
Variable Description Value 
x0 Prescribed (Initial) Displacement 0.15m 
ẋ0 Initial Velocity 0.22ms-1 
m Mass 350,000Ns2m-1 (kg) 
k Stiffness 7,000,000Nm-1 
ωn Natural Circular Frequency (k/m)½ 4.47 rad/s 
fo Amplitude of Harmonic Force (Maximum 
Value of the Force)        
350,000N 
Tn System’s Natural Period of Vibration (2π/ωn)  1.40s 
ω Exciting Frequency (Taken as 20% of ωn) 0.89ms-1 
Ts Steady State Period (2π/ω)  7.02s 
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APPENDIX A4 DAMPED FORCED VIBRATIONS 
 
A4.1 Free Damped Vibration Component 
 
The free-damped-vibratory response is present in the first three terms in equation 
(3.46), namely term 1, 2a and 2b. The free-damped vibratory response is attributable 
to the initial-displacement (x0)-induced component in terms 1 and 2a and to the initial-
velocity (ẋ0)-induced component in term 2b. The three, free-damped-vibration, terms 
[(term 1), (term 2a), (term 2b)] are freely vibrating because all the terms do not 
contain the forcing frequency term (ω). Damping is present in each of the three terms 
through the exponentially decaying function (e-ζωnt). Figure A4.1 shows the graphical 
representation of the three terms [(term 1), (term 2a), (term 2b)] in Equation (3.46) 
using the test-model values in Table A4-1. 
 
 
 
 
 
 
 
Figure A4.1 – Analytical free damped displacement components for forced damped 
vibrations (showing the three-individual free-damped vibratory displacement terms and the total 
free damped vibration in equation (3.25) ) 
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A4.2 Transient-Damped Vibration Component 
 
Term 3, 4 and 5 in the seven-term forced-damped equation in (3.46) form the transient 
terms of the equation. The transient terms span the vibratory motion in the equation 
from free vibration to forced vibration and all the three terms contain the forcing 
function (ω). Damping is present in each of the three terms through the exponentially 
decaying function (e-ζωnt). The three transient-damped-vibratory terms (Term 3, 4 and 
5) in equation (3.46) are depicted graphically in Figure A4.2 using the test-model 
values in Table A4-1. The transient-damped vibratory contribution is reminiscent of 
the free-damped-vibratory response and dissipates after a few seconds from the outset 
of the excitation. 
 
 
 
 
 
 
 
 
 
 
Figure A4.2 – Analytical transient displacement for forced-damped vibrations (for the first 
twenty-four seconds of the vibratory response showing the three individual transient vibratory 
displacement terms and the total transient vibration displacement) 
(note: the green curve for Transient term 3 is exactly coincident with, and hidden below, the 
analytical total-transient solution pink curve) 
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A4.3 Steady-state Vibration Component 
 
Term 6 in the damped-forced displacement relationship in equation (3.46) forms the 
steady state term of the equation. Term 6 includes the forcing function (ω) and does 
not include the exponentially decaying function (e-ζωnt). Figure A4.3 shows the 
graphical representation of the steady-state-vibratory Term 6 in equation (3.46) using 
the test-model values in Table A4-1. 
 
 
 
 
 
A4.4 Test-Model for a Forced Damped SDOF System 
 
A test-model for a damped forced single degree of freedom system has been devised 
for the numerical evaluation of the time-integration algorithms and the closed-form 
differential equations of motion in Section 3.6. The relative magnitudes of the system 
properties and the initial prescribed values have been selected to encourage an 
observable response upon the activation of the time-integration algorithms. The 
 
Figure A4.3 – Analytical steady state displacement for forced-damped vibrations (for the 
first thirty seconds of the vibratory response showing the steady state vibratory displacement 
term and the total theoretical displacement) 
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model single-degree-of-freedom system in Table A4-1 was applied to the entire 
numerical analysis experiments in Section 3.6 in Chapter 3. 
 
Table A4-1: Properties of the single degree of freedom system used for the forced-damped 
investigative work in this Section 3.6 
Variable Description Value 
x0 Prescribed (Initial) Displacement 0.15m 
ẋ0 Initial Velocity 0.22ms-1 
m Mass 350,000Ns2m-1 (kg) 
k Stiffness 7,000,000Nm-1 
ωn Natural Circular Frequency (k/m)½ 4.47 rad/s 
Tn System’s Natural Period of Vibration (2π/ωn)  1.40s 
 
c 
Damping Coefficient (Referred to as the 
Viscous Damping Coefficient) 
150000 N·s/m 
Ccr Critical Damping Coefficient [2√(km)] 3130495.17 N·s/m 
ζ Damping Ratio (C/Ccr) 0.048 
ωd Damped Frequency [ωn√(1-ζ2)] 4.47 rad/s 
Ts Steady State Period (2π/ω) 7.02s  
fs Frequency of Forcing Function (1/Ts) 0.14 hertz 
f0 Amplitude (Maximum Forcing Function) 350,000N 
ω Exciting Frequency (Forcing Frequency) 0.89 rad/s 
Td Damped Period (2π/ωd) 1.41s 
0
st
f
X
k
=   
Static displacement from at rest condition, of 
the spring (stiffness k), due to the application 
of force f0 (Hooke’s Law) 
0.05m 
n


 =   
Ratio of Forcing Frequency to the Natural 
Frequency 
 
0.2 
d


  
Ratio of Forcing Frequency to the Damped 
Frequency 
 
0.20 
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A4.5 Fox-Goodwin (1949) Algorithm 
 
 
 
Figure A4.4 – HHT non-dissipative algorithm [(α=0), (β=⅟12), (γ=½)] using five different 
time steps: (Δt=0.1s), (Δt=0.2s), (Δt=0.3s), (Δt=0.4s) and (Δt=0.5s). (note: the ochre-coloured 
curve is quasi-coincident with, and inconspicuous below, the analytical solution blue curve) 
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Figure A4.5 – Six-second detail of the graph in Figure A4.4 into the steady state portion of 
the vibratory motion  
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APPENDIX A5 LOMA PRIETA (1989) EARTHQUAKE STRONG 
MOTION RECORD  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure A5.1 – Acceleration-Time graph of the Loma Prieta earthquake strong motion 
earthquake record (National Oceanic and Atmospheric Administration (NOAA), 2016) 
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Table A5-1: Properties of the earthquake strong motion record used for the numerical analysis 
work in Chapter 3 (National Oceanic and Atmospheric Administration (NOAA), 2016) 
Earthquake Parameters 
Event Date 18th October, 1989 
Earthquake Name Loma Prieta Earthquake 
State and Country California, United States of America 
Latitude, Longitude 37.037, -121.883 
Focal Depth 11km 
Richter Magnitude 7.1 
Modified Mercalli Intensity VII 
Station Geographic Parameters 
Accelerograph Station Name Anderson Dam, CRA-1, Right Crest 
State and Country California, United States of America 
Latitude, Longitude 37.166, -121.628 
Epicentral Distance 27km 
Component Horizontal 63° North 
Floor Level  Ground Level 0 
Site Geology Alluvium with Rock Abutments 
Ground Motion Parameters 
Peak Corrected Acceleration 411.7cms-2 
Maximum Velocity 28.75cms-1 
Maximum Displacement 11.89cm 
Earthquake Record Parameters 
Data Set Reference USACA 59-018 
Record Duration 39.065s 
Number of Data Points 7813 
Record Equal Time Spacing Δt=0.005s (200 Samples per Second) 
Type of Processed Record Corrected (Filtered): Baseline Corrections, 
Bandpass Filters and Instrument Correction 
 
 
 
 
Appendix A  
  
 
Page 346 
APPENDIX A6 MDOF THREE-STOREY FRAME 
 
A6.1 Properties of the MDOF Three-Storey Frame 
 
 
Table A6-1: Properties of the undamped, single-bay, three-story and nine-degree-of-freedom 
frame in Section 3.7 
Variable Description Value 
m1, m2, m3 Lumped Masses at nodes 4, 7 and 10 in 
Figure 3.26 
2038kg 
  
ˆ
ttK    
Condensed Lateral Stiffness Matrix of 
the Frame from expression (A.36). 3
40.85 23.26 5.11
23.26 31.09 14.25
5.11 14.25 10.06
EI
h
− 
 − −
 
 − 
 
ma, md, me, 
mh, mj, mm 
Frame Column Member Section 
Properties 
60.3 x 5.6 CHS 
mb, mc, mf, 
mg, mk, ml 
Frame Beam Member Section 
Properties 
60.3 x 5.6 CHS  
3h Total height of three-storey frame 9m 
Esteel Youngs Modulus of Steel 209E9 Nm-2 
Gsteel Steel Shear Modulus (Benham and 
Crawford, 1987) 
81E9 Nm-2 
I=Ibeam=Ico
lumn 
Beam and Column Second Moment of 
Area 
0.36E-6m4 
A Cross-sectional area of the member 
section 
0.96E-3 m2 
Ashear Effective shear area of the member 
section 
0.49E-3 m2 
h Height of the Floor 3m 
L Span of Frame (L=2h) 6m 
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A6.2 Newmark’s Time-Integration Algorithm for a Three-Dynamic-Degree-of-
Freedom System 
 
A6.2.1 Degrees of Freedom and Structural Stiffness Matrix 
 
The frame structure includes nine degrees of freedoms as shown in Figure 3.26; three 
translational degrees of freedoms {u1}, {u2} and {u3}; and six rotational degrees of 
freedom {u3}, {u4}, {u5}, {u6}, {u7}, {u8} and {u9}. The formation of the structural-
stiffness-matrix ([K](9x9)) is carried out in nine steps; one step for each degree of 
freedom for the frame structure in Figure 3.26 having the properties shown in Table 
A6-1. The structural-stiffness-matrix ([K](9x9)) takes the partitioned configuration in 
the matrix equation (A.26) 
    
 
1 11 12 13 14 15 16 17 18 19
2 21 22 23 24 25 26 27 28 29
3 31 32 33 34 35 36 37 38 39
4 41 42 43 44 45 46 47 48 49
5 51 52 53 54 55 56 57 58 59
6 61 62
7
8
9
K
T
i
i
i
i
i
i
i
i
i
K k k k k k k k k k
K k k k k k k k k k
K k k k k k k k k k
K k k k k k k k k k
K k k k k k k k k k
K k k
K
K
K
 
 
 
 
 
 
 = =
 
 
 
 
 
 
 
63 64 65 66 67 68 69
71 72 73 74 75 76 77 78 79
81 82 83 84 85 86 87 88 89
91 92 93 94 95 96 97 98 99
k k k k k k k
k k k k k k k k k
k k k k k k k k k
k k k k k k k k k
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (A.26) 
 
The structural-stiffness-matrix ([K](9x9)) is assembled from the results of the nine sub-
matrices namely,  1 2 3 4 5 6 7 8 9i i i i i i i i iK K K K K K K K K  for the frame in 
Figure 3.26 and having the properties shown in Table A6-1, takes the form of matrix 
equation (A.27). 
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  
2 2 2
2 2 2
3
2 2 2 2
2 2 2 2
2 2 2
2 2 2
48 24 0 0 0 6 6 0 0
24 48 24 6 6 0 0 6 6
0 24 24 0 0 6 6 6 6
0 6 0 10 1 2 0 0 0
K 0 6 0 1 10 0 2 0 0
6 0 6 2 0 10 1 2 0
6 0 6 0 2 1 10 0 2
0 6 6 0 0 2 0 6 1
0 6 6 0 0 0 2 1 6
h h
h h h h
h h h h
h h h h
KEI
h h h h
h
h h h h h h
h h h h h h
h h h h h
h h h h h
− − − 
 − − − −
 
 −
 
 
 = =
 
− 
 −
 
− 
 − 
00
tt to
ot
K
K K
 
 
 
 
 (A.27) 
 
A6.2.2 Condensed-Lateral-Stiffness-Matrix ttK    of the MDOF Frame 
 
In order to obtain the condensed-Lateral-Stiffness-Matrix ttK    of the frame an 
elementary lumped mass approach is used. This elementary lumped mass approach 
takes only account of the three translational degree of freedom {u1}, {u2} and {u3} of 
the structure and ignores the six rotational degrees of freedom {u3}, {u4}, {u5}, {u6}, 
{u7}, {u8} and {u9}. This elimination makes the elementary lumped mass approach 
computationally easier to apply (Clough et al., 1993). Conversely an alternative 
consistent approach accounts for both the rotational, as well as the translational, 
displacements thereby marginally increasing the accuracy. The rotational degrees of 
freedom are however much less significant to the analysis than the translational terms, 
and moreover the number of coordinates which would need to be considered in the 
consistent approach analysis is much higher for a given structural assemblage 
(Clough et al., 1993). 
 
In the elementary lumped mass approach, it is necessary to exclude the rotational 
degrees of freedom from the structural-stiffness-matrix ([K](9x9)) before the equations 
of motion can be written. The process of eliminating these nonessential degrees of 
freedom from the stiffness matrix is called static condensation (Clough et al., 1993).  
 
The structural-stiffness-matrix ([K](9x9)) in (A.27) is partitioned, using the static 
condensation method (Chopra, 2001), to eliminate from the dynamic analysis the 
rotational degrees of freedom in the structure to which a zero mass is assigned. The 
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equation of motion, written in matrix partitioned form for the undamped case, takes 
the form shown in expression (A.28). 
 
 
( )
      ( )
( )0
0 000 0
0
0 0 0
tt tt tt t t
t
mx kx p t
M u K u P t
M K Ku u P t
K Ku u
+ =
+ =   
        
+ =        
        
  (A.28) 
 
Equation (A.28) is used to extract two partitioned equations:  
 
          ( ) 0 0tt t tt t t tM u K u K u P t+ + =   (A.29) 
 
      0 00 0 0t tK u K u+ =   (A.30) 
 
The parameter {u0} has no associated inertia terms or external forces and therefore 
equation (A.30) allows a static relationship between {u0} and {ut}: 
 
     
1
0 00 0t tu K K u
−
= −   (A.31) 
 
Substituting equation (A.31) into equation (A.29) and noting that [Kt0]=[K0t]
T the 
following expression is obtained: 
 
             ( ) ( ) 10 00tt t tt t t ot t tM u K u K K K u P t−+ + − =   (A.32) 
 
And combining {ut} terms the expression becomes: 
 
           ( )( )  ( ) 10 00tt t tt t ot t tM u K K K K u P t−+ − =   (A.33) 
 
Which can be compared to the form of: 
 
      ( ) ˆtt t tt t tM u K u P t + =    (A.34) 
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From the coefficient of {ut} in equation (A.33) it transpires that the condensed-
lateral-stiffness-matrix for the translational degrees of freedom, ˆ ttK   , is: 
 
       
1
0 00tt tt t otK K K K K
−
  = −    (A.35) 
 
 
A6.2.3. Equation of Motion 
 
Matrix [K00]
-1 in equation (A.35), which is the inverse of matrix [K00], is obtained  
using MATLAB for the case study investigated for the frame in Figure 3.26 and 
having the properties shown in Table A6-1. The degrees of freedom of the condensed-
lateral-stiffness-matrix ˆ ttK    are the three lateral displacements of the three floors in 
Figure 3.26. The condensed-lateral-stiffness-matrix ˆ ttK    of the frame is obtained 
using equation (A.35) and is developed in expression (A.36) for the particular frame 
geometry in Figure 3.26 and having the properties shown in Table A6-1. 
 
11 12 13
21 22 23
31 32 33
3
ˆ ˆ ˆ
40.85 23.26 5.11
ˆ ˆ ˆ 23.26 31.09 14.25
5.11 14.25 10.06ˆ ˆ ˆ
ˆ
tt tt tt
tt tt tt
tt tt tt
tt
k k k
EI
k k k
h
k k k
K
 
−  
    = = − −
    
 −   
 
  (A.36) 
 
 
The equation of motion for the undamped case was derived in equation (A.33) and 
reproduced in equation (A.37). 
 
 
     ( ) 
( )
( )
( )
11 12 13
21 22 23
31 32 33
1 1 1 1
2 2 2 2
3 3 3 3
ˆ
ˆ ˆ ˆ
0 0
ˆ ˆ ˆ0 0
0 0 ˆ ˆ ˆ
tt t tt t t
tt tt tt
tt tt tt
tt tt tt
M u K u P t
k k km u u p t
m u k k k u p t
m u u p tk k k
 + = 
 
       
        + =                       
 
  (A.37) 
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where {p1(t)}, {p2(t)} and {p3(t)} are the translational external loads acting at degrees 
of freedom {u1}, {u2} and {u3} respectively. 
 
A6.2.4 Newmark’s Time-Integration Algorithm for a Three-Dynamic-Degree-of-
Freedom System 
 
Newmark’s displacement relationship for a damped SDOF system in equation (3.36) 
is transformed to an undamped, three-degree-of-freedom system in matrix form using 
the condensed lateral stiffness matrix ttK    from equation (A.36).  The vector of 
externally applied loads, [Rext] in equation (3.36), is replaced by the effective 
earthquake force ( )ext gR m x t  = −  due to the analytical frame structure in Figure 
3.26 being subject to ground acceleration {ẍg(t)} from the strong motion earthquake 
record in Table A5-1. The Newmark’s displacement relationship, shown in equation 
(3.36), transformed for the three degree of freedom case in matrix form takes the form 
of expression (A.38).  
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1 1
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  (A.38) 
 
The first term on the left hand side of equation (A.38) constitutes the effective-
stiffness-matrix ˆ effK     (Bathe, 1996) and can be represented in a simplified form in 
the right hand side of expression (A.39). 
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11 12 13 11 12 13
21 22 23 21 22 23
31 32 33 31 32 33
1
22
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ˆ ˆ ˆ ˆ ˆ ˆ
1 ˆ ˆ ˆ ˆ ˆ ˆ
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t
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K

    
     
       = + =
        
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  (A.39) 
 
The effective-stiffness-matrix ˆ effK   , on the right hand side of equation (A.39) is 
symmetric and therefore:  
 
31 13 32 2321 12
ˆ ˆ ˆ ˆ; ;ˆ ˆ
eff eff eff effeff eff
k k k kk k = ==  
 
Using this matrix symmetric property, the effective-stiffness-matrix ˆ effK   , can 
therefore be computationally simplified to expression (A.40) 
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  (A.40) 
 
The term on the right hand side of equation (A.39) formulates the effective-loads-
matrix 1
ˆ
nR +
 
 
 (Bathe, 1996) and can also be represented in the simplified form 
shown in the right hand side of expression (A.41). 
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Inserting the simplified expression in (A.39) for the effective-stiffness-matrix ˆ effK  
and the simplified expression in (A.41) for the effective-loads-matrix 
1
ˆ
nR +
 
 
, into 
Newmark’s displacement relationship (A.38) for a three-dynamic-degree-of-freedom 
system we obtain: 
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  (A.42) 
 
From the three equations in the matrix expression (A.42) we solve for Newmark’s 
displacements 
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  in the 
MDOF three-storey frame structure in Figure 3.26. The solution for the three 
equations in (A.42) for 
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 are respectively determined, in 
expressions (A.43), (A.44) and (A.45) 
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 (A.45) 
  
 
Newmark’s velocity relationship for a SDOF system in equation (A.46) is 
transformed to a three degree of freedom system in matrix form in expression (A.47) 
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Similarly, Newmark’s acceleration relationship for a SDOF system in equation (A.48) 
is transformed to a three-dynamic-degree-of-freedom system in matrix form in 
expression (A.49): 
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 (A.49) 
 
The matrix for the effective-loads-matrix 1
ˆ
nR +
 
 
 is activated using: 
  
1) The ground accelerations inputs (ẍg) from the earthquake strong motion 
record in Appendix A5 
 
2) The velocity term (ẋn) input from Newmark’s three-dynamic-degree-of-
freedom matrix expression (A.47) 
 
3) The acceleration term (ẍn) input from Newmark’s three-dynamic-degree-of-
freedom acceleration matrix expression in (A.49).  
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A6.3 Dynamic Finite Element Analysis 
 
Table A6-2a: Input parameter values to RUAUMOKO Dynamic Finite Element Suite to 
implement a seismic time-history analysis of the frame in Section 3.7 (Part 1 of 3) 
Parameter Value Description 
1. Description of the Analysis 
3DOF-FRAME – Earthquake analysis 
2. Analysis Control Parameters 
IPANAL 2 Dynamic time-history using Newmark constant average 
acceleration (β=¼ and γ=½) 
IFMT 0 Binary post-processor file with extension .RES 
IPLAS 0 Elastic time-history analysis only 
IPCONM 0 Lumped mass matrix used in time-history 
ICTYPE 0 Initial stiffness Rayleigh damping 
IPVERT 0 X-direction earthquake only 
INLGEO 0 Small displacement analysis assumed 
IPNF 0 Modal analysis is carried out after the static analysis 
IZERO 0 All zero output is omitted 
ORTHO 0 Mode shape orthogonality check not carried out 
3. Frame Control Parameters 
NNP 11 Number of nodal points in the structure 
NMEM 12 Number of members in the structure 
NTYPE 1 Number of different cross-section in the section table 
M 3 Number of mode shapes required in the modal analysis 
MODE 1 1 The mode number at which the 1st damping ratio is applied 
MODE 2 0 The mode number at which the 2nd damping ratio is applied 
GRAV  9.81 The acceleration of gravity (ms-2) 
C1 0.0 The percentage of critical damping at mode 1 
C2 0.0 The percentage of critical damping at mode 2 
DT 0.005 The time-step in seconds 
TIME 39.1s The length of the time history to be run in seconds 
FACTOR 1.0 A scale factor applied to the time-history input 
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Table A6-2b: Input parameter values to RUAUMOKO Dynamic Finite Element Suite to 
implement a seismic time-history analysis of the frame in Section 3.7 (Part 2 of 3) 
Parameter Value Description 
Output Intervals and Plotting Control Parameters 
KP 0 Time-history output suppressed 
KPA 1 Post-processor Dynaplot output every 1 time-step 
KPLOT 1 Plastic hinges plotted every time-step 
DFACT 10 Displacement multiplying scale factor for on screen 
graphics 
XMAX 3 Maximum X-displacement for use in the on -screen 
graphics 
YMAX 3 Maximum Y-displacement for use in the on -screen 
graphics 
Iteration Control and Wave Velocities 
MAXIT 0 Maximum number of cycles of Newton-Raphson iteration 
per time step (0=no iteration) 
MAXCIT 0 Maximum number of cycles of iteration/solution step for 
damping models 
Nodal Point Input 
Node (x-coordinate, y-coordinate, fixity-x-direction, fixity-y-direction, fixity-z 
rotation [0=unconstrained; 1 = fixed]) 
1(0,0,1,1,1); 2(6,0,1,1,1); 3(0,3,0,1,0); 4(3,3,0,1,0); 5(6,3,0,1,0); 6(0,6,0,1,0); 
7(3,6,0,1,0); 8(6,6,0,1,0); 9(0,9,0,1,0); 10(3,9,0,1,0); 11(6,9,0,1,0) 
Member Topology or Geometry 
Member number (member type, node 1, node 2) 
1(1,1,3); 2(1,3,4); 3(1,4,5); 4(1,2,5); 5(1,3,6); 6(1,6,7); 7(1,7,8); 8(1,5,8); 
9(1,6,9);10(1,9,10); 11(1,10,11); 12(1,8,11) 
Member Property Table 
N 1 Section number 
MTYPE FRAME Beam or beam-column member 
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Table A6-2c: Input parameter values to RUAUMOKO Dynamic Finite Element Suite to 
implement a seismic time-history analysis of the frame in Section 3.7 (Part 3 of 3) 
Parameter Value Description 
Basic Section Properties 
ITYPE 1 One-component (Giberson) BEAM member 
IPIN 0 Member built-in to joint 
ICOND 0 No initial loads applied 
IHYST 0 Hysterisis rule (0=Elastic) 
ILOS 0 No strength degradation 
IDAMG 0 No damage indices computed 
Elastic Section Properties 
E 209E6 Elastic (Young’s) modulus of member material (kNm-2) 
G 81E6 Shear modulus of member material (kNm-2) 
A 0.962E-3 Cross-sectional area of the member section (m2) 
AS 0.485E-3 Effective shear area of the member section (m2) 
I 0.362E-6 Moment of inertia (2nd moment of area) of section (m4) 
WGT 0 Weight /(Unit length) of the member 
Lumped Weight at Nodes (kN) 
Node (acting in x-direction, acting in y-direction, acting in Rotation) 
1(0,0,0); 2(0,0,0); 3(0,0,0); 4(19.99,0,0); 5(0,0,0); 6(0,0,0); 7(19.99,0,0); 8(0,0,0); 
9(0,0,0); 10(19.99,0,0); 11(0,0,0) 
External (Static) Nodal Loads 
Node (load in x-direction, load in y-direction, moment about z-axis) 
3(0,0,0); 4(0,0,0); 5(0,0,0); 6(0,0,0); 7(0,0,0); 8(0,0,0); 9(0,0,0); 10(0,0,0); 
11(0,0,0) 
Earthquake Accelerograms, Displacement Time-Histories or Dynamic Load Time-
Histories 
IBERG 5 Excitation in Excel format (Tab Delimited) 
ISTART 1 The number of the first line of the excitation that is to be 
used 
DELTAT 0.005 Excitation data interval (Δt) in seconds 
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Table A6-3a: Input parameter values to LUSAS Engineering Analysis Software to implement a 
seismic time-history analysis of the frame in Section 3.7 (Part 1 of 2) 
  
Mesh Attributes (1) 
Element name: BEAM 
Element description: 2D Engineering Thick Beam Element 
Structural element type: Thick Beam 
Interpolation order: Linear 
Location in Model: Members ma, mb, mc, md, me, mf, mg, mh, mj, mk, ml, 
mm 
Number of Mesh 
Divisions 
1 (one) 
Mesh Attributes (2) 
Element name: PM2 
Element description: 2D Point Mass Element, 2038kg, x-direction 
Structural element type: Non-Structural Mass 
Interpolation order: Linear 
Location in Model: Node 4, Node 7 and Node 10 
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Table A6-3b: Input parameter values to LUSAS Engineering Analysis Software to implement a 
seismic time-history analysis of the frame in Section 3.7 (Part 2 of 2) 
Geometric Properties 
Members ma, mb, mc, md, 
me, mf, mg, mh, mj, mk, 
ml, mm 
Circular Hollow Section 60.3x5.6 (CHS EN10210) 
Material Properties 
Young’s Modulus Steel: 209E9Nm-2 
Poisson’s Ratio Steel: 0.3 
Supports 
Nodes 1,2 Fully Fixed 
Nodes 
3,4,5,6,7,8,9,10,11 
Free Translation in x-direction; Free Rotation about z-
axis; Other Degrees of Freedom Fixed 
Dynamic Loading: Earthquake Input 
Seismic Analysis 
Software Option 
Interactive Modal Dynamics (IMD) Plus Seismic 
Analysis Control 
Earthquake Acceleration 
Record Input 
Earthquake Strong Motion Record in Appendix B1 
Table B1-1.  
Mode of Application of 
Earthquake Acceleration 
Record Input  
Earthquake Acceleration Record Input is applied in the 
Global x-direction of the Model at the Supports 
Earthquake Acceleration 
Record Input Format 
Tab-delimited 
Mode Control All Modes (Three Modes) 
Damping Control No Damping 
Time Integration 
Scheme for Structural 
Response 
Hilber-Hughes-Taylor (α=0, β=¼ and γ=½) thereby 
reducing the algorithm to Newmark’s constant average 
acceleration scheme (β=¼ and γ=½). 
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Figure A6.1 – Displacement-Time plot of degree-of-freedom {u1} at ground-floor level for 
the MDOF three-storey frame model. Note: the curves from the spreadsheet application (red) 
and from LUSAS (blue) are exactly coincident with, and inconspicuous below the RUAUMOKO 
solution (green) 
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Figure A6.2 – Displacement-Time plot of degree-of-freedom {u2} at first-floor level for the 
MDOF three-storey frame model. Note: the curves from the spreadsheet application (red) and 
from LUSAS (blue) are exactly coincident with, and inconspicuous below the RUAUMOKO 
solution (green) 
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Figure A6.3 – Displacement-Time plot of degree-of-freedom {u3} at second-floor level for 
the MDOF three-storey frame model. Note: the curves from the spreadsheet application (red) 
and from LUSAS (blue) are exactly coincident with, and inconspicuous below the RUAUMOKO 
solution (green) 
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APPENDIX B  3D SOLID-CONTINUUM FINITE ELEMENT 
MODELS to CAPTURE FLEXURAL RESPONSE 
 
 
APPENDIX B1 THE FINITE ELEMENT 3D-MODELLING 
 
 
B1.1 Criteria for the Volume-Discretisation of the 3D Spherically-Voided Slab  
 
The two leading criteria in the design of the finite element spherically-voided slab 
models was the creation of the volumes directly into the finite element software, and 
with the least possible number of edges. Volume importation into the finite element 
software is not recommended because the process converts some of the curved lines 
forming the sphere from arc-lines into splines which would effectively create basis-
spline (b-spline) surfaces which do not generate spherical volumes. Optimisation of 
the number of edges in the model volumes beneficially translates into meshing 
flexibility where the meshing density, and mesh aspect-ratio, is not constrained by 
non-essential model edges.  
  
B1.2 Mesh Sensitivity Analysis 
 
Four different levels of mesh discretisations were initially considered for the 
modelling of the experiments. The half spherically-voided slab model, shown in 
Figure 4.6a, is subject to a volume-sensitivity analysis in Figure B1.1. The mesh 
discretisation results are tabulated in Table B1-1 as a function of the mesh-density 
and as a function of the percentage of the meshed volume at each discretisation level.  
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Figure B1.1:  Four finite element mesh discretisation levels of a spherically-voided slab model 
 (in elements/m3 of the physical model, using linear tetrahedral solid continuum finite elements 
 
Figure B1.1a: Level ‘A’: 
Mesh density of 364,706 elements/m3  
Mesh models 101.5% of the theoretical volume 
 
Figure B1.1b: Level ‘B’: 
Mesh density of 213,191 elements/m3  
Mesh models 102.1% of the theoretical volume 
 
Figure B1.1c: Level ‘C’:  
Mesh density of 124,421 elements/m3  
Mesh models 102.9% of the theoretical volume 
 
Figure B1.1d: Level ‘D’: 
Mesh density of 77,184 elements/m3  
Mesh models 104.5% of the theoretical volume 
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Table B1-1 3D solid continuum tetrahedral finite element mesh discretisation levels 
Mesh 
Discretisation 
Level 
Mesh Model Density in Finite 
Elements per cubic metre of the 
physical model and percentage 
difference from mesh 
discretisation level A  
Meshed Model Volume as a 
percentage of the Theoretical 
Volume and percentage 
difference from the volume in 
mesh discretisation level A 
A 364,706 elements/m3 (100%) 101.5% (+100.0%) 
B 213,191 elements/m3 (58%) 102.1% (+100.6%) 
C 124,421 elements/m3 (34%) 102.9% (+101.4%) 
D 77,184 elements/m3 (21%) 104.5% (+103.0%) 
 
 
The finest mesh discretisation, level A, encloses a volume which is 1.5% larger than 
the theoretical volume. The reason being that although the nodes of the tetrahedral 
solid elements are located precisely on the concave face of the spherical void, the 
triangular face of the tetrahedral elements is proud of the concave surface at the 
centroid of each triangular face at the concave surface; the model volume encroaches 
marginally into the spherical void thereby increasing the model volume.  
 
From Table B1-1 it can be observed that the accuracy of the meshed volume is not 
linearly proportional to the mesh density; a decrease of 66% in mesh density from 
mesh level A to level C, only increases the volume error by 1.4%. This error is also 
partially mitigated in the analysis in this research project by assigning the self-weight 
of the finite element models as a fixed, surface-applied, self-weight-loading. The self-
weight of the structure is not assigned through the multiplication of the finite element 
meshed volume by the material density, thereby carrying over the volume error onto 
the self-weight of the structure. 
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APPENDIX B2 DETAILS OF BENDING TESTS BY ALBRECHT (2014) 
USED IN VALIDATION 
 
B2.1 Geometric Properties 
 
In Figure B2.1 the position of the strain gauges to record the strain in the mid-point 
of the longitudinal reinforcement are indicated by the red letters (DMS 1+2) and the 
blue letters (WA) indicate the location of the displacement sensors. The black arrows 
at the top face of the test member in the same Figure indicate the two loading points 
for the four-point bending test and the green arrow indicates the single loading point 
for the three-point bending test. 
 
 
 
 
 
Figure B2.1 – Albrecht (2014) experimental bending test - Longitudinal section drawing 
 
 
 
Figure B2.2 – Albrecht (2014) experimental bending test - Longitudinal section drawing 
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The tests were carried out on 2100mm long strips of slab having a width of 700mm 
and an overall height of 200mm. Each of the slab strip specimens included twelve 
plastic oblate spheroid void formers placed in two columns and six rows, with two 
void formers in each row, at a centre-to centre spacing of 350mm; thereby a minimum 
of 25mm thickness of concrete matrix was placed between each adjacent void in the 
two orthogonal directions.  
 
Table B2-1 - Albrecht (2014) experimental bending test - Geometric information 
Geometric Parameter Value 
Slab Length (l) 2100mm 
Slab Width (b) 700mm 
Slab Height (h) 200mm 
Distance between centres of simple supports 2000mm 
Effective depth to main longitudinal reinforcement (d) 170mm 
Diameter of longitudinal reinforcement 20mm 
Number / spacing of longitudinal reinforcement bars 10 / 70mm 
Total longitudinal reinforcement area (As) 3,142mm
2 
Longitudinal reinforcement ratio (As/bd) 0.0264 
Diameter of transverse reinforcement bars 10mm 
Number / spacing of transverse reinforcement bars 24 / 88mm 
Height / diameter of oblate spheroid plastic void formers 100mm / 325mm 
Distance centres of oblate spheroid plastic void formers 350mm 
 
 
B2.2 Concrete Material Properties 
 
The values for the cube compressive strength (fcm, cube, dry) and the value for the splitting 
tensile strength (fct, sp) in Table B2-2 were obtained by direct laboratory concrete 
testing of samples from the same concrete mix as the test specimens (Albrecht, 2014). 
Albrecht (2014) derived the value for the cylinder compressive strength (fcm) directly 
from sample testing. 
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The values in Table B2-2 for the strain at peak uniaxial compression (εc1) and the 
value for the Strain at the end of the softening curve (εcu1), which vary according to 
the characteristic cylinder compressive strength of concrete, were derived from CEB-
FIB Model Code 2010 (FIB, 2012). For the Craft material model in LUSAS, it is 
important that the initial Young’s modulus of concrete (Eci) from Table B2-2, is 
consistent with the strain at peak uniaxial compression (εc1). The value of (εc1) must 
therefore satisfy the following relationship 1
c
c
ci
f
E

 
  
 
 (Lusas(i), 2018) where (fc) is 
the uniaxial compressive strength. This requirement corroborates the prerequisite of 
having the strain at the yield surface equal to 
c
f
E
 
 
 
 before concrete material softening 
sets in as a result of concrete micro-cracking. Post yield concrete material softening 
follows an exponentially decaying curve.  
 
Table B2-2 - Albrecht (2014) experimental bending test - Concrete Material Properties 
Material Property Value 
Concrete age on testing day 16 days 
Cube compressive strength (tested), fcm, cube, dry  22.19 N/mm
2 
Cylinder compressive strength (calculated), fcm 16.37 N/mm
2 
Splitting tensile strength (tested), fct, sp 2.04 N/mm
2 
Strain at peak uniaxial compression, εc1  0.0019 
Strain at the end of the softening curve, εcu1 0.0035 
Poisson’s Ratio, vc 0.2 
Modulus of Elasticity (Initial), Eci 16,342 N/mm
2 
 
The value of the Poisson’s ratio (vc) in Table B2-2 is based on the recommendations 
by CEB-FIB Model Code 2010 which suggests that with regards to the significance 
of (vc) for the design of members, especially with reference to the influence of crack 
formation at the ultimate limit state, a value of (vc)=0.20 meets the required accuracy. 
This value of (vc) is corroborated by BS EN 1992-1-1 (2015) which recommends a 
value of (vc)=0.20 for uncracked concrete; and zero for cracked concrete. 
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B2.3 3D Solid Continuum Finite Element Model 
 
Each model component, shown in Figure 4.12, includes three longitudinal 20mm 
diameter steel reinforcement bars at 70mm centre to centre spacing and four 
transverse 10mm diameter steel reinforcement bars at a centre to centre spacing of 
88mm. The centroid of both the longitudinal and transverse reinforcement layers is 
located 30mm above the lowermost surface of the model. The base of the void former 
is placed 20mm above the centroid of the steel reinforcement layer; at 50mm above 
the lowermost surface of the model thereby the centroid of the 100mm deep void 
former is located at exactly mid-height of the model. The 100mm high void formers 
are covered by a 50mm thick layer of concrete matrix. 
 
 
 APPENDIX B3 VERIFICATION OF THE FINITE ELEMENT 3D 
SOLID-CONTINUUM MODEL 
 
B3.1 Moment-Curvature Relationship 
 
The value of (y), the maximum distance from the neutral plane to the maximum 
stressed fibre in the flexure element, is obtained for the reinforced spherically-voided 
beam, and the corresponding solid beam, directly from the 3D solid-continuum finite 
element analysis model. The value of (y) is hereby derived, using similar triangles, 
from the measured direct strains at the top and bottom reinforcement bars from the 
nonlinear finite element model. The beam curvature and the beam bending stress are 
then obtained from the acquired value of (y). 
 
The relationship: 
 
x
y
R
 =   (1) 
 
where (εx) is the longitudinal strain at a longitudinal fibre a distance (y) from the 
neutral axis of a flexural member and (R) is the radius of curvature of the neutral plane 
in the flexural member, is entirely independent of the type of material, whether it is 
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in an elastic state or plastic state, and also whether it is in a linear or non-linear state 
in stress and strain (Benham and Crawford, 1987).  
 
 
 
Table B3-1 Terms used in the derivation of the curvature of the flexure element from the 
measured bar strains in the finite element model 
(εsc)  
 
The direct strain in the top reinforcing steel compression bars in the 
longitudinal x-direction of the flexure member 
(εs) The direct strains in the bottom reinforcing steel tension bars in the 
longitudinal x-direction of the flexure member 
(x)  The distance between the uppermost compression fibre of the flexure 
member and the neutral plane of the member. 
(d1) The distance between the uppermost compression fibre of the flexure 
member and the centroid of the top steel (compression) reinforcement of 
the flexure member 
(d) The distance between the uppermost compression fibre of the flexure 
member and the centroid of the bottom (tension) steel reinforcement of 
the flexure member 
(y)  The maximum distance from the neutral plane to the maximum stressed 
fibre in the flexure element; this coincides with the centroid of the bottom 
tension steel in the simply supported flexural members. 
 
Table B3-1 shows the terms used in the derivation of the curvature from the measured 
bar reinforcement strains in the finite element model of the flexure element which 
terms are shown graphically in Figure B3.1. The derivation is presented for the 
 
Figure B3.1 – Strain diagram for a double-reinforced section (Bond et al., 2006) 
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general case of beams, slabs and slab diaphragms used in all the analytical works in 
Chapters 4, 5 and 6. 
 
Figure B3.2:  Finite element second moment of area calculation for a 300mm wide x 325mm 
high solid and a spherically voided beam 
 
 
Figure B3.2a: Solid beam 
The second moment of area for the solid beam is 
858.2E6mm4 (100%) 
 
 
Figure B3.2b: Voided beam 
The second moment of area for the spherically 
voided beam is 814.4E6mm4 (95%) 
 
Using similar triangles on the strain diagram in Figure B3.1 we obtain the depth of 
the neutral plane (x) as: 
 
 
( )
( )
( )
( )
( ) ( )
( ) ( )
2
2
s sc sc s
sc s
d d
x
d x x d
   
 
+
= → =
− − +
  (2) 
 
and  
 y d x= −   (3) 
  
The curvature of the neutral plane of the flexural member is obtained from the strain-
curvature relationship in (1) 
 
 
1 s
s
y
R R y

 = → =   (4) 
 
The bending stress is obtained by the multiplication of the applied moment (M) to (y) 
from equation (3) and dividing by the second moment of area (I) obtained from Figure 
B3.2. Figure B3.2 shows the second moment of area finite element analysis 
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calculation for the solid beam and the voided beam. The 225mm diameter, three-
dimensional spherical void in each module measuring 300mm long x 300mm wide 
by 325mm high was transformed into an equivalent-volume cylindrical void having 
a diameter of 174mm as shown in Figure B3.2b for the second moment of area 
calculation. The second moment of area of the voided beam, using this 
transformation, is calculated at 814.4E6mm4 and works out at 95% of the second 
moment of area of the solid beam section at 858.2E6mm4. 
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APPENDIX C TRANSMUTATION OF SPHERICALLY VOIDED 
BIAXIAL SLAB DIAPHRAGMS INTO 3D-KIRCHHOFF 
BEAMS 
 
 
APPENDIX C1 FLAT SLAB REINFORCEMENT OPTIMISATION 
 
The eight steps in this Section describe the slab steel-reinforcement optimisation 
process: 
 
1) The initial elastic value of (yuncracked section=130mm), is derived from the results 
of the first increments in the nonlinear analysis of the solid slabs and voided 
slabs. This value of (yuncracked section=130mm),  is used to arrive at a preliminary 
indicative estimate of the bending-stress levels generated in the SS, and the 
SVBS, by the Wood-Armer maximum bending moments, arrived at in the 
analysis in Section 5.2; respectively having a magnitude of 
[Mx(B)solid=87kNm] and [Mx(B)voided=67kNm]. 
 
2) The elastic bending stresses for the SS and SVBS are obtained by the 
multiplication of the applied moment Mx(B) to (yuncracked section), and dividing 
by the respective second moment of area. The elastic bending stresses result 
in [σbending-solid=3.98N/mm2] and [σbending-voided=3.23N/mm2] for the solid and 
voided slab respectively. 
 
3) These calculated elastic bending stresses are correlated to the bending-stress 
levels achieved by the different solid-slab, and voided-slab, reinforcement 
densities in the graphs in Figure 5.6. 
 
4) From the bending-stress to bending-strain graphs in Figure 5.6a, for the slab 
having a bottom reinforcement of 452mm2/m, it transpires that this level of 
reinforcement can sustain an ultimate-bending-stress at point (C) in the region 
of 6.5N/mm2. This ultimate bending-stress capacity value is deemed to be low 
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considering the elastic bending-stress requirements calculated in Step (2) 
above. 
 
5) The slab having a bottom reinforcement of 804mm2/m, shown in Figure 5.6b, 
has an ultimate bending-stress at point (C) in the Figure which exceeds 
10N/mm2 for both the SVBS and SS. This slab can be considered as a first trial 
for the optimization process because the required stress levels may be within 
the safe-load capabilities of the SVBS and SS. 
 
6) The bending stress for the required moment levels of [Mx(B)solid=87kNm] and 
[Mx(B)voided=67kNm] for the SS and SVBS, respectively is re-calculated using 
the higher, cracked-linear, value of (y). This value of (y) corresponds to the 
exact cracked states in the nonlinear analysis of the slab in Figure 5.6b at the 
curvature required to resist the respective moment levels in the SS and SVBS. 
 
7) This results in the values of (ycracked solid=238mm) and (ycracked voided=237mm) 
for the SS and SVBS respectively. These acquired values of (ycracked) are 
multiplied by the respective applied moments and divided by the respective 
second moment of areas. The resulting characteristic bending-stress values are 
[σbending-solid=7.3N/mm2] for the SS and [σbending-voided=5.9N/mm2] for the 
SVBS. The higher bending stress level in the SS is attributable to the higher 
slab self-weight resulting in a higher bending moment in the SS. 
 
8) The resulting characteristic bending stress values of [σbending-solid=7.3N/mm2] 
for the SS and [σbending-voided=5.9N/mm2] for the SVBS are shown by the 
respective red and blue markers in the bending-stress to bending-strain graph 
in Figure 5.8. The next step is the assessment of the adequacy of the SS and 
SVBS, having a bottom reinforcement density of 804mm2/m, to resist these 
bending stress levels by the evaluation of the steel and concrete material 
utilisation factors at these required bending stress levels; this is carried out in 
Section 5.3.6. 
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APPENDIX D NONLINEAR TRANSIENT DYNAMIC ANALYSIS OF 
DIAPHRAGM SEISMIC RESPONSE 
 
 
APPENDIX D1 NLTDA MODELS (NLTDA 1, NLTDA2, NLTDA 3, 
NLTDA4) 
 
 
 
 
 
 
 
Figure D1.1 – The undeformed 3D Model (NLTDA 1) with SS diaphragm (SD0) showing 
the maximum demand moment contour plots when subject to the El Centro 1940 seismic 
excitation (PGA=0.32g, Bending Moment Demands in Nm) 
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Figure D1.2 – Moment-Curvature graphs for the double columns used in the NLTDA 
models 
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Figure D1.3 – Moment-Curvature graphs for the nonlinear reinforced concrete shear walls 
used in models NLTDA 1 and NLTDA 4 
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Figure D1.4– Moment-Curvature graphs for the nonlinear reinforced concrete shear walls 
used in models NLTDA 2 and NLTDA 4 
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Figure D1.5 – Moment-Curvature graphs for the nonlinear reinforced concrete shear walls 
used in model NLTDA 3 
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Table D1-1 Properties of Nonlinear Transient Dynamic Analysis Model Type (NLTDA 1)   
NOTE: Shear-Wall Moment-Curvature graphs in Figure D1.3;  
Column Moment-Curvature graphs in Figure D1.2 
 
NONLINEAR TRANSIENT DYNAMIC ANALYSIS MODEL  
TYPE NLTDA 1 - Designed to sustain a PGA of 0.32g 
 
Shear Wall 
at Level 0  
Type SWD 
Shear Wall 
at Level+1 
Type SWE 
Shear Wall 
at Level+2 
Type SWC 
Pinned Column 
at all Levels 
 Type PCA 
Plan 
Dimensions 
B=6.05m 
D=0.40m 
B=4.8m 
D=0.6m 
B=3.8m 
D=0.3m 
B=1.3m 
D=0.3m 
Concrete 
Grade 
C50 C50 C50 C50 
Longitudinal 
Reinforcement 
(both faces) 
4000mm2/m 3780mm2/m 2513mm2/m 1608mm2/m 
Chord 
Reinforcement 
(per layer) 
None None None None 
Moment 
Capacity 
34,400 
kNm 
22,500 
kNm 
9,340 
kNm 
993 
kNm 
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Table D1-2 Properties of Nonlinear Transient Dynamic Analysis Model Type NLTDA 2 
NOTE: Shear-Wall Moment-Curvature graphs in Figure D1.4; 
 Column Moment-Curvature graphs in Figure D1.2 
 
 
NONLINEAR TRANSIENT DYNAMIC ANALYSIS MODEL  
TYPE NLTDA 2 - Designed to sustain a PGA of 0.64g 
 
Shear Wall 
at Level 0  
Type SWF 
Shear Wall 
at Level+1 
Type SWG 
Shear Wall 
at Level+2 
Type SWH 
Pinned Column 
at all Levels 
 Type PCB 
Plan 
Dimensions 
B=8.05m 
D=0.80m 
B=8.05m 
D=0.6m 
B=4.8m 
D=0.8m 
B=1.3m 
D=0.6m 
Concrete 
Grade 
C70 C50 C70 C50 
Longitudinal 
Reinforcement 
(both faces) 
9800mm2 7500mm2/m 9800mm2/m 6000mm2/m 
Chord 
Reinforcement 
(per layer) 
3500mm2  
(2 layers) 
None 
3500mm2  
(2 layers) 
None 
Moment 
Capacity 
153,000 
kNm 
109,000 
kNm 
59,100 
kNm 
3,400 
kNm 
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Table D1-3 Properties of Nonlinear Transient Dynamic Analysis Model Type NLTDA 3 
NOTE: Shear-Wall Moment-Curvature graphs in Figure D1.5; 
Column Moment-Curvature graphs in Figure D1.2 
 
NONLINEAR TRANSIENT DYNAMIC ANALYSIS MODEL  
TYPE NLTDA 3 - Designed to sustain a PGA of 0.96g 
 
Shear Wall 
at Level 0  
Type SWJ 
Shear Wall 
at Level+1 
Type SWK 
Shear Wall 
at Level+2 
Type SWF 
Pinned Column 
at all Levels 
 Type PCC 
Plan 
Dimensions 
B=9.05m 
D=0.80m 
B=8.05m 
D=0.6m 
B=4.8m 
D=0.8m 
B=1.3m 
D=0.6m 
Concrete 
Grade 
C70 C50 C70 C50 
Longitudinal 
Reinforcement 
(both faces) 
9800mm2 7500mm2/m 9800mm2/m 6000mm2/m 
Chord 
Reinforcement 
(per layer) 
3500mm2  
(2 layers) 
None 
3500mm2  
(2 layers) 
None 
Moment 
Capacity 
153,000 
 kNm 
109,000 
kNm 
59,100 
kNm 
3,400 
kNm 
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Table D1-4 Properties of Nonlinear Transient Dynamic Analysis Model Type NLTDA 4 
NOTE: Shear-Wall Moment-Curvature graphs in Figures D1.3 and D1.4; 
 Column Moment-Curvature graphs in Figure D1.2 
 
 
NONLINEAR TRANSIENT DYNAMIC ANALYSIS MODEL  
TYPE NLTDA 4 - Designed to sustain seven seismic records of EC8 Spectrum-
Compatible Time-Histories (Average PGA of 0.34g) 
 
Shear Wall 
at Level 0  
Type SWG 
Shear Wall 
at Level+1 
Type SWH 
Shear Wall 
at Level+2 
Type SWD 
Pinned Column 
at all Levels 
 Type PCB 
Plan 
Dimensions 
B=8.05m 
D=0.60m 
B=4.80m 
D=0.8m 
B=6.05m 
D=0.4m 
B=1.3m 
D=0.6m 
Concrete 
Grade 
C50 C70 C50 C50 
Longitudinal 
Reinforcement 
(both faces) 
7500mm2 9800mm2/m 4000mm2/m 6000mm2/m 
Chord 
Reinforcement 
(per layer) 
None 
3500mm2  
(2 layers) 
None None 
Moment 
Capacity 
109,000 
kNm 
59,100 
kNm 
11,700 
kNm 
3,400 
kNm 
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APPENDIX D2 EUROCODE 8 SPECTRUM COMPATIBLE 
ACCELEROGRAMS 
 
Seven different spectrum-compatible accelerograms were generated by the program 
SeismoArtif. SeismoArtif is an application capable of generating artificial earthquake 
accelerograms matched to a specific target response spectrum by following Eurocode 
8 rules. Tables D2-2, D2-3, D2-4, D2-5, D2-6, D2-7 and D2-8 show respectively the 
response spectra of the generated seven Eurocode-8 spectrum-compatible 
accelerograms. The spectrum tolerance, which is the accepted difference between the 
spectrum of the generated accelerogram and that of the target spectrum, is set at ± 
10% and shown in dashed red lines in the Tables.  The Tables also show the modal 
analysis results for the first 100 modes for the nonlinear model NLTDA 04. The 
Tables corroborate the spectral acceleration (Sa) from the response spectrum of the 
earthquake time histories to the frequencies of the Y-direction mass-participating 
modes of the nonlinear model NLTDA 4. The earthquake parameters used for the 
generation of the seven artificial accelerograms are shown in Table D2-1.    
 
Table D2-1: Earthquake parameters used for the generation of seven artificial earthquake 
accelerograms matched to Eurocode 8 target spectrum  
(reference Tables D2-2, D2-3, D2-4, D2-5, D2-6, D2-7 and D2-8) 
EARTHQUKE PARAMETER VALUE 
Moment Magnitude 7.562 
Spectrum Type (BS EN 1998-1, 2013) Type 1 
Elastic Spectrum Damping Value 5% 
Importance Class (BS EN 1998-1, 2013) II 
Soil Type  A - Generic Rock  
Soil Parameters Linear Site Effects 
Average Shear Wave Velocity for the Top 30m of Soil Vs
30=620m/s 
Seismo-Tectonic Earthquake Regime Far-field inter-plate 
Joyner-Boore Distance Between the Main Event and the 
Station 
10km 
Smallest / Largest Period of Desired Response Spectrum 0.02s / 1.00s 
Target / Average PGA of the 7 Artificial Accelerograms 0.32g / 0.34g 
Number of Record Acceleration Data Points / Time step Δt 3118 / 0.01s 
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Table D2-2: Response spectrum of artificial earthquake accelerogram EC8-01 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-01 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 1.174 0.65 
10 0.086 11.60 0.614 0.16 
15 0.058 17.36 0.495 0.01 
20 0.050 20.22 0.456 0.02 
26 0.035 28.67 0.413 0.01 
33 0.027 36.86 0.400 0.02 
47 0.018 54.21 0.388 0.03 
54 0.016 64.70 0.388 0.01 
83 0.009 105.89 0.387 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-3: Response spectrum of artificial earthquake accelerogram EC8-02 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-02 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.834 0.65 
10 0.086 11.60 0.584 0.16 
15 0.058 17.36 0.401 0.01 
20 0.050 20.22 0.371 0.02 
26 0.035 28.67 0.342 0.01 
33 0.027 36.86 0.340 0.02 
47 0.018 54.21 0.337 0.03 
54 0.016 64.70 0.335 0.01 
83 0.009 105.89 0.333 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-4: Response spectrum of artificial earthquake accelerogram EC8-03 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-03 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.807 0.65 
10 0.086 11.60 0.553 0.16 
15 0.058 17.36 0.421 0.01 
20 0.050 20.22 0.381 0.02 
26 0.035 28.67 0.332 0.01 
33 0.027 36.86 0.314 0.02 
47 0.018 54.21 0.296 0.03 
54 0.016 64.70 0.294 0.01 
83 0.009 105.89 0.290 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-5: Response spectrum of artificial Earthquake accelerogram EC8-04 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-04 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.855 0.65 
10 0.086 11.60 0.586 0.16 
15 0.058 17.36 0.417 0.01 
20 0.050 20.22 0.394 0.02 
26 0.035 28.67 0.372 0.01 
33 0.027 36.86 0.371 0.02 
47 0.018 54.21 0.369 0.03 
54 0.016 64.70 0.369 0.01 
83 0.009 105.89 0.369 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-6: Response spectrum of artificial earthquake accelerogram EC8-05 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-05 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.816 0.65 
10 0.086 11.60 0.617 0.16 
15 0.058 17.36 0.485 0.01 
20 0.050 20.22 0.415 0.02 
26 0.035 28.67 0.350 0.01 
33 0.027 36.86 0.349 0.02 
47 0.018 54.21 0.347 0.03 
54 0.016 64.70 0.345 0.01 
83 0.009 105.89 0.342 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-7: Response spectrum of artificial earthquake accelerogram EC8-06 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-06 
 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.821 0.65 
10 0.086 11.60 0.580 0.16 
15 0.058 17.36 0.486 0.01 
20 0.050 20.22 0.414 0.02 
26 0.035 28.67 0.343 0.01 
33 0.027 36.86 0.334 0.02 
47 0.018 54.21 0.326 0.03 
54 0.016 64.70 0.325 0.01 
83 0.009 105.89 0.323 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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Table D2-8: Response spectrum of artificial earthquake accelerogram EC8-07 corroborated 
with the modal analysis of model NLTDA04 
 
Artificial Earthquake Accelerogram EC8-07 
 Response Spectrum 
 
Mode Period 
(s) 
Frequency 
(hz) 
Spectral 
Acceleration (Sa) 
(g) 
Mass 
Participation 
Factor in Y-
Direction 
02 0.186 5.36 0.753 0.65 
10 0.086 11.60 0.559 0.16 
15 0.058 17.36 0.520 0.01 
20 0.050 20.22 0.449 0.02 
26 0.035 28.67 0.382 0.01 
33 0.027 36.86 0.378 0.02 
47 0.018 54.21 0.372 0.03 
54 0.016 64.70 0.370 0.01 
83 0.009 105.89 0.365 0.01 
Sum Mass Participation in Y-Direction for the first 100 
modes in the Modal Analysis of Model NLTDA04 
0.92 
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APPENDIX D3  DIAPHRAGM ACCELERATION MAGNIFICATION 
FACTOR (ΩM) 
 
 
The graphs in Figures D3.1, D3.2, D3.3 and D3.4 respectively display the diaphragm 
floor acceleration magnification factors (ΩM) for the eight diaphragms; one SVBS 
diaphragm (VD0), three HS diaphragms (VA0, VB0 and VC0) and four corresponding 
SS diaphragms (SA0, SB0, SC0 and SD0). The graphs display the acceleration 
magnification factor (ΩM) at a PGA of 0.32g, 0.64g and 0.96g. 
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Figure  D3.1: Acceleration magnification factor (ΩM) – Diaphragm Types VD0 and SD0 
 
D3.1a Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) 
 
D3.1b Diaphragms acceleration magnification factor (ΩM) at a PGA of (0.64g) 
 
D3.1c Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) 
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Figure D3.2: Acceleration magnification factor (ΩM) – Diaphragm Types VC0 and SC0 
 
D3.2a Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) 
 
D3.2b Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.64g) 
 
D3.2c Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) 
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Figure D3.3: Acceleration magnification factor (ΩM) – Diaphragm Types VB0 and SB0 
 
D3.3a Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) 
 
D3.3b Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.64g) 
 
D3.3c Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) 
Appendix D  
  
 
Page 394 
Figure D3.4: Acceleration magnification factor (ΩM) – Diaphragm Types VA0 and SA0 
 
D3.4a Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.32g) 
 
D3.4b Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.64g) 
 
D3.4c Diaphragm acceleration magnification factor (ΩM) at a PGA of (0.96g) 
